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FOREWORD 


Richard  V.  Rhode 

Although  aeronautical  technology  has  been  under  development  for  well 
over  a  half  century,  a  well-ordered  treatise  on  those  aspects  of  aircraft  loads 
which  form  the  subject  matter  of  this  Manual  is  now  appearing  for  the  first 
time.  An  adequate  discussion  of  all  the  reasons  why  such  a  work  has  not 
appeared  in  the  past  would  probably  be  extensive  and  fruitless.  A  few  words 
may,  however,  appropriately  be  said  about  why  it  is  appearing  now. 

If  these  few  words  were  to  be  summarized  in  one,  that  word  would  be 
“AGARD”.  The  Advisory  Group  on  Aeronautical  Research  and  Develop¬ 
ment  of  the  North  Atlantic  Treaty  Organization  is,  in  one  of  its  aspects,  a 
unique  mechanism  through  which  information  on  aeronautical  technology 
can  be  assembled  in  orderly  form  within  the  N.A.T.O.  nations  and  published. 
Mere  mechanisms  cannot,  however,  feel  need  and  are  not  instruments  of 
aiAioii.  Tht  Sttuuiuies  MalctiaE  Par.el  uf  -MjARD  is  s«ch  an  mibi™- 
ment  and  it  is  to  be  credited  with  taking  the  action  that  was  required  to 
produce  this  Manual. 

Requirements  other  than  the  existence  of  a  mechanism  and  the  initiation 
of  action  had  to  be  satisfied  before  publication  could  be  accomplished.  The 
availability  of  a  suitable  person  to  perform  the  work  was,  of  course,  the  most 
1  (Ufaii  tiiiuirts.  3wi(«  •im  t  tiK* 

suitable  choice.  The  Royal  Aircraft  Establishment  of  the  United  Kingdom 
is  to  be  thanked  for  its  cooperation  in  permitting  Mr.  Taylor  to  accept  this 
assignment,  and  the  Panel  is  to  be  congratulated  that  his  services  could  be 
obtained. 

It  is  to  be  hoped  that  this  book  may  fulfill  the  expectations  of  its  author 
and  of  the  Structures  and  Materials  Panel  of  AGARD. 
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CHAPTER  1 


INTRODUCTION 

I.l  OVERALL  PRESENTATION 

Every  body  continues  in  a  state  of  rest  or  of  uniform  motion  in  a  straight  line, 
unless  acted  upon  by  an  external  force.  An  aircraft  is  no  exception  to  this 
rule  and  the  environment  in  which  it  finds  itself  is  the  source  of  these  external 
forces.  So  an  essential  part  of  any  study  of  aircraft  loads  must  be  a  study  of 
its  environment,  which  consists  of  the  prepared  ground  of  the  runways  and 
their  environs  for  the  ground  loading  conditions  and  the  atmosphere  for  the 
flight  loading  conditions.  This  is  the  logical  starting  point  to  describe  air¬ 
craft  loads. 

An  important  aspect  of  the  “body”  described  above  in  Newton’s  first  law 
of  motion  is  that  it  shall  be  the  whole  body,  and  in  the  present  case  this 
includes  the  engine  and  the  whole  of  its  fuel  from  the  start  of  the  operation. 
This  is  not  a  convenient  form  in  which  to  make  a  study  of  the  loads  as  the 
loads  that  are  of  interest  are  those  that  are  experienced  by  the  aircraft 
including  only  the  fuel  that  remains  in  it  at  the  time.  The  range  of  the 
present  investigation  is  for  speeds  up  to  Af  =  2-5  and  fortunately  this  means 
that  the  loads  due  to  the  rate  at  which  the  mass  of  fuel  is  emitted  are  small 
compared  with  the  other  loads  and  can  be  ignored.  The  scope  of  the  work  is 
restricted  further  by  representing  the  engine  loads  by  a  thrust  of  known 
magnitude  and  direction  and  ignoring  the  local  loads  from  the  engine  except 
in  so  far  as  they  are  instrumental  in  initiating  other  loads  such  as  jet  noise. 

The  Manual  consists  essentially  of  four  parts 

(i)  Environment 

(ii)  Manoeuvres 

(iii)  Turbulence 

(iv)  Design  philosophy 

The  environment  is  described  in  the  first  two  chapters,  one  on  the  atmos¬ 
phere  and  one  on  the  ground.  There  are  five  chapters  on  manoeuvres, 
starting  with  one  on  the  theoretical  analysis  and  followed  by  four  on  measured 
values.  The  part  on  turbulence  is  in  four  chapters  and  is  done  the  same  way, 
the  first  on  the  theoretical  analysis  and  the  other  three  on  measured  values. 
The  last  part  is  a  long  chapter  on  design  philosophy  and  gives  a  theoretical 
analysis  of  the  procedure  to  be  used  to  give  a  relationship  between  safety  and 
the  static  and  fatigue  loads  that  are  given  in  the  rest  of  the  Manual. 


1.2  ENVIRONMENT 

The  study  of  the  environment  must  be  restricted  to  a  study  of  those  para¬ 
meters  that  can  have  a  significant  influence  on  the  loads  themselves.  This 
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inevitably  introduces  an  anomaly,  for  to  know  which  parameters  are 
significant  one  should  have  some  understanding  of  the  loads  and  to  know 
the  cause  of  the  loads  one  should  know  the  appropriate  parameter  in  the 
environment.  It  is  for  this  reason  that  the  normal  procedure  of  determining 
any  environment  is  first  to  measure  the  resulting  loads  on  the  aircraft,  and 
then  to  assume  some  idealized  form  for  the  environment  and  decide  which 
parameters  are  significant.  Finally,  an  attempt  is  made  to  measure  these 
parameters  of  the  environment,  calculate  the  corresponding  loads  on  the 
aircraft  and  compare  them  with  the  measured  loads. 

This  procedure  is  best  explained  by  an  illustration  from  the  particular 
case  of  the  normal  acceleration  experienced  by  an  aircraft  meeting  an  iso¬ 
lated  gust.  The  total  load  on  the  aircraft  is  its  mass  times  the  normal  accelera¬ 
tion,  so  that  all  that  need  be  known  is  the  mass  and  the  acceleration.  Some 
form  of  correlation  is  assumed  to  define  the  gust.  If  the  work  is  being  done 
for  the  one  aircraft  only,  the  actual  form  of  the  correlation  has  no  effect 
whatsoever  on  any  of  the  deduced  loads,  provided  only  that  the  system  is 
linear:  in  this  case  the  acceleration  is  measured,  from  which  a  gust  is 
deduced  using  the  formula  of  the  correlation.  Later  in  the  procedure, 
possibly  after  manipulation  such  as  adding  numbers  of  gusts,  the  same 
formula  is  used  in  reverse  to  give  accelerations  again.  In  this  case  it  would 
not  matter  at  all  if  the  actual  relative  velocity  of  the  air  bore  no  relationship 
to  the  one  used  in  the  calculation.  If  the  measurements  on  one  aircraft  are 
to  be  used  on  another  aircraft,  errors  will  be  introduced  if  the  form  used  for 
the  correlation  is  different  for  the  two  aircraft,  but  here  again  any  parameter 
that  is  identical  for  the  two  aircraft  can  be  given  any  value  and  need  bear  no 
relationship  to  actuality. 

The  same  argument  can  be  applied  to  any  measurements.  If  the  tool 
used  for  the  measurements  happens  to  have  similar  characteristics  to  those 
of  the  group  of  aircraft  types  for  which  the  information  will  be  used,  con¬ 
siderable  errors  can  be  tolerated  in  the  functions  that  are  used  to  transfer 
the  measurements  to  the  basic  parameters  of  the  environment.  Conversely 
if  absolute  measurements  are  made  of  the  environment,  great  accuracy  is 
needed  in  the  transfer  functions. 

The  first  chapter  on  environment  describes  the  atmosphere.  There  is  a 
wealth  of  information  on  loads  due  to  atmospheric  turbulence,  and  there 
arc  sufficient  data  on  direct  measurements  of  the  turbulence  itself  for  an 
estimate  to  be  made  of  the  absolute  value  of  the  turbulence  that  is  sufficiently 
accurate  for  the  past  information  to  be  used  for  aircraft  of  completely  new 
forms  with  some  degree  of  confidence.  Other  characteristics  of  the  atmos¬ 
phere,  such  as  temperature,  density  and  pressure,  are  given  on  a  macroscopic 
scale,  but  their  local  variations,  which  in  particular  may  affect  the  aero¬ 
dynamic  heating  of  the  aircraft,  are  not  known  with  much  certainty  either 
from  meteorological  or  from  aircraft  measurements. 

There  is  a  second  chapter  on  environment  describing  the  ground.  The 
ground  conditions  have  been  measured  as  aircraft  loads  and  also  as  the 
actual  configuration  of  the  ground  itself.  A  special  feature  of  this  study  of 
the  environment  is  that  an  attempt  was  made  to  obtain  an  estimate  of  the 
absolute  value  of  the  environment,  in  this  case  the  runway  roughness,  without 
first  having  studied  the  resulting  loads.  The  investigation  was  extensive  and 
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the  roughness  of  a  large  number  of  runways  is  known  accurately.  Knowledge 
of  loads  on  aircraft  is  nevertheless  seriously  limited  by  the  realization  that 
there  might  be  other  important  dimensions  of  the  runway  that  have  not 
been  measured;  in  addition  there  arc  inaccuracies  in  the  transfer  functions 
and  an  inability  to  give  cither  the  runway  roughness  or  the  combination  of  it 
and  the  transfer  functions  in  an  idealized  linear  form  with  much  accuracy. 
This  aspect  is  discussed  in  a  subsequent  chapter  on  ground  loads. 


1.3  MANOEUVRE  LOADS 

After  discussing  environment  there  is  a  second  group  of  five  chapters  on 
manoeuvres.  The  first;  chapter  gives  the  basic  equations  of  motion  for  a 
rigid  aircraft  flying  in  a  uniform  and  still  atmosphere.  Calculations  arc  made 
of  the  load  distribution  over  the  whole  aircraft,  especially  concentrating  on 
the  wing  and  tailplane  loads.  After  the  theoretical  analysis  there  are  chapters 
describing  measurements  of  manoeuvres.  The  first  is  on  symmetrical 
manoeuvres.  Extensive  operational  data  on  normal  accelerations  of  the 
centre  of  gravity  are  analysed  to  predict  the  frequency  of  occurrence  of 
different  accelerations  for  different  classes  of  aircraft.  It  also  includes  the 
frequency  of  occurrence  of  forward  velocities  and  the  velocities  at  which  the 
peak  normal  accelerations  occur.  The  information  available  on  tail  loads  is 
somewhat  scanty  and  has  been  omitted. 

The  amount  of  data  from  asymmetrical  manoeuvres  is  very  limited,  but 
the  phenomena  is  so  important  for  aircraft,  in  which  gyroscopic  loads  are 
significant,  that  a  chapter  is  included. 

Ground  loads  are  of  a  different  character  from  air  loads  as  the  aerodynamic 
characteristics  are  relatively  much  less  important  than  the  structural  ones, 
due  to  the  low  speeds.  The  landing  conditions  are  described  as  the  attitude, 
linear  velocity  and  angular  velocity  of  the  aircraft  at  touchdown  as  these  are 
more  generally  applicable  to  other  aircraft  than  the  normal  acceleration 
which  depends  on  the  undercarriage  performance  and  on  the  flexibility  of 
the  particular  structures.  The  taxying  and  take-off  loads  have  to  be  des¬ 
cribed  as  normal  accelerations  and  in  consequence  apply  only  to  aircraft 
of  the  same  general  characteristics  as  those  used  for  the  measurements.  In 
theory  the  taxying  loads  could  be  calculated  from  the  runway  profile 
described  under  the  ground  environment,  but  in  practice  it  is  not  possible  to 
give  sufficient  details  either  for  the  environment  or  for  the  transfer  functions 
of  the  aircraft  to  transfer  accurately  the  environment  into  loads.  A  check  is 
given  on  the  transfer  functions  for  the  C.G.  normal  accelerations  of  one 
aircraft  and  for  the  normal  accelerations  at  several  positions  on  another 
aircraft  when  taxying  along  nearly  horizontal  runways.  Fair  agreement  is 
achieved,  but  it  would  not  be  so  good  were  the  roughness  less  homogeneous 
nor  where  there  are  steps  or  appreciable  change  of  slope. 

The  last  chapter  on  manoeuvres  is  on  Mach  number  and  temperatures. 
There  is  little  direct  information  on  the  temperatures  of  an  aircraft  in  flight, 
but  the  extensive  information  on  the  frequency  of  occurrence  of,  and  times 
spent  at,  different  velocities  allows  an  indirect  estimate  to  be  made.  This 
approach  does  not  show  up  variations  in  temperature  due  to  changes  in  the 
ambient  temjjcraturc  over  lengths  of  a  few  hundred  feet.  The  information 
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available  on  these  local  temperature  clianges  suggests  that  the  structural 
temperature  changes  would  be  negligible  but  the  data  are  so  small  that  there 
is  no  certainty  that  they  were  typical. 

1.4  TURBULENCE 

As  with  manoeuvres  the  first  chapter  on  turbulence  gives  the  theoretical 
analysis.  The  turbulence  is  described  in  terms  of  its  scale  and  the  relative 
distribution  of  turbulence  energy  at  different  wavelengths.  The  charac¬ 
teristics  of  turbulence  are  substantially  the  same  for  all  scales  provided  the 
contribution  to  the  energy  at  wavelengths  below  about  1  cm  is  small  so  that 
viscous  dissipation  effects  on  the  distribution  at  these  wavelengths  can  be 
ignored.  There  are  three  main  forms  of  turbulence,  atmospheric,  buffeting 
and  noise.  The  atmospheric  turbulence  has  a  scale  of  the  order  of  1000  ft,  | 
buffeting  of  the  order  10  ft  or  100  ft,  and  noise  of  the  order  of  10  ft.  In  all  ? 

cases  the  contribution  to  the  energy  at  wavelengths  below  1  cm  is  small. 
Thus  the  main  features  of  turbulence  for  the  whole  range  of  scale  of  interest 
to  aircraft  can  be  expressed  by  the  same  model. 

There  is  a  separate  chapter  on  the  measured  turbulence  for  each  of 
atmospheric,  buffeting  and  noise  turbulence.  As  far  as  possible  the  empirical 
formulae,  given  in  the  theoretical  analysis,  arc  used  as  a  basis,  attention  is 
drawn  to  departures  from  the  formulae  and  a  discussion  made  on  the  influ¬ 
ence  on  the  aircraft  loads.  The  amount  of  data  on  the  atmospheric  loads  is 
enormous,  but  that  on  the  other  two  forms  small.  That  on  buffeting  is  i 
particularly  small,  but  it  is  described  tentatively.  One  form  that  is  becoming 
of  increasing  importance  is  buffeting  produced  by  the  wake  of  another 
aircraft.  This  may  occur  at  low  altitudes  near  congested  aerodromes  or  at 
high  altitudes  during  refuelling. 


1.5  DESIGN  PHILOSOPHY 

The  final  chapter  is  on  design  philosophy  and  safety.  An  attempt  is  made  to 
form  a  general  .ppreciation  of  the  loads  that  an  aircraft  encounters.  In 
order  to  make  full  us*  of  data  on  loads  it  is  essential  to  recognize  the  inter¬ 
relation  of  loads,  strength  and  safety.  On  safety  the  discussion  is  centred 
on  the  frequency  of  occurrence  of  certain  loads  and  the  frequency  of  occur¬ 
rence  of  strengths  of  parts,  and  is  not  concerned  with  the  safety  standards 
that  should  be  called  for  in  design.  Design  requirements  arc  not  formulated 
as  they  are  not  appropriate  to  this  Manual. 
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CHAPTER  2 

ATMOSPHERIC  ENVIRONMENT 

2.1  INTRODUCTION 

The  environment  in  which  the  aircraft  operates  is  the  source  of  all  the  loads 
that  are  applied  to  it.  The  complete  system  of  loads  includes  those  that  are 
generated  by  the  aircraft,  but  most  of  these,  such  as  jet  noise,  are  appreciably 
influenced  by  the  environment.  This  influence  emphasizes  the  vital  impor¬ 
tance  of  the  environment.  The  environment  is  easy  to  define ;  it  is  the  atmos¬ 
phere  up  to  some  prescribed  height  and  the  prepared  ground  from  which 
aircraft  operate.  However,  it  is  not  sufficient  to  say  that  the  environment  is 
known  and  that  all  its  properties  are  required,  for  even  with  modern  com¬ 
puting  aids  the  task  would  be  quite  prohibitive  to  transform  all  the  pro¬ 
perties  into  aircraft  loads.  The  procedure  for  correlation  of  environment 
properties  into  aircraft  loads  is  one  that  cannot  be  transferred  from  the  human 
operator  to  the  machine,  and  the  most  important  part  of  this  is  to  know 
precisely  which  properties  need  to  be  known  and  also  in  what  form  the  infor¬ 
mation  should  be  presented.  It  is  therefore  a  vital  policy  to  obtain  a  clear 
understanding  of  the  loads,  deduce  an  idealized  model  for  the  environment 
properties,  and  then  determine  the  environment  characteristics  in  this  form. 
This  feature  must  be  kept  constantly  in  mind  whatever  loads  are  being  con¬ 
sidered. 

The  environment  will  be  described  in  two  parts,  first  the  atmosphere  in 
this  chapter  and  then  the  airfields  in  Chapter  3.  As  the  Manual  is  primarily 
concerned  with  speeds  up  to  a  Mach  No.  of  2-5,  it  is  reasonable  to  suppose 
that  the  operating  heights  will  be  less  than  100,000  ft;  at  such  speeds  the 
aircraft  will  normally  have  airbreathing  engines  and  100,000  ft  is  probably 
a  little  high,  but  for  simplicity  of  presentation  the  “round  number”  is  taken. 

The  properties  of  the  atmosphere  that  are  of  major  interest  in  the  study  of 
aircraft  loads  are  its  pressure  and  temperature  from  which  can  be  calculated 
its  density,  viscosity  and  the  speed  of  sound  in  it.  The  average  values  of  these 
on  a  seasonal  and  geographical  basis  need  to  be  known  for  every  duty  per¬ 
formed  by  aircraft.  For  certain  duties  more  detail  is  required.  The  perfor¬ 
mance  in  landings  and  take-offs  at  high  airfields  is  seriously  affected  by  the 
local  temperature  and  density  at  the  airfield.  At  higher  speeds  kinetic  heat¬ 
ing  has  greater  importance  and  local  variations  in  temperature  have  more 
serious  effects. 

The  movements  of  the  atmosphere  on  both  a  large-scale  and  a  small-scale 
are  important.  The  overall  velocities  at  different  heights  have  an  important 
influence  on  fuel  consumption  particularly  at  low  aircraft  speeds.  Gradual 
changes  of  these  velocities  in  any  direction  have  a  negligible  loading  effect. 
When  the  changes  become  sufficiently  rapid  they  produce  gust  loads  on  the 
aircraft.  At  all  aircraft  speeds  the  transverse  gusts  are  important,  the  loads 
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I  that  ensue  depend  on  the  motion  of  the  atmosphere  relative  to  itself  and  also 

on  its  effect  on  the  motion  of  the  aircraft.  This  chapter  describes  the  motion 
of  the  atmosphere  and  Chapter  10  examines  the  ensuing  aircraft  loads. 
Head-on  gusts  (i.c.  change  in  air  velocity  in  the  line  of  flight)  produce  much 
smaller  loads,  which  are  almost  invariably  negligible,  but  they  significantly 
’  change,  due  to  kinetic  heating,  the  temperature  of  the  air  in  contact  with  the 

aircraft  surface.  In  this  respect  the  effect  on  the  aircraft  depends  so  much  on 
its  heating  properties  that  the  phenomena  is  discussed  in  Chapter  8  on 
aircraft  temperatures. 

,  2.2  QUASI-STATIC  PROPERTIES  OF  THE  ATMOSPHERE 

I  The  important  physical  properties  of  the  atmosphere  that  are  of  interest  to 

the  flight  of  aircraft  are  pressure  and  temperature.  From  these  and  a 


Table  2.1.  Atmospheric  Temperatures  (°C)  in  the  Northern  Hemisphere.  Data 
Extracted  from  McNaughtan  ( 1 958) 


Height 

Latitude 

Pressure 

in 

Ib/in’ 

Equivalent 
height  in 
lOOOV  of 

ft 

j 

70“  JV 

50“ 

30”  iV 

20°  AT 

0° 

Mean  temperatures  of  days  in  January  and 
deviation  between  days 

standard 

0160 

100 

-77 

13 

61 

11 

-53 

6 

-56 

51 

-63 

51 

0-404 

80 

-75 

12 

-61 

10 

-59 

5J 

-63 

51 

—65 

51 

1-040 

60 

-66 

8 

-58 

6J 

-66 

5 

-77 

5 

-76 

5 

1-682 

50 

-61 

6 

-54 

6 

-64 

4J 

-71 

31 

-73 

3 

2-721 

40 

-60 

6 

-55 

6 

-55 

5 

-57 

31 

-54 

21 

4-365  1 

30 

-57 

4J 

-51 

4J 

-40 

4J 

-35 

4 

-31 

11 

6-754  1 

20 

-39 

5i 

-30 

6i 

-19 

4 

-13 

3 

-6 

11 

10-107 

1 

10 

-24 

7  : 

15! 

8 

;  +  1 

4 

! 

+  7 

21 

+  10 

11 

Mean  temperatures  of  days  in  July  and  standard  devia¬ 
tion  between  days 

0-160 

100 

-37 

1  3i 

1  -37 

1  3i 

-38 

5i 

-43 

51 

-63 

51 

0-404 

80 

-41 

3i 

i  -47 

I  3i 

-51 

5J 

-55 

51 

-61 

51 

l-040 

60 

-43 

3i 

-51 

3J 

-65 

5 

-69 

5 

-67 

51 

1-682 

50 

-45 

3 

-51 

3J 

-66 

4i 

-71 

31 

—  71 

3 

2-721 

40 

4i 

-50 

5J 

-54 

4i 

-56 

31 

—54 

2 

4-365 

30 

1  -43 

5 

-38 

5 

-31 

4i 

-31 

3 

-32 

2 

6-754 

20 

!  -29 

4i 

i  -13 

4i 

-  9 

31 

-  9 

21 

-  7 

11 

10-107 

10 

-  4 

4 

‘  -1-  3 

i  4 

+  10 

31 

1 

+  11 

21 

+  9 

11 
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knowledge  of  the  properties  of  air  it  u  possible  to  deduce  the  density,  vis¬ 
cosity  and  the  speed  of  sound.  It  is  common  practice  to  give  heights  in  terms 
of  the  pressure  and  in  such  cases  the  properties  are  first  obtained  in  terms  of 
pressure  and  the  I.C.A.O.  altitude  pressure  relationship  used  to  give  the 
equivalent  height. 

The  British  Meteorological  Office  have  collected  temperature  data  from 
a  large  number  of  stations  in  the  northern  hemisphere  and  McNaughtan 
(1938)  quotes  an  analysis  of  the  data.  The  temperatures  vary  considerably 
due  to  latitude  and  longitude;  that  due  to  latitude  is  more  regular  and  it  is 
better  to  divide  the  data  into  latitude  bands.  The  temperatures  that  were 
measured  are  taken  to  be  typical  for  the  day  of  the  measurement  and  the 
scatter  is  estimated  for  other  days  at  about  the  same  time  of  year;  the  scjitter 
due  to  longitude  is  automatically  included.  Broadly  the  data  may  be  split 
up  into  winter  conditions  (January)  and  summer  conditions  (July).  The 
mean  temperatures  and  the  standard  deviation  about  the  mean  are  given  by 
McNaughtan  for  January  days  and  July  days  for  latitudes  from  the  equator 
to  70°  North  and  for  heights  up  to  100,000  ft.  I'hese  are  given  in  Table  2.1 
and  Fig.  2.1  and  for  easy  reference  the  I.C.A.O.  pressures  for  the  equivalent 
heights  are  also  given.  It  is  suggested  by  McNaughtan  (1958)  and  also  by 
Wilkinson  (1951)  that  the  temperature  distributions  may  be  assumed  to  be 
Normal.  It  is  assumed  further  by  McNaughtan  that  the  soundings  were 
made  in  a  random  manner  in  each  latitude  band.  With  these  assumptions 
it  is  possible  to  deduce  the  relative  frequency  of  occurrence  of  any  tempera¬ 
ture  at  any  height  and  latitude.  Within  the  accuracy  of  the  data  it  is 
probably  adequate  to  assume  that  the  year  is  split  up  into  6  months  like  the 
January  values  and  6  months  like  the  July  ones.  This  will  result  in  slightly 
conservative  estimates  of  the  extreme  temperatures. 

The  values  of  density,  speed  of  sound,  and  viscosity  can  be  calculated 
from  the  following  equations  with  the  numerical  values  as  quoted  by 
McNaughtan. 

Density  =  PjR„T 

Speed  of  sound  =  Co(  TjT^)^ 

Viscosity  =  /io(7’/r,)»/*  .  (r„  +  S,)I{T+  S„) 
where  P  —  pressure 

T  =  absolute  temperature  (°K) 

=  273-16  -f  temperature  in  °C 
To  =  288-16  °K 

=  95  984  ft  Ib/lb  °K 
Co  =  1 1 16-89  ft/sec 
/ig  —  3-719  X  10”’  slugs/ft  sec 
5o  =  110-4 

All  the  information  is  from  10,000  ft  to  100,000  ft.  Below  10,000  ft  the 
diurnal  effects  are  large ;  also  the  local  geographical  conditions  will  have  a 
large  effect  and  generalized  data  arc  not  very  reliable.  However,  McNaugh¬ 
tan  quotes  maximum  and  minimum  ground  temperatures  as  given  in 
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LATITUDE  -  DECREES 


MEAN  TEMPERATURES  *C  AT  ELEVATIONS  QUOTED  IN  IOOO*S  OF  FEET 


TABLE  OF  STANDARD  DEVIATION  BETWEEN  DAYS. 


HEIGHT  IN  _ JANUARY _ _ ■^ULY _ 

iOOO*S  OF  I  LATlTuDi  I  LATITUDE 

FEET 


■CTunnaprapaiMBal 


Fig,  2.1.  Atmospheric  temperatures  (°C)  in  northern  hemisphere.  Data  extracted  from 
McNaughtan  (1958). 

Tabic  2.2.  These  values  are  not  comparable  with  those  of  Table  2.1  which  are 
averages  for  each  latitude  whereas  Table  2.2  is  for  specific  places,  chosen 
because  of  the  severity  of  their  ground  temperatures. 


2.3  LARGE-SCALE  DYN.AMIC  PROPERTIES  OF 
THE  ATMOSPHERE 

The  temperature  distribution  that  has  been  given  for  summer  and  winter 
conditions  may  be  regarded  as  quasi-static,  but  it  is  associated  with  a  large- 
scale  wind  system  covering  the  whole  of  the  earth’s  atmosphere.  It  consists 
mainly  of  warm  air  moving  upwards  and  towards  the  poles  and  cold  air 
moving  downwards  and  towards  the  equator.  On  a  macroscopic  scale  this 
system  is  predominantly  stable  and  produces  the  trade  winds  and  doldrums ; 
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Table  2.2.  Extremes  of  Ground  Level  Temperatures  (°C).  Data  Extracted  from 

McNaughtan  (1958) 


Place 

i 

Highest  monthly  mean 
of  daily  maxima 

Place 

Lowest  monthly  mean 
of  daily  minima 

Abadan 

48 

Barrow 

-40 

Baghdad 

47 

Chesterfield 

-44 

Basra 

48 

Churchill 

-40 

Biskra 

45-6 

Coppermine 

-43 

Dehibat 

49 

Dawson 

-47 

Gadames 

50 

Fort  Good  Hope 

-48 

Insalah 

47-2 

Fort  Yukon 

-50 

Kayes 

46-7 

Hay  River 

-43-3 

Lugh 

47-2 

Tanana 

-44 

Suakin 

46-7 

Toggourt 

47-2 

it  has  been  known  for  centuries  that  these  are  remarkably  constant  for 
distances  of  hundreds  of  miles  and  heights  up  to  100  ft.  The  changes  with 
S  height  are  more  rapid  and  may  be  significant  for  vertical  flight,  but  it  is 
I  unlikely  that  aircraft  with  maximum  speeds  up  to  Mach  No.  2‘5  will  ever 
fly  at  such  rates  of  climb  or  descent  that  the  changes  of  velocity  with  height 
will  produce  significant  loads. 

Advantage  can  be  taken  of  the  predominant  winds  in  aircraft  flight  as  in 
sailing  ships  but  with  two  main  differences.  The  flying  height  can  be  selected 
within  limits  to  obtain  optimum  conditions,  but  the  duration  of  the  journey 
is  far  less  than  that  of  the  ship  and  it  is  the  average  wind  speed  for  that  dura¬ 
tion  that  is  important.  Thus  the  perturbations  of  the  wind  system  achieve 
greater  significance  although  allowance  may  be  made  for  weather  forecasts. 

The  temperature  distribution,  shown  in  Fig.  2. 1 ,  is  roughly  the  same  shape 
in  the  lower  atmosphere  (troposphere)  at  all  latitudes  and  the  temperature 
reduces  with  height  up  to  a  certain  level  (tropopause)  which  varies  with 

I  latitude.  The  rate  of  drop  of  temperature  with  height  (lapse  rate)  tends  to 
be  above  1  to  2-5'’C  per  1000  ft.  Provided  the  air  is  dry  it  is  stable  and 
only  becomes  neutrally  stable  at  3-0°C  per  1000  ft.  If  the  air  is  saturated 
with  water  vapour  the  air  becomes  less  stable  and  the  lapse  rate  for  neutral 
stability  reduces  with  temperature  and  can  come  down  to  1-5°C  per  1000  ft. 
Another  way  the  stability  can  be  reduced  is  by  the  air  near  the  ground 
being  heated,  due  to  the  sun’s  radiation  on  to  the  ground,  and  thus  increasing 
the  lapse  rate  locally.  The  major  geographical  features  of  the  earth’s 
surface  influence  the  wind  system  and  cause  local  instabilities  to  be  set  up  in 
I  the  atmosphere.  The  large-scale  breakdown  consists  of  cyclones,  anti- 
I  cyclones,  troughs  and  ridges  that  move  over  the  earth’s  surface  and  change 
I  slightly  in  form  in  the  process.  Sheppard  (1963)  shows  a  typical  "snapshot 

of  the  horizontal  component  of  the  large-scale  turbulence  at  mid-troposphere ; 
the  major  feature  is  a  system  of  three  long  waves  between  the  west  of  North 

13 


MANUAL  ON  AIRCRAFT  LOADS 


America  and  Central  Russia”.  These  meteorological  data  are  used  to  pre¬ 
dict  wind  speeds.  Another  type  of  large-scale  disturbance  that  appreciably 
influences  wind  speeds  is  a  jet  stream.  Such  a  system  is  of  the  order  of  half 
the  size  of  cyclones  and  anticyclones. 

Only  in  exhibition  or  demonstration  flights  is  it  possible  to  wait  for  favour¬ 
able  winds  and  the  problem  reduces  to  one  of  deciding  whether  a  certain 
stage  length  can  be  attempted  with  a  certain  payload.  There  are  so  many 
variables  involved  and  in  such  uncertain  proportions  that  predictions  of 
effective  ^inds,  other  than  by  inference  from  the  resultant  aircraft  behaviour, 
would  be  very  inaccurate.  All  phases  of  aircraft  flying  are  influenced  by  the 
human  operators  but  perhaps  none  more  than  those  which  involve  taking 
account  of  wind  velocity.  Here  meteorologists  and  the  aircrew  arc  respec¬ 
tively  the  first  and  last  in  the  chain,  but  between  them  arc  ground  personnel 
of  airlines,  trafHc  control,  customs,  and  the  communications  to  the  meteoro¬ 
logists,  all  of  whom  have  an  enormous  effect  in  varying  ways.  It  is  evident 
that  a  knowledge  of  the  wind  velocities  at  any  particular  moment  at  a 
particular  place  can  be  of  only  little  help  in  predicting  all  the  velocities 
that  will  be  met  by  the  aircraft.  The  research  involved  in  approaching  the 
problem  by  first  predicting  the  wind  velocities  at  all  possible  relevant  times, 
then  predicting  all  the  influences  and  finally  determining  the  effective 
difference  in  wind  velocity  from  that  used  in  the  flight  plane  would  be 
enormous,  quite  apart  from  errors  in  prediction.  The  best  approach  is  to  do 
the  research  directly  on  the  aircraft  operations. 

The  effective  stage  lengths  of  particular  routes  depends  on  the  mean  winds 
and  standard  deviations  for  particular  seasons  and  this  is  part  of  the  opera¬ 
tional  duties  of  the  particular  airlines  operating  these  routes.  The  interest 
as  far  as  aircraft  loads  and  safety  are  concerned  lies  in  the  departures  from 
forecasted  conditions  rather  than  typical  seasonal  conditions.  Wilkinson 
(1951)  suggested  that  departures  from  wind  speed  forecasts  are  substantially 
Normal  distributions.  His  data  were  for  rather  short  periods  at  about 
20,000  ft  but  they  indicate  that  the  standard  deviation  of  the  error  was  about 
5  knots  5  hr  after  the  forecast  and  increased  linearly  to  1 5  knots  24  hr  after 
the  forecast ;  it  did  not  seem  to  matter  whether  the  actual  conditions  at  the 
time  of  the  forecast  or  the  predicted  conditions  for  the  future  were  used. 

These  values  arc  from  such  limited  data,  and  include  only  one  aspect  of 
the  problem,  that  they  cannot  be  used  for  determining  design  conditions, 
but  they  do  indicate  the  order  of  wind  variations  to  be  expected.  Recent 
publications  have  been  made  by  Wilkinson  (1953),  Anon  Institute  of  Naviga¬ 
tion  (1960)  and  Anon  Institute  of  Navigation  (1961)  on  the  general  problem 
of  fuel  reserves  on  airline  operations;  this  covers,  of  necessity,  a  much  wider 
field  than  Just  effective  winds.  The  interest  is  almost  entirely  limited  to  the 
amount  of  fuel  remaining  at  the  end  of  the  flight  and  particularly  the  rare 
occurrence  of  little  fuel  remaining.  This  cannot  be  offset  by  the  occasions 
when  there  are  large  quantities  remaining.  Likewise  extrapolation  from 
the  usual  condition  is  of  little  value,  except  in  so  far  as  it  gives  an  indication 
of  what  happens  at  the  extremes.  One  feature  worth  taking  into  account 
by  the  airline  operators  is  a  comparison  between  large  quantities  remaining, 
presumably  due  to  unexpected  tail  winds,  and  small  quantities  due  to  unex¬ 
pected  head  winds ;  in  any  such  examination  care  must  be  taken  to  correct 
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the  original  numerical  values  to  account  for  the  tanks  being  unnecessarily 
full  when  tail  winds  are  forecast.  The  interest  lies  in  whether  the  flight  path 
in  emergency  becomes  more,  or  less,  economical  in  fuel  than  simple  pr^ic* 
tion;  for  example,  does  a  plane  that  arrives  unexpectedly  early  have  to 
wait  a  different  time  from  one  that  arrives  unexpectedly  late,  and  does  the 
pilot  fly  at  increased  or  reduced  speed  to  compensate  for  some  of  the  error  in 
time. 


2.4  TURBULENCE  OF  THE  ATMOSPHERE— OVERALL  MOTION 

The  description  of  the  atmosphere  so  far  has  been  on  a  scale  of  hundreds 
of  miles  and  the  movements  on  the  same  scale.  Whilst  a  meteorological 
phenomenon,  such  as  a  cyclone,  is  building  up  or  at  discontinuities,  such  as 
ridges  or  jet  streams,  there  will  be  a  smaller  scale  turbulence  of  the  air.  The 
typical  dimensions  of  such  turbulence  would  tend  to  be  tens  rather  than 
hundreds  of  miles.  The  major  physical  characteristics  of  these  areas  of 
turbulence  are  examined  by  studying  the  following  main  causes  of  turbu¬ 
lence  : 

(i)  Surface  radiation. 

(ii)  Water  vapiour. 

(iii)  Shape  of  earth’s  surface. 

It  is  convenient  to  consider  first  the  effect  of  surface  radiation  as  it  is  one 
that  can  occur  almost  completely  in  isolation  from  the  other  effects,  and  also 
does  not  of  itself  precipitate  a  secondary  system  of  turbulence.  The  mechanism 
of  producing  turbulence  due  to  surface  radiation  is  an  interaction  of  gravity 
forces  due  to  change  of  air  temperature  with  height  and  wind  forces  due  to 
change  in  horizontal  velocity  of  the  air  with  height.  When  there  is  no 
horizontal  velocity  the  turbulence  is  one  of  free  convection  and  the  energy 
available  is  that  due  to  gravity  and  is  proportional  to  ^(F  —  y)IT 

where  g  =  acceleration  due  to  gravity 

r  =  lapse  rate  to  give  neutral  equilibrium  in  dry  air 
y  =  actual  lapse  rate 
T  =  absolute  temperature 

When  r  is  greater  than  y  the  air  tends  to  remain  stationary  and  the  system 
is  termed  Stable.  When  F  is  less  than  y  parcels  of  air  tend  to  move  up  and 
the  system  is  termed  Unstable.  If,  however,  there  is  a  horizontal  wind  there 
is  energy  available  to  be  turned  into  turbulence  that  is  proportional  to 

{dujezy 

where  U  =  mean  wind  speed  at  height  Z. 

The  ratio  of  these  two  energies  is  called  the  Richardson  number  R(  and  is 
given  by 

IdUV 

Ri  =  {g{r  -y)IT}l[^j  (2.4) 

The  absolute  value  of  /f,-,  being  a  ratio,  may  be  low  due  to  the  numerator 
being  low  (i.e.  near  neutral  equilibrium)  or  due  to  the  denominator  being 
high  (i.e.  high  wind  shear).  When  /?,■  is  low  the  wind  shear  turbulence 
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predominates,  but  as  Rf  increases  there  is  a  tendency  for  the  wind  shear 
turbulence  to  be  damped  by  the  buoyancy  forces  and  for  the  air  to  become 
freely  convective. 

The  order  of  the  significant  vertical  dimensions  can  be  estimated  fairly 
readily  for  the  buoyancy  considerations.  The  direct  effect  of  buoyancy,  as 
opposed  to  its  indirect  influence  on  wind  shear  turbulence,  will  only  produce 
appreciable  turbulence  in  Unstable  conditions.  In  the  absence  of  water 
vapour,  it  b  unlikely  to  reach  very  great  heights  although  the  diurnal 
heating  will  frequently  produce  dry  thermals  up  to  5000  ft,  but,  of  course, 
their  intensity  will  fall  rapidly  with  height.  The  horizontal  extent  of  their 
influence  will  presumably  be  of  the  same  order  as  the  corresponding  thermals 
containing  water  vapour  (i.e.  extending  to  a  diameter  equal  to  about  half 
their  height  as  will  be  mentioned  later  in  this  paragraph  2.4).  This  b  the 
extent  of  influence  of  an  individual  source  of  the  thermal,  so  that  in  reality 
the  total  extent  will  depend  on  the  variation  in  ground  temperature,  but 
this  should  quickly  lose  its  local  identity  for  heights  exceeding  100  ft.  The 
wind  shear  turbulence  will  extend  to  a  greater  height  than  pure  convection 
as  it  can  be  significant  even  in  moderately  stable  conditions.  Another 
indirect  influence  of  stability  is  that  the  earth’s  boundary  layer  is  about 
100  ft  thick  in  stable  conditions  but  may  increase  to  the  order  of  1000  ft  in 
unstable  conditions.  Thus  it  is  only  necessary  to  have  unstable  conditions 
sufficiently  high  to  increase  the  thickness  of  the  boundary  layer  and  this  in 
turn  will  influence  the  wind  shear  to  even  greater  heights.  The  extent  to 
which  radiation  turbulence  in  dry  air  may  be  experienced  can  definitely 
reach  10,000  ft,  and  the  horizontal  extent  must  be  of  the  same  order 
as  that  for  convection  alone.  The  overall  characteristics  of  turbulence 
associated  with  radiation  seem  to  be  that  it  can  have  moderate  intensity 
which  is  likely  to  be  reasonably  uniform  over  horizontal  distances  of  tens  of 
miles,  with  few  sharp  discontinuities  other  than  those  that  can  be  attributed 
directly  to  ground  influences. 

When  water  vapour  is  present  in  the  atmosphere  the  convection  situation 
changes  considerably  as  the  lapse  rate  for  neutral  stability  is  lower  than  that 
for  dry  air.  Thus  if  part  of  the  air  near  the  ground  contains  water  vapour, 
convection  can  be  set  up  and  Scorer  (1957)  has  shown  that  the  ascent  takes 
the  form  of  a  cone  starting  from  the  ground,  the  initial  volume  of  wet  air 
mixing  with  the  air  on  the  sides  of  the  cone  as  it  rises.  The  horizontal 
diameter  D  of  the  cone  at  any  place  was  found  by  Scorer  to  be  approxi¬ 
mately  half  the  distance  from  the  origin  and  P.  M.  Saunders  (1961)  obtained 
similar  results.  Ludlam  and  Scorer  (1953)  and  P.  M.  Saunders  (1961) 
regard  typical  large  cumulus  clouds  as  being  an  assemblage  of  a  few  thermals. 
Thus  the  scale  even  of  single  clouds  is  normally  of  the  order  of  thousands  of 
feet.  Turbulence  usually  exists  in  the  plane  of  or  below  cumulus  clouds  and 
is  fairly  similar  to  turbulence  due  to  radiation  in  the  absence  of  water 
vapour.  It  can  have  a  moderate  intensity  which  will  frequently  be  uniform 
over  horizontal  distances  of  tens  of  miles. 

The  turbulence  already  described,  no  matter  whether  water  vapour  is 
present  or  not,  is  essentially  one  of  a  stream  of  air  travelling  more  or  less  in 
straight  lines  and  that  stream  containing  turbulence  that  has  been  initiated 
by  convection.  The  energy  of  the  main  stream  is  much  greater  than  the 
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energry  of  turbulence.  Many  observers  have  noticed  that  the  root  mean 

(square  (r.m.s.)  of  the  turbulence  velocity  is  about  10  per  cent  of  the  mean 
stream  velocity  in  neutral  equilibrium  conditions  and  about  3  per  cent  and 
30  per  cent  respectively  for  stable  and  unstable  conditions.  So  the  energy 

I  of  the  turbulence  varies  from  0-1  to  10  per  cent  of  the  stream  energy  from 
stable  to  unstable  conditions.  In  extremely  stable  conditions  the  turbulence 
is  very  low,  so  that  even  if  its  magnitude  is  increased  several-fold  by  slight 
1  changes  of  direction  of  the  main  stream,  the  effect  on  aircraft  loads  will  be 
small.  In  the  unstable  conditions  the  loads  are  already  appreciable  and  any 
further  extraction  of  energy  from  the  main  stream  is  important. 

So  far  the  energies  being  discussed  are  those  due  to  velocity.  Frequently 
there  is  a  considerable  amount  of  water  vapour  present  and  this  greatly 
increases  the  total  energy  available.  This  energy  may  be  extracted  from  the 
water  vapour  in  relatively  short  times  and  result  in  violent  storms.  Whilst 
it  may  be  said  truthfully  that  any  turbulence  that  may  occur  is  convective, 
it  is  important  to  appreciate  that  it  has  occurred  in  two  stages.  The  water 
has  been  raised  as  humid  air  by  convection  to  form  cumulus  clouds  at  the 
height  appropriate  to  the  humidity  and  lapse  rate  of  the  air.  Subsequently 
after  energy  has  been  concentrated  in  the  clouds  over  a  period  of  time,  the 
equilibrium  of  the  local  system  is  disturbed.  This  usually  occurs  at  the  onset 
of  precipitation,  after  which  there  is  an  increase  in  the  ascent  speeds  resulting 
in  the  appearance  of  towers  from  the  cumulus  layer.  Byers  and  Braham 
(1949)  point  out  that  the  precipitation  causes  deep  strong  down  draughts  to 
appear,  which  spread  out  at  the  ground  as  cool  squalls.  This  new  system 
may  itself  develop  into  a  persistent  quasi  steady  one,  in  which  case  it  becomes 
a  cumulo-nimbus  and  leads  to  severe  thunderstorms  and  hailstorms. 

Ludlam  (1963)  describes  a  typical  severe  storm  that  occurred  in  Woking¬ 
ham  in  southern  England  on  9th  July,  1959.  It  was  possible  to  examine  this 
storm  in  considerable  detail  and  make  consistent  estimates  of  stream  speeds 
from  radar  measurements,  aircraft  observations  of  the  cloud  formations, 
hailstone  measurements,  including  an  examination  of  the  internal  structure 
of  some  retrieved  hailstones.  A  model  of  this  storm,  taken  from  Ludlam’s 
paper,  is  plotted  in  Fig.  2.2.  It  is  thought  to  be  representative  of  severe 
storms  which  have  the  following  general  characteristics.  Air  is  taken  into 
the  storm  at  the  front  at  a  relative  speed  of  about  30  ft/sec,  the  horizontal 
width  over  which  it  is  taken  in  is  about  1 0  miles  and  the  height  up  to  about 
6000  ft.  The  air  is  then  changed  in  direction  and  is  accelerated  up  to  the 
tropopause  where  it  can  reach  a  maximum  velocity  in  the  range  of  150— 
300  ft/sec ;  the  hailstones  and  increase  in  height  of  the  tops  of  the  cumulo¬ 
nimbus  at  Wokingham  were  consistent  with  speeds  of  about  1 30  ft/sec.  The 
updraught  has  a  fairly  uniform  cross-section  of  about  10  miles  transverse  to 
and  3000  to  6000  ft  in  the  direction  of  the  storm,  although  in  severe  vertical 
velocities  the  cross-section  may  be  reduced  with  height;  the  changes  in 
density  and  velocity  with  height  are  probably  not  vastly  different  from  the 
values  necessary  for  compatibility  of  (velocity  X  density  x  cross-section 
area)  remaining  constant.  Behind  this  updraught  which  is  stated  by  glider 
pilots  to  be  smooth  there  is  a  flow  of  air  that  has  entered  the  storm  from 
behind  and  is  forced  down.  Ludlam  suggests  that  the  maximum  down¬ 
draught  speeds  will  be  comparable  with  the  maximum  updraught  speeds  and 
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will  occur  within  a  lew  thousand  feet  of  the  ground.  He  suggests  that  the 
turbulence  in  the  borders  of  the  updraught  should  be  associated  with  a 
smaller-scale  convection  arising  from  local  static  instability  rather  than  with 
eddies  produced  in  the  region  of  extreme  shear;  he  points  out  that  such 
convection  can  be  seen  in  the  well-known  manna  of  the  flanks  of  the  anvil 
cloud.  He  suggests  also  that  the  air  entering  the  downdraught,  particularly 
in  the  lower  troposphere,  jjenetrates  the  convection  surrounding  the  up¬ 
draught  and  is  broken  down  by  it.  Ludlam  has  suggested  orally  that  the 
transition  from  maximum  updraught  to  maximum  downdraught  might 


Fig.  2.3.  Variation  of  mean  vertical  velocity  in  line  of  travel  of  a  thunderstorm  and  a  few 
thousand  feet  below  tops  of  clouds.  [Not  to  scale.) 


occur  within  a  distance  of  about  3000  ft,  but  Anne  Burns  suggested  orally 
that  the  transition  on  leaving  the  updraught  in  any  direction  may  be  of  the 
order  of  300  ft.  The  distance  to  which  the  downdraught  extends  has  not 
been  estimated,  but  it  is  thought  to  be  greater  than  for  the  updraught  and 
the  fall  off  in  down  velocity  to  the  edge  of  the  storm  rather  more  gradual.  A 
cross-section  of  a  thunderstorm  is  shown  diagrammatically  in  Fig.  2.3  which 
summarizes  the  position  as  far  as  an  aircraft  is  concerned.  The  aircraft  will 
encounter  turbulence  in  front  of  the  storm  and  behind  the  storm  each  of 
which  has  a  varying  vertical  component  of  stream  velocity.  It  will  also 
encounter  turbulence  in  the  centre  between  the  updraught  and  the  down¬ 
draught  and  this  too  will  have  a  varying  vertical  component  of  stream 
velocity.  In  addition  there  is  one  region  of  low  turbulence  in  the  steady 
upicurrent.  The  three  regions  of  turbulence  other  than  the  low  intensity  one 
in  the  upeurrent  probably  have  a  considerable  variation  of  intensity  within 
them.  In  addition  there  are  the  three  steps  in  vertical  velocity  of  “up-down- 
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up”  or  “down-up-down”  depending  on  whether  the  aircraft  is  entering  the 
storm  from  the  front  of  it  or  from  behind.  The  gradient  distances  involved 
are  such  that  there  will  be  considerable  attenuation  of  the  normal  accelera¬ 
tions  of  the  aircraft  due  to  the  actual  air  velocities,  but  the  duration  of  these 
lower  accelerations  will  be  longer  and  the  accelerations  will  be  additive  to 
those  due  to  the  turbulence. 

The  storms  that  have  been  described  are  violent  in  the  way  they  disturb 
the  reasonably  homogeneous  turbulence  due  to  radiation  of  heat  from  the 
earth’s  surface.  There  is  the  other  less  violent  way  in  which  the  turbulence 
can  be  disturbed  by  the  form  of  the  earth’s  surface.  Perhaps  the  simplest 
form  to  understand  is  that  which  occurs  on  moving  from  land  to  sea  or  any 
other  large  expanse  of  water.  The  effective  thermal  inertia  of  the  two 
surfaces  is  markedly  different  and  there  may  be  the  condition  that  air  above 
one  is  stable  whilst  that  above  the  other  is  unstable,  but  in  addition  there  are 
the  morning  and  evening  breezes  that  occur  at  the  interface.  If  there  are 
cliffs  these  will  result  in  local  changes  in  direction  of  the  main  airstream  and 
are  easily  noticed  as  gusts  to  an  aircraft  crossing  low  over  a  cliff;  the  main 
gust  is  not  detectable  as  a  gust  to  an  instrument  on  a  tower  placed  on  top  of 
the  cliff,  but  merely  as  a  change  in  direction  of  the  whole  stream.  This 
serves  as  an  illustration  of  the  general  problem  of  geographical  turbulence. 

Many  observations  have  been  made  of  the  effect  of  ground  contours  on 
wind  speeds.  Morgans  (1931)  summarizes  a  lot  of  work  done  in  the  previous 
twenty  years  in  connection  with  free  flying  balloons  and  sailplanes  and  in 
all  cases  he  is  concerned  with  the  atmosphere  in  a  stable  state.  Comparison 
work  was  done  at  Biville  by  Idrac  (1923)  on  dunes  of  height  10  m  and  a 
plateau  of  100  m,  and  he  obtained  similar  results.  In  both  cases  the  air  was 
influenced  to  a  height  above  the  ridge  of  about  four  times  the  height  of  the 
plateau.  Observations  on  mountains  with  a  clearly  defined  top  had  sug¬ 
gested  an  influence  up  to  0-3  times  the  height  above  the  top,  but  a  mathe¬ 
matical  solution  by  Pockels  (1901)  gave  an  influence  up  to  four  times  the 
height  above  a  ridge  of  infinite  length;  in  Pockel’s  solution  there  is  a  vertical 
component  of  5  per  cent  of  the  wind  speed  at  three  times  the  height  above 
the  ridge. 

A  number  of  observers  have  noticed  that  there  is  often  a  persistent  vertical 
velocity  above  ridges;  glider  pilots  take  considerable  advantage  of  this  in  the 
immediate  neighbourhood  of  ridges  and  Scorer  (1963)  draws  attention  to 
the  way  air  rises  from  the  Owens  Valley  floor  to  about  14,000  ft  whilst  the 
mountain  tops  are  only  6000  and  9000  ft  above  the  valley  floor.  Scorer 
(1963)  points  out  that  some  of  these  flows  arc  unsteady,  but  he  infers  that 
the  air  was  stable.  Bannon  ( 1 963)  suggests  that  turbulence  in  jet  streams 
might  be  influenced  by  mountains.  If  there  is  an  influence  over  a  ridge  up 
to  four  times  its  height,  then  it  may  be  such  as  to  act  as  a  disturbing  agent 
on  the  otherwise  steady  jet  stream  system.  All  this  discussion  is  for  stable 
conditions;  for  unstable  conditions  the  influence  on  jet  streams  might  be 
greater  but  less  easy  to  separate  from  the  condition  that  had  caused  the 
disturbance. 

At  levels  near  the  ground  the  influence  is  more  self-evident  and  in  any 
study  of  turbulence  below  1000  ft,  particular  care  must  be  taken  to  take  as 
full  an  account  as  possible  of  the  ground  effects.  I 
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2.5  TURBULENCE  OF  THE  ATMOSPHERE— LOCAL  MOTION 
WITHIN  THE  TURBULENCE 

Many  of  the  large-scale  movements  of  the  atmosphere  produce  negligible 
loads  on  an  aircraft.  As  far  as  the  aircraft  is  concerned  it  is  flying  relative 
to  the  whole  volume  of  air  in  the  large-scale  movement  which  in  turn  is 
moving  relative  to  the  earth.  Within  these  large  volumes  of  atmospheric 
movements  there  is  a  smaller  scale  movement  that  is  of  significance  to  the 
aircraft.  In  this  smaller  scale  turbulence  water  vapour  may  be  present. 
The  main  difference  between  the  presence  and  absence  of  water  vapour  is 
that  the  water  vapour  contains  a  considerable  amount  of  energy  that  can  be 
released  and  set  up  violent  storms  as  described  in  paragraph  2.4.  The 
turbulence  varies  in  intensity  throughout  the  storm,  which  is  almost  invari¬ 
ably  associated  with  precipitation.  It  was  suggested  that  both  forms  of 
turbulence  in  the  absence  of  precipitation  have  much  more  uniform  inten¬ 
sities  and  the  error  should  not  be  great  if  they  are  grouped  together  in  making 
the  measurements.  This  has  the  advantage  that  special  meteorological 
discrimination  is  unnecessary,  and  also  a  number  of  experiments  have  been 
done  that  are  bounded  in  this  way.  G.  I.  Taylor  (1938)  has  shown  theoreti¬ 
cally  that  for  a  turbulent  airstream  in  a  wind-tunnel  that  has  an  intensity 
that  remains  uniform  with  only  random  variations  from  the  average,  the 
mean  energy  at  different  wavelengths  measured  along  the  mean  direction 
of  the  airstream  is  the  same  no  matter  whether  the  measuring  point  is  fixed 
or  has  a  velocity  in  the  direction  of  the  airstream.  Lin  ( 1 953)  has  extended 
the  work  to  include  wind  shears  such  as  arc  present  in  the  atmosphere,  and 
shows  that  for  sufficiently  small  wavelengths  Taylor’s  hypothesis  will  hold 
rigorously.  Experiments  were  made  by  the  Cornell  Laboratories  (Anon 
ASTIA  1959a)  to  verify  this  at  heights  of  about  400  ft.  The  results  are 
discussed  in  paragraph  2.5.3  together  with  the  extensive  fixed  point  measure¬ 
ments  of  paragraph  2.5. 1  and  the  extensive  flight  measurements  of  paragraph 
2.5.2.  For  agreement  to  be  achieved  even  if  the  wind  shear  effects  are 
negligible,  the  intensity  of  the  turbulence  must  remain  steady  for  the 
duration  of  the  test;  in  the  fixed  point  measurements  this  means  that  the 
duration  has  to  be  sufficient  for  the  wind  run  (velocity  X  time)  to  include 
the  wavelengths  of  interest  and  in  the  aeroplane  measurements  the  line  of 
flight  must  all  be  in  the  same  type  of  turbulence.  In  addition  the  flights 
must  be  over  reasonably  uniform  terrain,  otherwise  the  additional  energy 
due  to  change  of  the  relative  attitude  of  the  aircraft  to  the  stream  may  be  an 
appreciable  fraction  of  the  energy  from  the  turbulence.  As  far  as  the  fixed 
point  measurements  are  concerned,  there  may  be  a  change  of  energy  due 
to  the  turbulent  stream  being  distorted  by  its  close  proximity  to  the  terrain. 

2.5.1.  Turbulence  Measured  at  Fixed  Points 

F.  B.  Smith  (1961)  did  a  series  of  experiments  on  a  captive  balloon  cable 
between  heights  of  500  ft  and  2000  ft  (with  a  few  between  2000  ft  and 
5000  ft)  that  represent  this  condition  fairly  well.  No  records  were  made 
when  there  was  a  risk  of  lightning  or  precipitation  was  heavy.  There  were, 
however,  further  limitations;  light  turbulence  was  not  recorded  as  records 
were  omitted  when  the  atmosphere  was  very  stable  and  also  when  the  wind 


21 


MANUAL  ON  AIRCRAFT  LOADS 


speed  was  below  1  -5  m/sec.  Also  records  were  not  taken  at  wind  speeds  in 
excess  of  10  m/sec. 

It  is  appropriate  to  consider  the  intensity  of  the  turbulence  to  be  the 
average  energy  per  unit  mass  of  air.  This  is  equal  to  half  the  mean  square 
of  the  velocity  of  the  turbulence  relative  to  the  stream  velocity.  In  Smith’s 
experiments  the  interest  is  restricted  to  vertical  velocities,  so  he  measures 
the  mean  square  of  the  vertical  fluctuations  relative  to  the  mean  vertical 
velocity  for  the  duration  of  the  run.  The  duration  of  each  run  is  made  to 
last  long  enough  to  allow  a  prediction  to  be  made  of  the  contributions  of  all 
wavelengths.  Using  Smith’s  breakdown  between  stable  and  unstable  con¬ 
ditions,  the  distribution  of  r.m.s.  of  turbulent  velocity  for  different  stream 
speeds  is  given  in  Table  2.3. 


Table  2.3.  Comparison  of  Intensity  of  Turbulence  and  Stream  Velocity  Past  a 
Fixed  Point  [Deduced  fromF.  B.  Smith  (1961)). 

Stable  Air — Number  of  Occurrences 


r.m.s.  of 
turbulence 
velocity 
ftjsec 

Stream  velocity  in  ftjsec 

Total 

0-6-55 

i 

6-55- 13- 1 

13-1-19-65 

19-65-26-2 

26-2-32-75 

0-1 

1 

0 

1 

1  1 

4 

3  i 

9 

1-2 

1 

3 

1  5 

11 

6 

26 

2-3 

2 

2 

6 

4 

14 

3-4 

2 

1 

3 

4-5 

Unstable  Air — Number  of  Occurrences 


1 

T.m.s.  of  I 
turbulence 
velocity 
ft/sec 

Stream  velocity  in 

ftjsec 

Total 

0-6-55 

\ 

6-55-1 3- 1 

13-1-19-65 

19-65-26-2 

26-2-32-75 

0-1 

1 

0 

1-2 

1 

1 

1 

2 

2-3 

5 

6 

11 

3-4 

4 

3 

3 

10 

4-5 

1 

2 

1 

3 

Of  the  actual  78  recordings  made  by  Smith,  the  individual  runs  in 
unstable  conditions  had  a  mean  r.m.s.  value  of  3-04  ft/sec  with  a  standard 
deviation  about  that  mean  of  0-90  ft/sec,  and  those  in  stable  conditions  had 
a  mean  r.m.s.  value  of  1-7  ft/sec  with  a  standard  deviation  of  0-93  ft/sec.  In 
the  unstable  conditions  there  is  a  tendency  for  turbulence  to  increase  with 
stream  velocity,  but  in  the  stable  conditions  there  is  no  such  tendency  and 
it  would  be  diflicult  to  estimate  the  real  tendency  as  the  time  that  has  been 
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unrecorded  because  of  low  turbulence  and  low  stream  velocity  may  be  quite 
different  at  the  different  stream  velocities. 

All  the  recorded  occurrences  are  grouped  together  and  shown  in  Fig.  2.4. 
For  comparison  a  Normal  distribution  of  the  r.m.s.  vertical  velocity  with 
mean  zero  and  standard  deviation  2-2  ft/sec  is  also  shown.  The  difference 
between  the  actual  distribution  and  the  Normal  distribution  would  not  be 


•  FT.  /  SEC. 


Fig.  2.4.  Variation  in  intensity  of  vertical  component  of  turbulence.  Measurements  by 
F.  B.  Smith  (1961)  on  tethered  balloon  cables  at  heights  of  to  5000 ft. 

very  great  in  total  effect,  as  the  contribution  when  the  r.m.s.  of  the  vertical 
velocity  is  less  than  1  ft/sec  is  small  in  both  cases;  the  contribution  above 
5  ft/sec  in  the  Normal  distribution  would  be  significant,  but  this  would  tend 
to  be  avoided  in  the  experiment  by  deliberately  avoiding  taking  readings 
when  the  wind  speed  exceeded  1 0  m/sec. 

The  total  energy  of  the  turbulence  in  the  stream  is  a  good  measure  of  its 
intensity,  but  the  information  is  not  sufficiently  detailed  for  the  determination 
of  aircraft  loads  as  the  aircraft  responds  differently  to  disturbances  of  different 
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wavelengths.  Thus  it  is  necessary  to  determine  the  proportions  of  energy  at 
different  wavelengths.  This  has  been  done  for  a  number  of  the  runs  by 
F.  B.  Smith  (1961)  at  heights  of  500,  1000  and  2000  ft.  The  results  are 


Fig.  2.5.  Distribution  of  energy  of  turbulence  per  unit  mass  of  air  at  different 

wavelengths  (Ijk).’ 

Measurements  on  balloon  cables  deduced  from  F.  B.  Smith  (1961)  and  compared  with 
S„{k)  =  2Lal[\  +  (8/3)  (/.,*)•]/[!  +  (A*)*]”/* 
where  Z,,  =  1 -339(277/-) ;  cr„  =  r.m.s.  vertical  velocity. 

L  is  chosen  so  that  calculated  and  experirruntal  distributions  have  k  .  S{k)  a  maximum 

at  the  same  k. 

shown  in  Fig.  2.5  omitting  those  runs  in  which  Smith  noticed  that  the  inten¬ 
sity  did  not  remain  steady  and  one  during  which  the  intensity  was  very  low. 
The  abscissa  is  plotted  as  the  logarithm  of  the  inverse  wavelength  k,  i.e. 
cycles  per  ft,  and  the  ordinate  as  kS^{k)la%  where  S^{k)  is  twice  the  energy 
density,  with  respect  to  k,  per  unit  mass  of  air  and  is  the  mean  square  of 
the  vertical  component  of  the  turbulence  velocity.  Twice  the  total  energy 
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Fig.  2.5  (coni.).  Distribution  of  energy  of  turbulence  per  unit  mass  of  air  at 

different  wavelengths  (^jk). 

Measurements  on  balloon  cables  deduced  from  F.  B.  Smith  (1961)  and  compared  with 
S,{k)  =  2Lol{\  +  (8/3)(L.*)»]/[l  +  (/..*)•]»/. 
where  L,  =  1-339  (2ttI.);  <7„.  =  r.m.s.  vertical  velocity. 

L  is  chosen  so  that  calculated  and  experimental  distributions  have  k  .  S(k)  a  maximum 

at  the  same  k. 

per  unit  mass  of  air  equals  the  mean  square  of  the  turbulence  velocity  so 
that 

CO  no 

=  J  S^{k)^  -  I*  kS^{k)  d{\og,k)  (2.5) 

O  —  oo 

Thus  twice  the  total  energy  per  unit  mass  of  air  is  given  by  the  area  under 
the  curve  of  kS„(k)  against  log,A:  and  the  area  under  the  curve  of  kS„{k)lc^„ 
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is  unity.  The  contribution  in  any  band  of  wavelengths  is  the  area  under  that 
portion  of  the  curve.  It  is  suggested  in  Chapter  9  that  within  the  range  of 
wavelengths  of  these  measurements  the  energy  density  of  the  vertical 
comftonent  of  homogeneous  and  isotropic  turbulence  in  a  horizontal  stream 
should  be  represented  well  by  the  formula  (9.40),  which  is 

S„{k)  =  2La*[l  +  (8/3)(£.i*)*]/[l  +  (2.6) 

where  Li  =  1  -339  (2nL) 

Each  run  is  compared  with  this  formula  and  L  is  chosen  so  that  the  theoreti¬ 
cal  curve  of  kS^{k)  has  a  maximum  at  the  same  wavelength  as  the  experi¬ 
mental  curve.  In  all  cases  the  shapes  of  the  experimental  curves  agree  well 
with  the  theoretical  curve  for  high  inverse  wavelengths  but  the  measured 
contribution  to  the  energy  is  generally  a  little  lower  than  the  prediction.  This 
suggests  that  the  major  portion  of  the  energy  is  distributed  in  the  manner 
predicted  but  that  there  is  a  second  distribution  predominantly  at  lower 
inverse  wavelengths.  There  is  insufficient  evidence  to  form  an  opinion  about 
the  characteristics  of  this  second  distribution. 

In  order  that  the  turbulence  velocities  in  the  atmosphere  may  be  trans¬ 
formed  into  loads  on  an  aircraft  it  is  also  necessary  to  know  the  distribution 
of  the  turbulence  velocities  along  the  direction  of  the  stream.  This  dis¬ 
tribution  may  be  determined  in  several  ways,  the  most  commonly  used  ones 
being  the  measurement  of 

(i)  the  total  time  spent  above  each  level  of  velocity, 

(ii)  the  number  of  times  each  level  of  velocity  is  crossed  in  one  direction, 

(iii)  the  number  of  peak  velocities  exceeding  eaeh  level  of  velocity. 

The  first  method  can  be  defined  more  rigorously  but  the  other  two  arc  more 
directly  transformable  into  loads.  The  crossings*  of  levels  of  velocity  of 
runs  J,  K,  N,  P  of  F.  B.  Smith  (1961)  are  shown  in  Fig.  2.6  and  are  compared 
with  a  Normal  distribution  with  a  standard  deviation  equal  to  the  r.m.s.  of 
the  vertical  velocity.  The  absolute  value  of  the  number  of  crossings  increases 
with  the  band  of  wavelengths  over  which  the  measurements  are  made. 
Unfortunately  for  energy  density  distributions  appropriate  to  atmospheric 
turbulence  the  number  approaches  infinity  as  the  band  of  inverse  wave¬ 
lengths  approaches  infinity,  so  that  an  arbitrary  cut-off  has  to  be  made. 
These  particular  crossings  were  taken  from  a  low-pass  trace  equivalent  to  a 
running  average  over  30  sec  and  wind  speeds  from  10  to  20  ft/sec,  i.e.  a 
running  average  over  300  to  600  ft.  In  all  four  cases  the  relative  number  of 
high  velocities  was  greater  than  would  be  expected  from  a  Normal  distribu¬ 
tion,  although  on  runs  N  and  P  the  difference  was  not  significant. 

If  runs  J  and  K  happened  to  be  made  up  of  two  or  more  patches  of 
homogeneous  turbulence  of  different  intensity  but  each  with  a  Normal 
distribution  of  crossings,  the  resultant  distribution  of  crossings  would  have 
more  high  velocities  than  a  single  Normal  distribution  with  the  same  stan¬ 
dard  deviation.  Thus  this  evidence  is  not  incompatible  with  the  contention 


The  values  were  not  given  in  the  published  paper  and  have  been  supplied  privately. 
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that  homogeneous  turbulence  has  a  Normal  distribution  of  crossings  of 
velocities  and  that  the  atmosphere  studied  by  F.  B.  Smith  (1961)  was  made 
up  of  a  number  of  patches  of  homogeneous  turbulence.  Rice  (1944)  has 
shown  that  a  Normal  distribution  of  crossings  could  arise  from  a  Normal 


VELOCITY  AS  PROPORTION  OF  R.M.S.  VALUE 


Fig.  2.6.  Relative  frequency  of  crossing  different  thresholds  of  vertical  velocity. 

Measurements  from  F.  B.  Smith  (1961)  are  compared  with  normal  distribution  with 
same  r.m.s.  velocity  and  same  number  of  crossings  at  a  vertical  velocity  equal  to  the 

r.m.s.  value. 

distribution  with  the  same  standard  deviation  of  time  spent  at  different 
velocities,  so  for  calculation  purposes  either  a  crossings  or  a  time  distribution 
may  be  used. 

In  addition  to  the  measurements  by  F.  B.  Smith  (1961)  at  500,  1000  and 
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2000  ft  of  distributions  of  the  vertical  component  of  turbulence  energy  at 
different  wavelengths  Panoftky  and  McCormick  (1959)  quote  a  number  of 
measurements  at  heights  from  4  ft  to  300  ft.  The  theoretical  distribution  of 
S^(k)  that  represented  well  Smith’s  results  also  represents  well  Pano&ky  and 
McCormick’s.  The  range  of  heights  of  the  combined  results  is  large  and 
gives  an  opportunity  of  checking  the  effect  of  height.  Table  2.4  gives  a 
summary  of  the  data  and  includes 

(i)  (r.m.s.  vertical  velocity), 

(ii)  the  wavelength  (1/A;)  at  which  kS^(k)  is  a  maximum,  and  the  value 
of  the  constant  L.  in  the  theoretical  formula 

5„(i)  =  2La»[l  +  (8/3)(AA)*]/[l  +  (4A;)*]»/‘ 

to  give  a  maximum  at  the  same  value  of  k, 

(iii)  the  parameter 


Table  2.4.  Measured  Intensities  of  Turbulence  and  Scale  of  Turbulence  at  Fixed 
Points  at  Different  Heights 


i 

Reference 

Height 

ft 

vertical 

velocity 

a^fljsec 

Wavelength 
at  which 
kS„(k)  is 
a  maximum 

ft 

Seale  of 
turbulence 

Lft 

1 

1 

Panofeky  and  McCormick 
(1959) 

1 

K 

4 

h02 

15'6 

3-3 

0-684 

J 

6-6 

091 

29- 1 

6-2 

0-496 

S  (Average  of  four) 

10 

1-82 

48- 1 

10-2 

0-839 

H 

26-2 

306 

153 

32-4 

0-960 

H 

26-2 

118 

920 

19-5 

0-438 

5,  (Average  of  two) 

30 

1-55 

650 

13-8 

0-646 

B  (Average  of  five) 

300 

3-98 

1560 

330 

0-576 

Smith,  F.  B.  (1961) 

1 

C 

500 

3-36 

4620 

980 

0-339 

D 

500 

3-98 

1510 

320 

0-579 

E 

500 

2-79 

3680 

780 

0-304 

J 

1000 

318 

4620 

980 

0-320 

K 

1000 

406 

7830 

1660 

0-343 

L 

1000 

3-54 

4190 

890 

0-368 

N 

2000 

2-92 

5330 

1150 

0-279 

P 

2000 

3-85 

5940 

1260 

0-356 

The  wavelength  at  which  kS^{k)  is  a  maximum  is  an  indication  of  the  scale 
of  the  turbulence  and  there  is  roughly  half  the  energy  each  side  of  this 
wavelength.  For  the  theoretical  distribution  of  S„{k)  this  wavelength  is 
always  4-722L  so  L  too  may  be  used  as  a  measure  of  the  scale  of  turbulence  and 
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Z.  is  in  fact  usually  called  the  scale  of  turbulence.  At  high  values  of  inverse 
wavelength  k  the  energy  density  is  given  by 

S^{k)  =  ( 16/3) [2ir(l -sag)]-*/*  . 

=  0-1532  (2.7) 

so  that  is  a  measure  of  the  intensity  of  the  energy  at  high  inverse 

wavelengths. 

The  measurements  were  taken  at  many  different  places  and  at  different 
times  and  it  would  be  dangerous  to  use  them  to  predict  variation  of  intensity 
with  height.  The  scale  of  turbulence  L  increases  with  height  and  the  mag¬ 
nitude  does  not  differ  much  froir  the  height*  except  for  the  two  runs  at 
2000  ft. 

2.5.2.  Turbulence  Measured  Directly  on  Aircraft 

According  to  G.  I.  Taylor’s  (1938)  hypothesis  the  same  turbulence  energy 
will  be  measured  whether  it  is  done  at  a  6xed  point  or  at  a  point  moving  in 
the  direction  of  the  stream  containing  the  turbulence.  As  a  corollary  to  this 
the  same  turbulence  will  also  be  measured  on  an  aircraft  flying  in  a  straight 
line  in  a  stream  moving  in  a  straight  line  but  not  necessarily  in  the  same 
direction  as  the  aircraft. 

Crane  and  Chilton  (1956)  describe  a  flight  at  290  ft/sec  at  1700  ft  pressure 
altitude  (the  height  above  the  ground  is  not  stated)  by  a  jet  fighter  fitted 
with  an  angle  of  attack  vane  to  measure  the  vertical  component  of  the  turbu¬ 
lence  velocity.  The  flight  was  over  1 70  miles  (i.e.  900,000  ft)  and  wave¬ 
lengths  from  10  ft  to  60,000  ft  were  measured  on  three  types  of  instrument; 
for  the  long  waves  the  aircraft  was  tracked  by  a  sun  camera  but  for  the 
medium  and  short  waves  none  of  the  instruments  used  any  external  datum. 
The  distribution  of  energy  at  different  wavelengths  is  given  in  Fig.  2.7  and 
is  compared  with  the  theoretical  distribution  of  equation  (2.6).  The  r.m.s. 
vertical  velocity  or„  used  in  the  equation  is  the  measured  value  and  the  scale 
of  turbulence  L  is  chosen  to  correspond  to  kS^{k)  being  a  maximum  at  a 
wavelength  of  6000  ft.  This  is  the  same  method  as  that  used  for  the  fixed 
point  measurements  and  was  possible  because  accurate  measurements  were 
made  of  the  energy  at  long  wavelengths  by  instruments  which  included  a  sun 
camera.  It  can  be  seen  in  Fig.  2.7  that  the  measurements  from  the  instru¬ 
ments  used  for  the  medium  range  of  wavelengths  did  not  show  the  same 
flattening  out  of  the  curves  at  the  longest  wavelengths  as  did  those  for  the 
long  waves.  It  seems  probable  that  the  corrections  for  aircraft  motion  are 
not  so  accurate  in  this  case  where  none  of  the  instruments  used  any  external 
datum.  A  similar  experiment  was  made  by  Zbrozek  and  Ridland  (1960a) 
at  534  ft/sec  at  a  pressure  altitude  of  about  2500  ft  (height  "above  ground 
about  2000  ft)  for  a  distance  of  53,400  ft.  The  distribution  of  energy  at 
different  wavelengths  is  shown  in  Fig.  2.8  and,  as  in  Fig.  2.7,  it  is  compared 
with  the  theoretical  distribution  of  equation  (2.6).  The  measured  value  of 
r.m.s.  vertical  velocity  is  used  but  the  measured  distribution  of  energy 
density  S„{k)  cannot  be  used  to  determine  L  with  sufficient  accuracy,  as  it  is 

•  Panofsky  and  McCormick’s  (1959)  suggestion  of  the  peak  being  at  4  times  the  height  is 
equivalent  to  L  being  85  per  cent  of  the  height. 
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probable  that  the  measured  values  of  S„(k)  at  the  longest  wavelengths  will 
be  high  due  to  insufficient  correction  for  the  aircraft  motion  (as  was  noticed 
in  Fig.  2.7  for  the  measurements  made  by  instriunents  without  any  external 
datum).  In  the  theoretical  analysis  described  in  Chapter  9,  L  is  defined  as 

OO 

L=  2  J/„(r)  dr  (2.8) 

o 

OD 

where  /„.(r)  =  (l/o^)  J  S^{k)  cos  {krl27T)  dA 

u 


Fig.  2.7.  Distribution  of  energy  of  turbulence  per  unit  rruus  of  air  {i5„(^)}  at  different 

ivavelengths. 

Measurements  {Crane  and  Chilton,  1956)  made  on  aircraft  at  290 ftjsec  at  a  pressure 
altitude  of  1 700 ft  and  compared  with 

S„{k)  =  2Lal\\  +  (8/3)  (/.,*)*]/[!  +  (T-.A:)*]"/* 
where  =  r.m.s.  velocity;  =  1  •339(2TrZ.). 
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and  is  called  the  lateral  auto^correlation  function.  Zbrozek  and  Ridland 
(1960a)  quote  the  auto-correlation  function  as  well  as  the  distribution  of 
energy  density.  An  estimate  of  the  scale  of  turbulence  L  can  be  obtained  by 
comparing  this  experimental  function  with  the  theoretical  auto-correlation 
function /„(r)  calculated  for  .S«,(A)  as  given  by  equation  (2.6).  Making  the 
comparison  by  the  method  described  in  Chapter  9  givies  a  scale  of  turbulence 
L  of  296  ft.  TTiis  value  of  L  is  used  in  the  theoretical  distribution  of  •S„(A)  in 


Fig.  2.8.  Distribution  of  energy  of  turbuUrue  per  unit  mass  of  air  {J5k(^)}  o*  different 

wavelengths. 

Measurements  {Zbrozek  and  Ridland,  1960)  made  on  aircraft  at  ^i^fllsec  at  a  pressure 
attitude  ^2500 ft  and  compared  with 
S,{k)  =  2Lal[\  +  (8/3)(/., *)•]/[!  +  (!.,*)•]"/• 
where  a,^  =  r.m.s.  vertical  velocity;  L,  =  l-339(27r2.). 
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Fig.  2.8.  The  agreement  between  the  experimental  and  theoretical  dis¬ 
tributions  is  good  except  at  the  very  high  wavelengths  where  the  measured 
energy  is  too  high,  and  at  wavelengths  between  50  and  100  ft  where  the 
measured  energy  is  also  too  high. 

In  Figs.  2.7  and  2.8  the  measurements  show  peaks  of  energy  at  wave¬ 
lengths  below  100  ft.  These  are  at  resonance  frequencies  of  the  structure  as 
shown  in  Fig.  2.8.  This  will  be  a  source  of  inaccuracy  in  measurements  on 
any  aircraft,  especially  at  frequencies  of  the  fundamental  resonances  of 
wings  and  fuselage.  There  is  a  tendency  for  the  measured  energies  to  be  too 
high  at  the  long  wavelengths  presumably  due  to  inadequate  compensation 
for  deliberate  movements  by  the  pilot. 

An  extensive  series  of  flight  measurements  on  B-66B  aircraft  at  altitudes 
of  less  than  1000  ft  above  the  terrain  is  described  by  K.  D.  Saunders  (1961). 
The  gust  data  that  are  reported  arc  391  four-minute  runs  covering  approxi¬ 
mately  11,000  miles  of  flight.  The  turbulence  was  measured  in  all  three 
planes  but  not  on  every  flight.  There  were,  however,  42  flights  in  which  it 
was  measured  in  all  three  planes  and  from  which  a  comparison  can  be  made. 
The  lapse  rate  was  measured  on  most  of  the  runs  and  on  more  than  80  per 
cent  of  the  runs  the  air  was  unstable  or  neutrally  stable. 

The  r.m.s.  of  the  vertical  velocity  was  measured  on  384  runs  and  had  a 
mean  of  3-17  ft/sec  and  a  standard  deviation  of  1-28  ft/sec;  out  of  these 
384  runs  224  were  over  flat  terrain  and  had  a  mean  and  standard  deviation 
of  (2-73  ft/sec,  1-09  ft/sec),  the  other  160  runs  over  hills  had  a  mean  and 
standard  deviation  of  (3-79  ft/sec,  1-26  ft/sec).  A  large  number  of  runs  were 
made  in  groups  of  3  at  different  heights  within  an  hour.  These  offer  a  good 
opportunity  of  examining  the  variation  in  the  intensity  of  turbulence  with 
height.  Table  2.5  compares  the  mean  r.m.s.  vertical  velocity  at  different 
heights.  The  scatter  at  the  individual  heights  is  a  standard  deviation  of 
about  1  ft/sec  over  flat  terrain  and  about  1  -2  ft/sec  over  hilly  terrain. 


Table  2.5.  Variation  of  R.M.S.  Vertical  Velocity  of  Turbulence  with  Height 


No.  of  runs 
at  each 
height 

Height 

200  ft 

400// 

600// 

1000// 

ft/sec 

ft/sec 

ft/sec 

ft/sec 

Over  flat 

32 

2-21 

2-32 

2-50 

terrain 

14 

3-37 

3-95 

3-87 

Over  hilly 

21 

!  3-59 

■in 

3-78 

terrain 

j  9 

3-46 

3-45 

3-29 

The  values  for  the  42  runs  in  which  lateral  and  forward  velocity  were 
measured  at  the  same  time  were  (3-36  ft/sec,  1*20  ft/sec),  (3-67  ft/sec, 
1'27  ft/sec)  and  (3-78  ft/sec,  1-30  ft/sec)  respectively  for  the  vertical,  lateral 
and  forward  components  of  the  turbulence.  In  the  42  runs  there  are  25  that 
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are  over  flat  terrain  and  if  these  are  taken  separately  the  mean  and  standard 
deviations  of  the  r.m.s.  velocity  become  (3-06  ft/sec,  1-04  ft/sec),  (3’30  ft/sec, 

1  -02  ft/sec)  and  (3-62  ft/sec,  1  -22  ft/sec)  respectively^  Under  these  con¬ 
ditions  it  would  be  expected  that  the  energy  of  the  turbulence  at  long  wave¬ 
lengths  would  be  less  and  also  that  there  would  be  less  influence  from  the 
aircraft’s  motion  relative  to  the  direction  of  the  stream  of  the  turbulence 
so  that  the  actual  recordings  are  a  little  lower  and  probably  have  less  scatter 
due  to  experimental  error. 

The  proportion  of  the  energy  at  different  wavelengths  was  determined 
for  most  of  the  runs.  K.  D.  Saunders  (1961)  has  given  these  mainly  as  over¬ 
lapping  curves  but  separate  curves  have  been  given  for  4  curves  for  the  ver¬ 
tical  compxment  of  energy.  These  are  reproduced  in  Fig.  2.9  and  compared 
with  the  theoretical  distribution  of  S^{k)  given  in  equation  (2.6).  Wave¬ 
lengths  less  than  100  ft  are  omitted  as  the  measurements  would  be  subject  to 
error  due  to  structural  resonances.  Agreement  between  theory  and  experi¬ 
ment  is  good  except  that  there  is  the  same  tendency  as  in  Figs.  2.7  and  2.8 
for  the  measurements  to  be  too  high  at  long  wavelengths.  This  tendency  is 
apparent  also  in  most  of  the  other  380  runs  in  which  the  vertical  component 
was  measured. 

The  scale  of  turbulence  was  estimated  for  the  vertical  component  for  the 
42  runs  in  which  the  components  in  all  three  planes  was  measured.  It  is 
found  by  comparing  the  experimental  auto-correlation  function  with  the 
theoretical  one  given  by  equation  (9.44).  Saunders  used  the  theoretical 
auto-correlation  function  given  by  equation  (9.37)  but  recalculation  using 
equation  (9.44)  does  not  show  any  signifleant  differences.  The  scale  of 
turbulence,  as  quoted  by  Saunders,  is  given  in  Table  2.6  for  the  42  runs. 
The  runs  have  been  separated  into  the  1 7  over  hilly  terrain  and  25  over  flat 
terrain  and  grouped  according  to  height  above  the  terrain.  Over  the  flat 
terrain  the  scale  of  turbulence  does  not  differ  much  from  the  height,  although 
there  seems  to  be  a  tendency  for  some  of  the  runs  at  200  ft  to  have  a  larger 
scale  of  turbulence.  This  may  be  due  in  part  to  the  ground  contours  affecting 
the  direction  of  the  stream  velocity  of  the  turbulence.  In  flights  over  hilly 
terrain  there  is  no  doubt  that  the  contours  affect  the  scale  of  the  turbulence. 
The  larger  scatter  may  be  due  to  low  and  high  mountains  being  grouped 
together;  if  the  runs  over  low  mountains  2,  5,  11,  16,  23,  28,  37  are  taken 
separately  the  average  scale  is  750  ft,  the  standard  deviation  reduced  to  that 
for  the  runs  over  flat  terrain,  and  the  difference  between  height  bands 
negligible. 

The  check  on  the  distribution  of  velocities  has  to  be  made  from  the  dis¬ 
tribution  of  peak  velocities  as  the  distribution  of  crossings  was  not  measured. 
However,  Rice  (1944)  has  shown  that  for  a  Normal  distribution  the  number 
of  peaks  will  be  negligibly  more  than  the  number  of  crossings  at  large 
departures.  For  the  system  being  examined  the  difference  can  be  ignored 
for  peak  velocities  greater  than  about  a  r.m.s.  value.  The  25  runs  over 
flat  terrain  are  split  into  6  groups  according  to  the  r.m.s.  velocity  and  the 
numbers  of  peaks  compared  with  the  expected  number  of  crossings  in  Fig. 
2.10.  The  measured  and  the  calculated  curves  are  made  to  coincide  at  a 
velocity  equal  to  the  r.m.s.  velocity  of  the  group  of  runs.  In  all  cases  the 
numbers  measured  are  greater  than  the  calculated  curves  at  velocities  in 
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Table  2.6.  Scale  of  Turbulence  as  Measured  on  Aircraft  Flying  at  Different  Heights. 
Run  Numbers  are  the  same  as  those  given  by  K.  D.  Saunders  (1961)  m  his  Table  7 


Height  above  terrain 


1 

1 

200/1 

600yi 

1000/1 

i 

Run  no. 

Lft 

Run  no. 

Lft 

Run  no. 

Lft 

Over 

277 

4 

359 

18 

402 

flat 

6 

220 

7 

834 

22 

739 

terrain 

9 

414 

12 

675 

36 

1327 

13 

480 

14 

511 

17 

374 

24 

570 

19 

223 

26 

413 

25 

410 

27 

510 

31 

153 

30 

383 

32 

167 

34 

649 

35 

346 

40 

252 

42 

499 

Mean 

318 

545 

823 

Std.  dev. 

130 

160 

Over 

11 

803 

2 

624 

16 

727 

hilly 

23 

608 

3 

383 

21 

823 

terrain 

29 

923 

5 

804 

33 

1258 

8 

747 

37 

924 

15 

618 

39 

1016 

20 

1270 

28 

687 

38 

1042 

j 

41 

1238 

Mean 

922 

824 

775 

Std.  dev. 

200 

290 

Run  No.  10  was  over  flat  terrain  at  height  400  ft  and  L  was  640  ft. 


excess  of  about  twice  the  r.m.s.  velocity.  A  better  fit  could  be  obtained 
if  it  were  assumed  that  the  turbulence  was  intermittent  along  the  runs,  but 
even  then  the  high  velocities  would  occur  more  often  than  expected.  The 
only  way  a  satisfactory  fit  could  be  made  would  be  by  assuming  that  the 
intensity  varied  along  the  runs. 

2.5.3.  Comparison  of  Measurements  at  Fixed  Points  and  on  Aircraft 

The  estimates  of  turbulence  at  fixed  points  and  on  aircraft  have  many 
common  features.  Measurements  were  made  on  24th  April,  1956,  and 
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Fig.  2.10.  Comparison  of  distribution  of  number  of  peak  velocities  {gusts)  at  different 
r,m.s.  vertical  velocity  of  turbulence  ff,. 

Measurement  on  B-66B  deduced  from  K.  D.  Saunders  (1961)  and  compared  with  normal 
distribution,  with  standard  deviations  a„  and  same  number  of  peaks  at  a  velocity  equal 

to  the  r.m.s,  value. 


30th  April,  1956,  on  towers  and  on  an  aircraft  at  the  same  time  and  are 
described  in  Anon  ASTI  A  (1959a).  By  taking  advantage  of  the  general 
information  given  in  paragraphs  2.5.1  and  2.5.2,  it  is  possible  to  compare 
the  data  from  the  two  sources.  In  all  the  measurements,  both  on  aircraft 
and  at  fixed  {x>int5,  the  distribution  of  the  energy  density  of  the  turbulence 
agrees  well  with  the  distribution  given  in  equation  (2.6).  This  theoretical 
distribution  has  two  parameters  L  and  <t„.  By  choosing  the  experimental 
value  of  the  r.m.s.  vertical  component  of  velocity  as  the  value  of  <r„  there 
remains  only  the  one  parameter  L  on  which  the  comparison  between  theory 
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and  experiment  has  to  be  made.  This  can  be  done  either  by  making  the 
two  distributions  have  the  same  energy  density  at  one  point  or  by  making 
them  have  the  same  rate  of  change  of  energy  density  at  one  point.  Making 
the  comparison  on  rate  of  change  of  energy  density  at  high  inverse  wave¬ 
lengths  (k)  has  the  advantage  that  the  energy  density  should  be  proportional 
to  and  a  plot  of  log  (energy  density)  against  log  (inverse  wavelength) 
should  have  a  slope  of  —3/3  and  the  estimate  of  the  experimental  value  at 
one  point  is  made  from  a  best  straight  line  drawn  through  a  number  of 
experimental  points.  Figure  2. 1 1  shows  the  comparison  between  measure¬ 
ments  and  theoretical  distributions;  in  each  case  the  value  of  L,  the  scale  of 
turbulence,  is  chosen  in  this  way.  In  both  experiments  the  energy  density 
of  the  vertical  component  of  turbulence  is  the  same  for  the  flights  at  400  ft 
and  the  tower  measurements  at  300  ft.  The  scale  of  turbulence  of  300  ft  on 
the  tower  measurements  agrees  well  with  the  prediction  from  Table  2.4. 
The  scale  of  turbulence  in  flight  inevitably  depends  more  on  the  ground 
contours  and  Table  2.5  indicates  that  any  departure  from  coiiipletely  flat 
terrain  would  increase  the  scale  of  turbulence.  A  scale  of  turbulence  of 
500  ft  for  flights  at  400  ft  over  fairly  flat  terrain  agrees  well  with  Table  2.5. 


2.6  GENERAL  CONCLUSIONS  ON  THE  STRUCTURE  OF 
ATMOSPHERIC  TURBULENCE 

Sufficient  measurements  have  been  made  of  the  turbulence  in  the  atmosphere 
at  fixed  points  and  on  aircraft,  under  conditions  of  moderate  to  good  visi¬ 
bility  and  conditions  with  little  or  no  precipitation,  to  demonstrate  that  the 
same  results  will  be  obtained  by  both  methods. 

The  measurements  which  are  mainly  at  less  than  1000  ft  are  all  consistent 
with  the  contention  that  the  atmosphere  is  made  up  of  patches  of  turbulence 
that  are  homc^eneous  and  isotropic.  The  distribution  of  energy  density 
S„{k)  at  different  wavelengths  (1/A)  of  the  vertical  component  of  the  turbu¬ 
lence  may  be  given  by 

5„(A)  =  2Lo*[l  +  (8/3)(A,A)*]/[l  +  (L.A)*]«/«  (2.6) 

where  <r„  =  r.m.s.  vertical  velocity  (repeat) 

L  =  scale  of  turbulence 
Li  =  1-339  {2ttL) 

for  each  patch  of  turbulence.  The  scale  of  turbulence  increases  with  height 
and  over  flat  terrain  is  approximately  equal  to  the  height.  Figure  2. 1 2  show’s 
this  relationship  for  the  23  fixed  p)oint  measurements  of  Table  2.4  and  27 
flight  measurements  (25  of  Table  2.5,  1  of  Fig.  2.7  and  1  of  Fig.  2.8).  The 
fixed  point  measurements  give  better  agreement  than  those  on  aircraft  as 
many  of  the  aircraft  measurements,  particularly  at  low  altitudes,  have  a 
scale  length  rather  more  than  the  height.  The  flights  over  hilly  terrain 
show  a  more  marked  increase  at  low  altitudes.  It  would  seem,  therefore,  that 
if  flights  were  made  over  absolutely  flat  terrain  that  the  scale  of  turbulence 
would  be  equal  to  the  height.  The  evidence  above  1000  ft  is  small  and 
extrapolation  is  inadvisable.  All  the  measurements  were  in  neutral  or 
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unstable  air  conditions  and  the  earth’s  boundary  layer  would  be  of  the 
order  of  1000  This  is  an  added  reason  for  not  extrapolating  above  1000  ft. 
It  is  worthy  of  note  that  Panofsky  and  McCormick  (1959)  noticed  that  in 
stable  conditions  (when  the  boundary  layer  should  be  about  100  ft)  one  run 
at  300  ft  gave  a  scale  of  turbulence  much  less  than  300  ft.  The  information 
is  far  from  conclusive  but  until  further  data,  become  available  it  is  suggested 
that  Fig.  2.12  be  used  within  the  earth’s  boundary  layer;  as  unstable  con¬ 
ditions  are  the  only  significant  ones  for  aircraft  loads  this  means  up  to  a 
height  of  about  1000  ft  and  therefore  up  to  a  scale  of  turbulence  of  1000  ft. 


Fortunately  the  dimensions  of  past  aircraft  arc  such  that  the  contribution 
to  their  response  at  wavelengths  above  3000  ft  would  be  negligible.  This 
means  that  the  distribution  of  energy  density  at  wavelengths  above  3000  ft 
does  not  matter.  For  a  scale  of  turbulence  of  1000  ft  or  more  the  simplified 
formula  (2.7)  for  high  inverse  wavelengths  is  not  significantly  different  from 
equation  (2.6)  for  wavelengths  up  to  3000  ft.  Thus  if  it  is  assumed  that  the 
scale  of  turbulence  is  not  less  than  1000  ft  at  heights  above  1000  ft  it  is 
sufficient  to  use  equation  (2.7)  for  which  the  two  parameters  L  and  <r* 
combine  into  the  single  parameter  (o^/L*'*).  Equation  (2.7)  is  more  severe 
than  equation  (2.6)  and  it  would  be  advisable  to  use  it  for  some  current  and 
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future  designs,  which  may  respond  to  higher  wavelengths,  until  reliable 
estimates  of  the  seal'  of  turbulence  at  heights  above  1000  ft  berome  available. 

Whilst  the  measarements  are  sufficient  to  estimate  accurately  enough  the 
shape  of  the  energy  density  distribution,  more  extensive  testing  would  be 
required  to  estimate  the  actual,  value  of  the  intensity  of  turbulence.  The 
measurements  on  the  B-66B  aircraft  were  made  in  America  over  1 1 ,000  miles, 
which  is  rather  small  for  this  purpose,  and  the  r.m.s.  vertical  velocity  had  a 
mean  of  3-17  ft/sc'  and  a  standard  deviation  about  the  mean  of  1*28  ft/sec. 
About  60  per  cent  of  the  flights  were  over  flat  terrain  and  the  best  estimate 
of  the  r.m.s.  vertical  velocity  was  a  mean  and  standard  deviation  of  (2'73 
ft/sec,  1-1  ft/sec).  The  estimates  from  about  500  miles  of  wind  run  past  a 
balloon  cable  in  England  at  500  to  2000  ft  in  unstable  air  conditions  were 
(3  ft/sec,  0-9  ft/sec)  and  the  estimates  for  about  1000  miles  of  wind  in  stable 
air  conditions  were  (1-7  ft/sec,  0-93  ft/sec).  If  these  are  combined  as  80  per 
cent  unstable,  20  cr  cent  stable,  which  is  roughly  the  condition  for  the 
aircraft  runs,  the  estimates  would  be  (2-77  ft/sec,  1  ft/sec),  and  is  in  good 
agreement  with  the  much  more  extensive  aircraft  measurements  in  America. 

The  eneigy  density  at  high  inverse  wavelengths  is  proportional  to 
as  shown  in  equation  (2.7).  A  comparison  of  shows 

much  less  variation  with  terrain  than  does  a  comparison  of  (r„.  In  the  42 
measurements  on  the  B-66B  in  winter  by  K.  D.  Saunders  (1961)  in  which  the 
scale  of  turbulence  was  measured,  the  values  at  each  height  above  the 
ground  are  the  same  over  flat  and  over  hilly  terrain.  By  adding  39  measure¬ 
ments  in  summer  Lu  Gcrlach  (1963)  to  these  and  assuming  the  same  scale 
of  turbulence  to  hoi^i,  an  estimate  can  be  made  of  average  values  of 
as  follows: 


It  is  most  probable  that  over  flat  and  over  hilly  terrain  up  to  1000  ft  there  is 
turbulence  with  a  scale  equal  to  the  height  that  is  approximately  homo¬ 
geneous  and  isotro’'’c  and  in  addition  turbulence  at  longer  wavelengths 
that  depends  on  the  terrain.  The  energy  at  longer  wavelengths  is  more 
apparent  in  the  aircraft  measurements,  but  it  is  noticeable  in  one  or  two  of 
the  measurements  on  balloon  cables  by  F.  B.  Smith  (1961). 

Measurements  at  heights  appreciably  above  the  earth’s  boundary  layer  of 
the  turbulence  energy  densities  at  different  wavelengths  are  very  scarce,  but 
Houbolt,  Steiner  and  Pratt  (1962)  quote  a  typical  value  for  a  flight  in  cumulus 
cloud  at  15,000  ft  and  one  in  a  thunderstorm  at  40,000  ft.  The  values  of 
are  0-840  in  the  cumulus  and  1-825  in  the  thunderstorm.  The 
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scale  of  turbulence  was  estimated  for  the  particular  traverse  through  ,  the 
thunderstorm  to  be  5600  ft.  There  were  four  other  traverses  through  the  same 
thunderetprm,  two  of  which  were  rather  more  intense  and  two  less. 

The  distribution  of  velocities  associated  with  the  various  r.m.s.  velocities 
has  heen  quoted  for  some  of  the  fixed  point  records.  Fig.  2.6,  and  for  some  of 
the  aircraft  records.  Fig.  2.10.  It  has  also  been  measured  for  the  flight  given 
j  in  Fig.  2.7  and. for  the  thunderstorm  traverse.  In  all  cases  the  distribution 
f  is  either  Normal  or  has  more  high  velocities  than  would  he  expected  on  a 
(  Normal  distribution. 

(  It  has  been  possible  to  describe  the  distribution  of  the  density  of  the  tur- 
!  bulence  energy  at  different  wavelengths  by  the  same  simple  formula  for  the 
j  three  following  forms  of  turbulence: 

(i)  clear  air  turbulence  near  the  ground, 

(ii)  turbulence  near  and  in  cumulus  clouds, 

(iii)  thunderstorms. 

Clear  air  turbulence  at  high  altitudes  occurs  infrequently  and  no  direct 
measurements  are  available  to  confirm  that  it  is  of  the  same  character. 

The  intensity  of  the  turbulence  is  known  fairly  well  for  that  in  clear  air 
near  the  ground  and  predictions  of  aircraft  loads  are  compared  with  measured 
values  in  Chapter  10.  The  extent  of  this  turbulence  depends  on  a  variety  of 
meteorological  conditions  but  when  it  is  of  moderate  or  severe  intensity  it 
does  not  seem  to  begin  to  fall  off  until  after  1000  ft.  In  this  zone,  which  is 
roughly  the  earth’s  boundary  layer,  the  major  portion  of  the  turbulence  has 
a  scale  roughly  equal  to  the  height  and  an  intensity  at  low  wavelengths  (i.e. 
less  than  about  3  times  the  height)  that  is  nearly  independent  of  the  contours 
of  the  terrain  and  drops  only  slowly  with  height  until  it  reaches  the  surface 
of  the  zone.  There  is,  however,  some  turbulence  at  higher  wavelengths  that 
depends  on  the  terrain  and  is  apparent  in  both  fixed  point  measurements 
and  on  aircraft.  Presumably  this  breaks  down  into  turbulence  of  lower 
wavelengths  but  on  present  data  the  difference  in  its  contribution  between 
hilly  and  flat  terrain  is  not  detectable. 

Turbulence  is  present  much  of  the  time  in  this  zone  near  the  ground. 
Above  this  zone  turbulence  is  absent  most  of  the  time  but  when  it  is  present 
it  may  be  mvich  more  violent.  The  data  on  direct  measurements  of  the  air 
velocities  are  scarce  and  the  intensity  has  to  be  deduced  from  aircraft  load 
measurements.  This  is  done  in  Chapter  10  where  it  is  assumed  that  the 
distribution  of  energy  at  different  wavelengths  is  the  same  as  has  been  des¬ 
cribed  in  this  chapter. 
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CHAPTER  3 


GROUND  ENVIRONMENT 

3.1  INTRODUCTION 

At  first  sight  ground  loads  appear  to  be  more  confined  than  atmospheric 
turbulence  loads,  as  the  routine  ground  loads  all  come  from  the  runways  and 
taxi  {racks  of  the  aerodromes  of  the  world  which  are  an  infinitesimal  frac¬ 
tion  of  the  earth’s  surface;  in  addition  the  ground  environment  is  two- 
dimensional,  whereas  the  atmosphere  is  three-dimensional.  The  difficulty 
with  ground  loads  is  to  know  what  are  the  significant  dimensions  of  the 
surfaces  of  runways  and  taxi  tracks,  and  what  arc  the  checks  that  should  be 
made  on  changes  that  might  take  place  with  use. 

If  elevations  taken  at  different  positions  on  the  surface  arc  grouped  to¬ 
gether  in  some  way,  such  as  by  wavelengths,  care  must  be  taken  to  ensure 
that  the  contributions  along  the  whole  length  are  reasonably  uniform  and 
can  be  added  together  or  that  account  is  taken  of  this  non-linearity  in  the 
method  of  grouping.  Non-linearity  of  an  aircraft  landing  gear  is  great 
and  effects  of  non-linearity  of  the  ground  input  may  well  accentuate  the 
loading. 


3.2  PHYSICAL  REPRESENTATION  OF  RUNWAYS 

A  physical  picture  of  the  characteristics  of  a  runway  as  it  afferts  loads  can 
be  built  up  by  looking  at  vertical  sections  at  different  distances  from  the 
centre-line  of  the  runway ;  aircraft  motion  in  a  direction  which  is  not  quite 
along  the  length  of  the  runway  is  of  negligible  importance.  Barring  local 
discontinuities  the  elevation  may  be  regarded  as  made  up  of  a  design 
profile  with  superposed  roughness  along  the  length  at  different  wavelengths, 
i  At  the  time  a  runway  is  built  the  amplitudes  at  small  wavelengths  will 
probably  be  reasonably  homogeneous  along  the  length  of  the  runway  as  they 
are  determined  primarily  by  the  method  of  construction.  As  the  runway  is 
used  these  amplitudes  will  change,  due  to  construction  flaws,  severe  atmos¬ 
pheric  environment  and  the  loads  of  the  aircraft,  and  may  not  change 
uniformly  along  the  length  of  the  runway.  With  increasingly  longer  wave¬ 
lengths  there  is  a  contribution  to  the  amplitude  from  the  design  profile  and 
the  homogeneity  reduces.  At  wavelengths  approaching  that  of  the  length 
of  the  runway  the  design  profile  is  the  only  significant  parameter.  Also  a 
full  representation  of  a  runway  must  include  an  estimate  of  the  effect  of 
steps,  particularly  those  between  adjacent  slabs  of  concrete  and  of  the 
undesirable  features  wherever  the  runway  has  been  repaired  or  where  it 
crosses  another  runway  or  taxi  track. 

There  is  a  strong  indication  that  steps  and  other  local  deformations  are 
more  important  than  the  average  roughness,  along  the  whole  length  of  the 
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runway,  in  producing  high  loads  of  interest  to  the  static  design.  Steps  may 
be  important  in  producing  loads  of  interest  in  fatigue  as  they  may  excite 
oscillations  in  the  undercarriage;  the  rate  at  which  these  die  down  will  be 
strongly  influenced  by  the  roughness  at  wavelengths  near  the  natural  fre¬ 
quency  of  the  undercarriage.  Furthermore  all  aircraft  start  their  take-off 
run  at  about  the  same  place  and  each  aircraft  of  a  particular  type  will  tend 
to  encounter  the  same  loads  at  the  same  positions  on  the  runway,  e.g.  it  will 
have  attained  approximately  the  same  speed  where  the  runway  crosses 
another  runway  and  the  subsequent  bouncing  will  occur  at  approximately 
the  same  positions.  There  will  thus  be  a  tendency  for  the  runway  to  be 
worn  at  or  near  the  steps  and  at  preferential  wavelengths.  Therefore  after 
a  runway  has  been  in  use  the  homogeneity  even  of  the  short  wavelengths 
may  be  suspect  and  the  steps  might  have  become  more  pronounced. 

There  is  considerable  interaction  between  the  effects  of  the  parameter 
that  can  be  regarded  as  homogeneous  roughness  at  different  wavelengths 
and  the  effects  of  the  parameters  that  are  essentially  discontinuities  of  ele¬ 
vation  or  slope.  Thus  although  the  direct  effect  of  a  change  in  one  of  these 
parameters  may  be  known,  the  indirect  effect  may  be  such  that  it  is  not 
known  whether  the  total  effect  would  be  an  improvement  or  a  worsening. 
Until  more  is  known  about  the  correlation  between  the  elevations  of  a  run¬ 
way  along  its  length  and  the  loads  that  are  produced  in  the  aircraft  it  may 
be  necessary  to  retain  measurements  that  are  known  to  have  little  direct 
effect.  To  assist  in  the  correlation  between  runway  elevations  and  aircraft 
loads  it  is  an  advantage  to  attempt  to  relate  the  parameters  used  in  the  des¬ 
cription  of  the  runway  elevation  measurements  to  the  civil  engineering 
practice  used  in  the  runway  construction.  In  this  way  it  might  be  possible 
to  estimate  changes  in  the  aircraft  loads  that  would  occur  from  a  knowledge 
of  the  changes  in  the  civil  engineering  practice. 

Basic  background  information  can  be  obtained  from  an  examination  of 
the  practice  that  has  been  used  on  the  railways  and  on  the  roads.  Each 
have  developed  a  measuring  cart  that  is  towed  along  the  track  that  is  to  be 
assessed.  In  each  case  roughness  at  wavelengths  between  about  4  ft  and  30  ft 
is  detected  from  which  a  numerical  value  of  the  roughness  is  determined.  I 
The  absolute  value  depends  on  the  design  of  the  cart  and  also  it  increases 
rapidly  with  increase  in  the  range  of  the  wavelengths  that  are  measured : 
however  the  relative  values  for  any  particular  design  of  measuring  cart 
give  a  good  indication  of  the  relative  roughness  in  terms  of  the  loads  that  will 
be  experienced  by  the  operational  vehicles.  The  main  differences  to  be 
taken  into  account  in  comparing  runways  and  roads  arc  that  aircraft  speeds 
and  the  general  dimensions  of  both  aircraft  and  runway  are  greater  than 
those  for  roads  and  road  vehicles.  This  means  that  an  upper  limit  of  wave¬ 
length  of  30  ft  for  roughness  measurements  of  runways  is  wholly  inadequate, 
that  the  overall  changes  in  slope  should  be  more  gradual  and  that  local  pot 
holes  and  bumps  should  be  considered  on  a  different  scale.  The  speeds  and 
overall  lengths  of  train  coaches  are  below  but  nearer  to  those  of  aircraft 
but  on  current  requirements  there  is  a  major  difference  in  tolerable  slopes. 

On  the  French  railways  the  slope  must  be  less  than  0-1  per  cent,  whereas  on 
N.A.T.O.  runways  the  slope  need  only  be  less  than  1  per  cent. 

The  design  criteria  for  both  roads  and  railways  are  in  two  parts;  the 
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first  is  the  design  profile,  which  is  defined  by  changes  of  direction  and  by 
slopes,  and  the  second  is  the  roughness  whi(^  is  defined  implicitly  by  the 
methods  of  construction  and  verified  by  an  empirical  number  calculated 
from  measurements  on  an  appropriate  cart.  The  design  criteria  for  runways 
can  also  be  defined  by  a  design  profile  and  a  roughness.  The  design  profile 
docs  not  need  to  include  changes  of  direction,  as  runways  arc  always  straight 
and  at  present  the  roughness  criterion  can  only  be  defined  by  the  method 
of  construction.  Extensive  measurements  have  been  made  on  the  roughness, 
both  by  using  a  cart  and  by  direct  measurement  of  the  elevation,  but 
there  has  not  yet  been  sufficient  practical  correlation  of  loads  and  rough* 
ness  measurements  for  an  empirical  acceptability  to  be  enumerated. 
The  criteria  for  the  profile  and  construction  of  N.A.T.O.  runways  is  as 
follows : 

Profile 

(i)  The  longitudinal  slope  of  the  centre  one-third  of  the  runway  length 
must  not  be  more  than  1  per  cent. 

(ii)  The  longitudinal  slope  of  the  end  thirds  of  the  runway  length  must 
not  be  more  than  i  per  cent  up  or  1  per  cent  down  in  a  direction 
from  the  centre  outwards  to  the  end  of  the  runway. 

(iii)  Changes  of  longitudinal  grade  must  be  at  least  1000  ft  apart, 
measured  between  intersections  of  tangents. 

(iv)  The  rate  of  change  of  longitudinal  slope,  at  change  of  grade  points 
must  not  exceed  0‘167  per  cent  p)cr  100  ft. 

(v)  There  is  also  a  requirement  for  a  line  of  sight,  6000  ft  long,  to  be 
available  at  10  ft  above  the  runway  surface  and  for  a  line  of  sight, 
3000  ft  long,  at  5  ft  above  the  runway  surface. 

Construction 

(i)  The  level  at  any  point,  when  checked  by  engineer’s  level  and  staff, 
must  lie  within  i  J  in.  of  the  designed  level. 

(ii)  The  surface  of  the  runway,  w’hen  checked  with  a  10  ft  long  straight 
edge,  must  nowhere  show  a  gap  under  the  straight  edge  exceeding 

in.  The  straight  edge  will  be  laid  freely  on  the  runway  surface, 
parallel  to  the  centre-line  of  the  runway  for  this  test.  (A  similar  test 
is  made  transversely,  but  that  does  not  affect  the  issue  under  discussion.) 

At  the  speeds  at  which  aircraft  operate  on  runways  the  criteria  for  the 
construction  methods  have  an  important  influence  on  the  general  level  of 
the  fluctuating  loads  that  arc  imposed  on  the  aircraft.  They  also  have  an 
important  influence  on  the  general  level  of  the  amplitudes  of  the  compionents 
of  the  elevation  along  the  length  of  the  runways  at  wavelengths  up  to  about 
100  ft.  This  general  level  may  be  regarded  as  a  level  of  runway  roughness 
whether  it  is  considered  in  relation  to  measurements  of  aircraft  loads  or  to 
measurements  of  runway  elevation.  Sup>erimposcd  on  this  general  level  of 
roughness  there  are  small  patches  of  roughness  much  rougher  than  the  average 
and  also  there  are  isolated  discontinuities  in  elevation. 

47 


MANUAL  ON  AIRCRAFT  LOADS 


The  special  significance  of  local  troughs  can  be  deduced  from  a  statement 
by  G.  J.  Morris  and  Stickle  (1960)  with  regard  to  a  grass  runway,  .  a 
noticeably  rough  place  ...  is  a  shallow  wash  where  a  road  previously 
crossed.  At  this  location  the  airplane  pitched  and  bounced  significantly 
more  than  elsewhere  on  the  runway”  and  a  statement  by  Hitch  (unpub¬ 
lished  1960),  “This  trough  at  1700  ft  also  produces  the  largest  excursions  in 
vertical  accelerations  which  are  substantially  in  excess  of  the  general  level.” 

The  design  profile  has  an  important  influence,  especially  at  high  speed,  on 
changing  the  mean  normal  acceleration  on  which  the  fluctuations  due  to 
general  roughness  are  superimposed.  At  75  knots  a  change  in  gradient  from 
a  plane  1  per  cent  down  to  a  plane  1  per  cent  up  could  produce  in  the 
limiting  case  of  an  instantaneous  change  from  one  to  the  other  an  increment 
of  C.G.  acceleration  of  on  a  particular  transport  aircraft  (Vickers).  This 
indicates  the  order  of  magnitude  of  the  problem  of  change  of  slope;  in 
practical  cases  the  speed  could  be  higher,  there  would  be  dynamic  overshoot 
of  the  loads  due  to  aircraft  flexibility  and  runway  roughness,  but  the  change 
of  g^radient  would  not  be  instantaneous. 

3.3  MEASUREMENTS  OF  RUNWAY  ELEVATIONS  ALONG 
THE  LENGTH 

Measurements  made  of  the  elevations  of  about  60  runways  in  various 
N.A.T.O.  countries  are  given  in  A.G.A.R.D.  Research  Memoranda  and  a 
summary  of  36  of  them  is  given  by  W.  E.  Thompson  (1958).  With  the 
physical  concept  of  runways,  as  given  in  paragraph  3.2,  in  mind  these 
profiles  have  been  examined  further.  In  making  this  analysis  it  should  be 
emphasized  that  no  information  is  available  from  the  measurements  on  the 
small-scale  steps  in  the  runways  at  joints  in  the  concrete  slabs.*  Nor  is  any 
information  available  directly  on  places  of  crossings  of  runways  or  of  special 
roughness.  There  is  the  indirect  evidence  of  the  former  road  across  a  grass 
runway  quoted  from  G.  J.  Morris  and  Stickle,  the  trough  in  the  runway 
quoted  from  Hitch,  and  a  statement  by  Potter  (1957)  that  a  particular 
portion  was  an  intersection  of  runways  and  had  just  been  resurfaced. 

The  elevations  of  the  runways  are  measured  in  feet,  every  2  ft  along  the 
length  at  selected  distances  from  the  centre-line.  These  arc  analysed  into 
waves,  which  arc  identified  by  their  reduced  frequency,  i.e.  27? /wavelength 
in  radians  per  foot  and  grouped  into  frequency  bands.  The  contribution  to 
the  roughness  at  any  single  frequency  could  be  defined  in  many  ways,  but 
a  way  must  be  chosen  so  that  contributions  at  different  frequencies  may  be 
added  together.  By  choosing  the  mean  square  of  the  component  at  each 
frequency  band,  addition  is  possible  and  the  resultant  for  a  combined  band 
is  inde|>endcnt  of  the  size  or  number  of  the  individual  bands  that  make 
it  up.  It  is  appropriate  to  regard  roughness  as  having  the  dimensions  of 
length  so  that  the  mean  square  of  the  elevation  component  in  any  frequency 
band  is  the  component  of  the  (roughness)*  for  that  band.  The  density  of  the 
(roughness)*  will  be  the  average  value  over  the  band,  i.e.  the  (roughness)* 


*  The  significant  size  to  the  step  is  that  whilst  the  concrete  slabs  are  subjected  to  a  moving 
load ;  this  is  analagous  to  the  discontinuities  at  joints  in  railway  lines. 
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'  divided  by  the  width  of  the  band.  Thus,  using  feet  as  the  dimension  of  the 
length  and  rad/ft  as  the  dimensions  of  the  reduced  frequency,  (roughness)* 
will  be  measured  in  ft*  and  density  of  (roughness)*  in  ft*/(rad/ft).  W.  E. 
Thompson  gives  for  each  runway  the  density  of  the  (roughness)*  at  the 
following  reduced  frequencies 

ir/80,  27r/80,  3rr/80,  .  .  .,  407r/80  rad/ft. 

He  determines  the  (roughness)*  over  the  whole  frequency  band  investi¬ 
gated  by  assuming  that  the  densities  are  a  reasonable  average  for  a  frequency 
bandwidth  of  ±7r/160  about  each  point.  The  absolute  value  of  the  roughness 
depends  markedly  on  the  value  of  the  density  at  the  lowest  frequency  and 
this  is  influenced  appreciably  by  the  “smoothing”  process  used.  However, 
as  the  same  method  is  used  throughout  the  values  are  convenient  for  com¬ 
parison  amongst  themselves  but  not  with  other  estimates.  Coleman  and 
A.  W.  Hall  (1963)  point  out  that  the  method  of  computation  may  produce 
errors  in  the  estimate  of  the  density  at  the  lowest  reduced  frequency,  i.e. 
7r/80  rad/ft,  but  that  the  error  is  confined  to  this  one  estimate.  In  many 
cases  this  will  give  calculated  values  much  greater  than  they  should  be.  The 


Table  3. 1 .  Means  and  Standard  Deviations  of  Roughness  Properties  of  36  Runways 

in  N.A.T.O.  Countries. 

Values  are  Deduced  from  W.  E,  Thompson  (1958) 


Arithmetic 

Geometric 

Variable 

Standard 

Standard 

Mean 

deviation 

Mean 

deviation 

1 

factor 

factor 

Density  of  (roughness)* 

(ft*/rad/ft) 

at  reduced  frequency  7r/80 

7-6  X  10-* 

3-63 

at  reduced  frequency  0- 1 

1 

1-82  X  10-» 

200 

at  reduced  frequency  1 

1 

81  X  10-* 

2-35 

Total  roughness  measured  (ft) 
Component  of  roughness  at 

00550 

1-82 

reduced  frequency  greater 
than  0-1 

00118 

1-35 

For  relationship  that  density  of 

1 

(roughness)*  is  proportional 
to  (reduced  frequency)"" 
n  for  reduced  frequency 
between  0-1  and  1 
n  for  reduced  frequency 

2-38 

1 

0*21 

1 

between  7r/80  and  0-1 

3-8 

1-3 
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Fig.  3.2.  Variation  in  roughtuss  Jor  36  runway  elevations  in  N.A.T.O.  countries. 


component  of  roughness  at  reduced  frequencies  above  0- 1  rad/ft.  The  mean 
values  and  the  standard  deviation  arc  givexr  in  Table  3.1  of  the  following: 

(i)  The  density  of  (roughness)*  at  reduced  frequencies  of  Tr/80,  O-l  and 
1  rad/ft. 

(ii)  The  total  roughness  measured  and  the  component  of  roughness 
above  O-l  rad/ft. 

(iii)  The  slopes  n  above  and  below  0- 1  rad/ft  of  the  curves  of  log  [density 
of  (roughness)*]  against  log  (reduced  frequency),  i.e.  [density  of 
(roughness)*]  projjortional  to  (reduced  frequency)”". 

The  geometric  mean  values  of  the  densities  of  (roughness)*  can  be  used  to 
give  a  check  on  the  values  of  mean  slopes  n  already  calculated.  The  mean 
slope  obtained  in  this  way  is  2-36  for  reduced  frequencies  between  0-1  and  1 
compared  with  the  mean  of  2-38  which  was  obtained  directly.  For  reduced 
frequencies  between  Tr/80  and  0- 1  rad/ft  it  is  4-06  compared  with  3-8  but  in 
this  range  the  scatter  on  slope  is  very  large. 

The  information  given  in  Table  3.1  is  displayed  in  Figs.  3.1  to  3.4.  Figure 
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3.1  shows  the  variation  in  density  of  roughness  at  reduced  frequencies  of 
»r/80,  0-1  and  1  rad/ft  (i.e.  wavelengths  160,  20ir  and  2Trft).  Figure  3.2 
shows  the  variation  in  the  total  roughness  measured  and  in  the  component 
of  roughness  above  a  reduced  frequency  of  0-1  rad/ft.  Figure  3.3  shows  the 
variation  in  slope  of  the  curves  of  log  [density  of  (roughness)*]  against  log 
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Fig.  3.3.  Variation  in  slope  of  curves  of  log  density  of  (roughness)*  against  log 
(reduced frequency)  for  36  runway  elevations  in  N.A.T.O.  countries. 


(reduced  frequency)  for  a  reduced  frequency  between  7r/80  and  0- 1  rad/ft  and 
for  a  reduced  frequency  between  0- 1  and  1  rad/ft.  Figure  3.4  is  a  composite 
picture  showing  the  variation  of  roughness  with  reduced  frequency.  Lines 
approximately  at  two  standard  deviations  from  the  mean  are  shown,  and  for 
comparison  those  of  the  two  runways  with  the  highest  and  the  two  with  the 
lowest  roughness  at  a  reduced  frequency  of  0- 1  rad/ft. 

It  is  fortuitous  that  the  runway  with  the  lowest  roughness  in  the  range  of 
reduced  frequency  between  0- 1  and  1  had  a  value  amongst  the  highest  at  a 
reduced  frequency  of  7r/80  rad/ft.  However,  it  serves  to  illustrate  the  large 
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scatter  in  both  shapie  and  magnitude  for  wavelengths  greater  than  about 
60  ft  (i.e.  reduced  frequency  of  0-1  rad/ft).  At  shorter  wavelengths  there 
seems  to  be  much  more  consistency.  This  is  presumably  because  the  rough¬ 
ness  at  the  shorter  wavelengths  is  much  more  directly  connected  with  the 
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Fig.  3.4.  Variation  of  roughness  with  reduced  frequency  for  36  runway  elevations  in 

N.A.T.O.  countries. 

Kxperirruntal  estimates  of  density  at  reduced  frequencies  less  than  10~‘  radjfl  are  all 

likely  to  be  too  high. 


methods  of  laying  the  runways  and  the  inspections  made  with  a  10  ft 
Straight  edge,  whereas  at  longer  wavelengths  the  design  profile  begins  to  have 
an  influence.  It  is  not  really  feasible  to  do  much  in  respect  of  the  design 
profile.  The  analysis  has  been  limited  to  noting  the  maximum  change  of 
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slope  for  each  runway  and  the  distribution  is  given  in  Fig.  3.5;  the  gradient 
had  to  persist  for  at  least  500  ft  each  side  of  the  intersection  of  the  tangents. 
All  the  changes  of  slop>e  of  more  than  1  per  cent  were  well  faired  in  but  below 
that  value  the  changes  were  usually  much  more  rapid  than  the  0’167  per 
cent  rate  of  change  per  100  ft  specified  by  N.A.T.O.  Figure  3.6  gives  the 
profiles  of  five  representative  runways  (Nos.  3,  15,  23,  26  and  32  of  W.  E. 
Thomjjson  (1958)). 

The  basic  measurements  that  have  been  used  in  the  analysis  of  roughness 
arc  all  of  elevations  at  discrete  points  by  rod  and  level.  Grimes  n957)  and 
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Fig.  3.5.  Distribution  of  changes  of  gradient  in  36  runways  in  N.A.T.O.  countries. 
The  maximum  change  to  increase  normal  acceleration  is  taken  for  each  runway. 


Plantcma  and  Buhram  (1960)  describe  designs  of  measuring  carts  that  are 
automatic  means  of  recording  elevations  in  such  a  way  that  substantially  the 
same  numerical  procedure  can  be  used  in  the  determination  of  roughness. 
The  time  of  surveying  a  runway  is  greatly  reduced  and  routine  checks  may 
become  practicable,  but  the  analysis  time  remains  extensive.  Dunn  (1962) 
gives  a  survey  by  the  U.S.  Air  Force  of  18  runways  using  the  cart  des¬ 
cribed  by  Grimes.  The  roughness  of  the  runways  at  different  frequencies  is 
similar  to  that  of  the  36  N.A.T.O.  runways  using  rod  and  level  measurements. 
The  density  of  the  (roughness)*  at  different  frequencies  arc  given  in  Table 
3.2  in  the  same  form  as  that  used  in  Table  3.1.  The  values  at  reduced 
frequencies  of  0-1  and  1  ft*/ (rad/ft)  do  not  differ  significantly  from  those 
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of  Table  3. 1  in  mean  or  standard  deviation.  Dunn’s  ( 1 962)  curves  extend  to 
frequencies  appreciably  below  tt/SO  and  are  more  reliable  than' 

W.  E.  Thompson’s  (1958)  at  ir/80  ft*/(rad/ft).  They  are  lower,  as  Coleman 
and  A.  W.  Hall  (1963)  suggest  they  should  be,  and  the  mean  is  close  to  the 


Fig.  3.6.  Profiles  of  5  typical  runways. 

Runway  numbers  are  those  used  by  ]V.  E.  Thompson  (1958).’  elevation  is  from 

arbitrary  datum. 


extrapolated  value  from  frequencies  of  1  and  0-1  ft*/(rad/ft),  but  the  scatter 
is  much  greater. 

The  description  that  has  been  given  of  runways  is  of  the  basic  runway. 
During  the  course  of  the  year  the  surface  may  be  ptollutcd  by  the  aircraft 
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Tabu  3.2.  Means  and  Standard  Deviations  of  Roughness  Properties  of  1 8  Runways 

in  U.S.A. 

Values  are  Deduced  from  Dunn  (1962) 


Arithmetic 

Geometric 

VariabU 

Mean 

Standard 

deviation 

Mean 

Standard 

deviation 

factor 

Density  of  (roughness)* 

(ft*/rad/ft) 

at  reduced  frequency  7r/80 

8-95  X  10-* 

3-26 

at  reduced  frequency  0- 1 

1-08  X  10-* 

2-00 

at  reduced  frequency  1 

5-95  X  10-* 

2-30 

For  relationship  that  density  of 

(roughness)*  is  proportional  to 
(reduced  frequency)"” 
n  for  reduced  frequency 
between  0-1  and  1 
n  for  reduced  frequency 

2-22 

0-2215 

between  7r/80  and  0- 1 

2-27 

0-715 

Note  to  Table  3.2.  Using  the  logarithms  of  the  geometric  means,  given  in  column  3, 
as  a  check  on  the  mean  values  for  n,  shown  in  column  1,  gives  2-257  compared  with 
2  22  and  2-24  compared  with  2  27. 


using  the  runways,  by  precipitation  of  rain,. snow  or  hail  or  by  the  means 
used  to  clear  the  runways.  Also  there  are  additions  such  as  runway  lights 
that  may  have  to  be  accounted  for  in  particular  cases. 


REFERENCES 


Coleman  and  Hall,  A.  W.  ( 1963) 
Dunn  (1962) 

Grimes  (1957) 

Hitch  (unpublished  1960) 


Morris,  G.  J.,  and  Stickle  (1960) 
Plantema  and  Buhram  (1960) 
Potter,  D.  M.  (1957) 

Thompson,  W.  E.  (1958) 


56 


CHAPTER  4 


MANOEUVRES— THEORETICAL  ANALYSIS 


OF  MOTION  IN  STILL  AlR 

CONTENTS 

4.1  Introduction  59 

4.2  Equations  of  motion  59 

4.3  Qualitative  description  of  the  manoeuvres  of  an  aircraft  61 

4.4  Analytical  form  of  the  aerodynamic  loads  64 

4.5  Analytical  form  of  gravity  loads  66 

4.6  Symmetrical  manoeuvres — linearized  equations  of  motion  66 

4.6. 1  C.G.  normal  acceleration  in  pitching  manoeuvres  69 

4.6.2  Tail  loads  in  pitching  manoeuvres  70 

4.7  Asymmetrical  manoeuvres — linearized  equations  of  motion  78 

4.7.1  Asymmetrical  manoeuvres — steady  state  conditions  80 

4.7.2  Asymmetrical  manoeuvres — non-steady  conditions  83 

References  83 


CHAPTER  4 


MANOEUVRES— THEORETICAL  ANALYSIS 
OF  MOTION  IN  STILL  AIR 

4.1  INTRODUCTION 

The  atmosphere  through  which  an  aircraft  travels  is,  for  most  of  the  time, 
stable  and  free  from  turbulence.  For  the  purp>ose  of  determining  manoeuvre 
loads  it  may  be  regarded  that  the  aircraft  is  flying  through  still  air  as  the 
absolute  motion  of  the  air  relative  to  the  earth  docs  not  influence  the  loads 
on  the  aircraft.  There  will  be  times  at  which  an  aircraft  must  manoeuvre  in 
atmospheric  turbulence,  but  for  most  purposes  the  theoretical  analysis  can 
be  made  of  manoeuvre  loads  in  still  air  and  of  atmospheric  turbulence  loads 
in  the  absence  of  deliberate  manoeuvres  and  the  two  solutions  added 
together  in  appropriate  projjortions.  This  is  done  in  the  present  analysis, 
but  care  should  be  taken  for  any  particular  aircraft  to  check  whether  there 
may  be  a  serious  interaction  if  manoeuvres  are  made  in  atmospheric  tur¬ 
bulence. 

The  projwrties  of  the  still  air  environment  that  need  to  be  known  for  a 
theoretical  analysis  of  an  aircraft  manoeuvre  are  its  density  pressure  tem¬ 
perature  and  viscosity.  For  most  manoeuvres  these  may  be  taken  as  constant 
but  in  some  exceptional  cases,  such  as  a  long  steep  dive,  the  analysis  may 
have  to  be  done  in  several  parts  for  each  one  of  which  the  properties  arc 
taken  to  be  constant. 


4.2  EQUATIONS  OF  MOTION 

The  total  forces  applied  to  the  aircraft  arc  the  aerodynamic  forces  on  the 
external  surfaces,  the  gravitational  forces  and  the  forces  from  the  propulsion 
unit.  These  forces  taken  in  their  entirety  arc  related  to  the  motion  of  the 
complete  aircraft  system  in  accordance  with  Newton’s  Law  of  Motion.  Thus 
the  motion  of  the  centre  of  gravity  of  the  system  and  the  motion  about  the 
centre  of  gravity  arc  given  by 

-  d 

P  =  ^  (the  vector  of  the  momentum)  ‘  (4. 1 ) 

—  d 

Af  =  ^  (the  vector  of  the  moment  of  momentum)  (4.2) 

where  PM  are  the  vectors  of  the  applied  force  at  and  the  couple  about  the 
centre  of  gravity  and  t  is  time. 
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In  using  these  equations  care  must  be  taken  to  include  all  the  elements 
of  the  whole  momentum,  e.g.  the  momentum  of  exhaust  gases.  In  the  pre¬ 
sent  study  of  manoeuvres  it  will  be  assumed  that  the  mass  of  the  aircraft 
is  a  constant  at  the  instantaneous  value  at  which  the  manoeuvre  takes 
place. 

One  complication  arises  immediately  as  the  shape  of  the  aircraft  is  not 
constant.  The  distribution  of  the  forces  is  deliberately  changed  by  move¬ 
ment  of  controls  and  the  forces  themselves  distort  the  structure  which 
distortion  in  turn  alters  the  forces.  The  introduction  of  these  influences 
immediately  into  the  equations  would  make  them  non-linear  and  extremely 
complex  and  ad  hoc  solutions  would  be  all  that  could  be  achieved.  If  the 
aircraft  is  represented  in  a  manner  that  keeps  the  equations  linear,  solutions 
can  be  made  for  a  range  of  aircraft  and  a  physical  understanding  of  the  loads 
achieved. 

Manoeuvre  loads  are  on  the  whole  applied  relatively  slowly  compared 
with  the  frequencies  of  the  natural  modes  of  vibration  of  the  structure,  so 
that  the  total  structural  loads  consist  of  slowly  varying  manoeuvre  loads 
with  superimposed  vibrations.  The  effect  of  the  vibrations  on  the  magnitude 
of  the  slowly  varying  manoeuvre  loads  can  usually  be  neglected  and  the  two 
effects  can  be  calculated  separately  without  regard  to  any  interaction,  thus 
maintaining  a  linear  system.  Even  excluding  the  superim[x>sed  vibrations 
the  deflections  of  the  structure  under  load  have  an  influence  on  the  loads, 
themselves  but  this  is  usually  sufficiently  small  for  it  to  be  possible  to  use  a 
single  effective  deflection  for  any  one  manoeuvre.  Normally  the  deflection 
chosen  would  be  appropriate  to  the  instantaneous  value  near  to  the  maximum 
load.  In  extreme  cases  the  analysis  may  have  to  be  separated  into  several 
periods  of  time.  The  rate  of  change  of  the  manoeuvre  loads  evetl  on  the 
control  surfaces  themselves  is  usually  sufficiently  slow  for  the  aerodynamic 
forces  to  be  taken  at  the  steady  values  that  would  eventually  be  attained 
after  a  long  time  at  the  instantaneous  configuration  of  the  aircraft;  in 
special  cases  it  may  be  necessary  to  choose  an  equivalent  linear  system  for 
the  aerodynamic  characteristics,  in  the  same  way  that  an  equivalent  system 
is  chosen  for  the  structural  characteristics,  by  splitting  up  the  analysis  into 
several  periods  of  time. 

These  simplifications  result  in  a  quasi-rigid-body  system.  The  vectorial 
presentation  of  equations  (4.1)  and  (4.2)  is  convenient  for  visualizing  the 
equations  of  motion,  but  if  solutions  are  to  be  obtained  they  must  be  written 
and  analysed  in  three-dimensional  coordinate  axes.  Each  vectorial  equa¬ 
tion  is  replaced  by  three  equations,  the  equations  from  (4.1)  giving  linear 
motions  and  the  equations  from  (4.2)  giving  angular  motions.  In  every 
case  the  left-hand  side  of  the  equation  is  the  sum  of  the  applied  forces  and  the 
right-hand  side  the  aircraft  motion.  The  coordinate  axes  must  be  chosen 
relative  to  the  configuration  of  the  aircraft  and  will  be  taken  as  axes  moving 
with  the  aircraft.  Simplicity  of  the  right-hand  side  can  be  achieved  if  the 
principal  axes  of  inertia  are  chosen,  whereas  simplicity  of  the  left-hand  side 
can  be  achieved  if  axes  normally  used  for  aerodynamic  measurements  are 
chosen.  It  should  be  emphasized  that  the  equations  can  be  transformed 
from  one  to  the  other. 

The  equations  of  motion  in  a  form  suitable  for  examining  the  motion  of 
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the  aircraft  are  taken  relative  to  the  principal  axes  of  inertia  and  are 

as  follows 


X  =  m{0  -  rV  A- qW) 

(4.3) 

Y  =  m{V’  - pW  +  rU) 

(4.4) 

Z^m{W-qU+pV) 

(4.5) 

L  =  AP  {C  -  B)qr 

(4.6) 

M  =  Bq+  {A  -C)rp 

(4.7) 

N  =  Cf  +  {B  -  A)  pq 

(4.8) 

where  XYZ  are  the  forces  in  directions  xj/z 
m  is  the  mass  of  the  aircraft 

LMN  are  the  moments  clockwise  about  directions 

ABC  are  the  moments  of  inertia  of  the  aircraft  about  axes  xyz 

UVW  are  the  velocities  in  directions  xyz 

pqr  are  the  angular  velocities  clockwise  about  directions  xyz. 

The  principal  axes  are  taken  as  follows : 

Ox  is  forward  and  is  the  principal  axis  most  nearly  along  the  centre-line 
of  the  fuselage 

Oy  is  to  the  right  of  a  person  facing  forward  in  the  fuselage 

Oz  is  at  right  angles  to  the  other  two  in  a  direction  which  gives  a  right- 
handed  system  of  axes,  i.e.  approximately  downwards  when  the 
aircraft  is  in  straight  and  level  flight. 


4.3  QUALITATIVE  DESCRIPTION  OF  THE  MANOEUVRES 
OF  AN  AIRCRAFT 

There  are  wide  variations  in  the  aerodynamic  shape  of  aircraft  but  they  all 
have  certain  features  in  common.  The  crew  are  invariably  housed  in  a 
fuselage  that  approximates  to  a  body  of  revolution.  The  other  components 
are  aerofoil  sections  which  arc  attached  to  this  fuselage  for  the  purpose  of 
applying  loads  to  it.  Usually  they  consist  of  wings  and  a  tail  unit:  the  wings 
will  have  control  surfaces  in  the  form  of  ailerons  and  flaps  and  the  tail  unit 
will  consist  of  a  tailplane  with  elevator  and  a  fin  with  rudder.  In  most 
designs  the  control  surfaces  will  in  addition  have  tabs.  The  actual  propor¬ 
tions  of  the  various  components  vary  considerably  between  different  designs 
and  there  can  be  a  limiting  case  in  which  there  is  no  tailplane  and  the 
fuselage  is  virtually  buried  in  the  wings.  Also  it  is  jx)ssible  for  the  tailplane 
to  be  replaced  by  a  unit  forward  of  the  wings  and  in  addition  either  of  these 
units  may  combine  the  functions  of  tailplane  and  elevator  by  having  an 
all-moving  unit. 

Before  discussing  the  methods  of  control  employed  in  aircraft  the  kine¬ 
matics  of  the  three-dimensional  motion  of  an  aircraft  will  be  examined. 
The  axes  have  been  chosen  such  that  the  direction  of  flight  is  predominantly 
along  Ox.  The  complete  motion  of  such  a  vehicle  can  be  represented  by  a 
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displacement  along  the  moving  axis  Ox  and  rotations  about  the  three  moving 
axes.  Changes  in  forward  velocity  U  are  made  by  changing  X:  the  direct  I 
way  of  doing  this  is  by  changing  the  thrust  but  it  can  also  be  done  by  chang¬ 
ing  the  direction  of  Ox  relative  to  the  horizontal,  so  that  the  gravity  forces 
change.^  Changes  in  the  direction  of  flight  are  made  by  rotating  the  principal 
axes  of  inertia,  but  if  more  than  one  is  rotated  at  the  same  time,  there  will 
be  gyroscopic  effects.  There  is  a  small  consequential  change  of  direction 
due  to  change  in  forward  velocity  or  acceleration  in  the  direction  Oz  which, 
for  aerc^ynamic  reasons,  changes  the  incidence  of  the  principal  axis  Ox 
to  the  direction  of  flight.  If  these  small  changes  are  neglected  the  principle 
adopted  in  ideal  practical  manoeuvres,  that  may  be  regarded  as  essentially 
a  flight  along  a  specified  path,  is  one  that  keeps  the  rotation  about  axis  Oz 
zero.  The  resultant  motion  is  a  velocity  U  along  Ox  with  an  acceleration 
qU  along  Oz.  Such  a  motion  requires  forces  in  directions  Ox  and  Oz  and 
couples  in  all  three  directions,  that  in  direction  Oz,  where  there  is  no  rota¬ 
tion,  being  due  to  inertia-cross-coupling.  A  pilot  may  deliberately  or  inad¬ 
vertently  depart  from  this  ideal  manoeuvre,  but  the  total  loads  in  direction 
Oy  will  never  be  large.  The  two  main  forces  on  the  aircraft  are  (i)’  the  for¬ 
ward  force  made  up  of  the  algebraic  sum  of  the  components  of  the  engine 
thrust,  the  aerodynamic  ^ag  forces  and  the  weight,  and  (ii)  the  normal  force 
made  up  of  the  algebraic  sum  of  the  components  of  the  aerodynamic  lift  • 
forces  and  the  weight :  the  main  contribution  to  the  normal  aerodynamic 
forces  is  from  the  wings,  but  there  is  only  a  small  increase  in  computing  time 
if  the  other  contributions  are  included.  The  controlling  couples  are  supplied 
niainly  by  the  three  main  control  surfaces;  the  roll  Z.  is  provided  by  the  j 
ailerons,  the  pitch  M  by  the  elevator  and  tailplanc  and  the  yaw  N  by  the  fin  ' 

and  rudder.  ^  In  the  resulting  motion  the  aircraft  will  be  inclined  at  an  angle 
to  its  direction  of  motion  and  the  main  aerodynamic  forces  will  change 
accordingly.  The  system  is  non-linear  and  a  rigorous  treatment  could  only 
be  made  for  specific  numerical  values.  However,  it  is  possible  to  make 
simplifying  assumptions  that  maintain  an  equivalent  linear  system  and 
allow  a  study  to  be  made  of  the  physical  aspects  of  the  motion. 

The  main  simplification  arises  from  the  fact  that  the  controls  arc  not 
capable  of  producing  large  angular  velocities  in  pitch  or  yaw,  nor  is  there 
any  advantage  to  be  gained  by  having  such  a  capability.  Thus  it  is  possible 
to  assume  q  and  r  arc  small  and  to  ignore  completely  q*  r*  and  qr.  The  next  ' 
simplification  is  that  U  may  be  assumed  to  be  constant  during  any  manoeuvre  i 
from  straight  flight.  F or  many  manoeuvres  changes  in  the  gravity  component 
may  be  ignored:  this  linearizes  the  equations  but  Thomas  and  Price  (1960)  I 
have  shown  that  it  is  not  necessary  to  ignore  the  gravity  terms  completely  to  ^ 
linearize  the  equations.  With  these  simplifications  equation  (4.3)  dis-  * 
appears,  U  becomes  a  constant  in  equations  (4.4)  and  (4.5)  and  equation 
(4.6)  becomes 

L  =  Ap  (4.9) 

A  general  manoeuvre  of  an  aircraft  will  involve  the  solution  of  all  five 
equations  but  it  can  often  be  regarded  as  made  up  of  simpler  manoeuvres 
involving  the  equations  singly  or  in  pairs.  In  such  cases  that  the  system 
may  be  assumed  to  be  linear  the  solution  for  the  general  manoeuvre  is  the 
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sum  of  a  number  of  simple  manoeuvres.  The  following  are  all  the  possible 
manoeuvres  that  can  be  made : 

1.  Forward  acceleration 

2.  Roll 

3.  Pitch 

4.  Yaw 

5.  Pitch  and  Yaw 

6.  Roll  and  Pitch 

7.  Roll  and  Yaw 

8.  Roll,  Pitch  and  Yaw 

-  The  first  three  manoeuvres  will  have  the  angle  of  yaw  zero  and  no  yawing 
couple,  and  are  normally  regarded  as  symmetrical  manoeuvres.  In  all  the 
others  the  angle  of  yaw  and  the  yawing  couple  will  not  both  be  zero  and  these 
manoeuvres  are  termed  asymmetrical  manoeuvres. 

The  simplest  of  all  manoeuvres  is  change  in  forward  speed  alone  and  is 
given  by  the  simplified  form  of  equation  (4.3)  as 

X=m(J  (4.10) 


It  has  already  been  stated  that  this  is  omitted  from  studies  of  all  other 
manoeuvres.  Pure  roll  is  given  by  equation  (4.9)  (the  simplified  form  of 
equation  (4.6)) 

L  =  Ap  (4.11) 


For  this  to  be  possible  p  must  not  induce  changes  in  the  terms  on  either  side 
of  equations  (4.4)  and  (4.5),  which  means  that  even  apart  from  gravity 
forces  the  x  axis  must  remain  in  the  line  of  flight ;  this  is  hardly  a  practical 
case.  Pure  pitch  is  given  by  the  simplified  form  of  equations  (4.5)  and  (4.7) 
as 


Z=  m(H^  -  qU) 
M=  Bq 


(4.12) 


Pure  yaw  is  given  by  the  simplified  form  of  equations  (4.4)  and  (4.8)  as 


r  =  mif'+rU) 
N  =  Cf 


(4.13) 


Pitch  and  yaw  would  be  given  by  the  simplified  equations  (4.4),  (4.5),  (4.7), 
(4.8)  (equation  (4.6)  vanishing  because  qr  is  small)  as 


n{^+rU) 
Z=  m{H'  -  qU) 
M  =  Bq 
N  =  Cf 


(4.14) 


For  the  other  manoeuvres  all  five  equations  are  involved  and  the  simplifi¬ 
cation  by  omitting  a  few  terms  is  not  great. 

For  any  of  these  manoeuvres  to  be  attainable  it  must  be  possible  to  apply 
the  three  control  couples  separately  and  for  the  trim  of  the  aircraft  in  other 
directions  to  be  unaltered.  The  tailplane  plus  elevator  is  probably  the  purest 
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control  and  induces  almost  entirely  a  pitching  couple  and  normal  force  in 
the  complete  aircraft.  The  control  action  involving  fin  and  rudder  will 
influence  the  normal  forces  on  the  wings,  as  well  as  the  yawing  couples  and 
side  forces,  due  to  the  change  in  forward  velocity  over  the  two  wings.  Also 
the  aileron  control  will  influence  the  normal  forces  over  the  two  wings  as 
the  forces  on  the  ailerons  can  only  approximate  to  an  equal  up  and  down 
force  each  side.  However  a  good  understanding  of  the  loads  on  an  aircraft 
can  be  achieved  by  considering  many  of  the  manoeuvres  as  being  reasonably 
pure. 

For  the  manoeuvres  to  be  practicable  it  must  be  possible  for  a  human 
pilot  or  an  automatic  pilot  to  apply  the  controls,  which  in  turn  means  that 
it  must  be  ptossible  to  detect  changes  in  magnitude  and  direction  of  the 
motion.  In  the  case  of  roll,  pitch  or  yaw  applied  separately,  the  human 
senses  are  adequate,  but  if  there  is  a  combination  of  roll  and  either  pitch  or 
yaw  such  that  there  is  inertia  cross-coupling,  Meyer  (1957)  and  Nethaway 
and  Clark  (1960a)  have  found  that  a  pilot  is  less  able  to  detect  changes  in 
normal  acceleration.  Thus  in  simple  manoeuvres  the  pilot  can  readily 
increase  or  decrease  the  severity,  but  in  manoeuvres  involving  inertia  cross¬ 
coupling,  whilst  the  corrective  controls  are  known  theoretically  the  pilot  is 
not  able  to  sense  fully  the  necessity  for  making  the  correction. 


4.4  ANALYTICAL  FORM  OF  THE  AERODYNAMIC  LOADS 

In  all  forms  of  the  equations  of  motion  (4.1)  to  (4.14)  the  left-hand  side  is 
the  applied  force  at  or  the  applied  couple  about  the  centre  of  gravity,  and 
the  right  hand  side  is  the  corresponding  rate  of  change  of  momentum  or 
moment  of  momentum.  The  aerodynamic  component  of  the  applied  force 
or  couple  will  depend  on  the  distortion  and  displacement  of  the  whole 
aircraft  relative  to  the  direction  of  flight  under  the  action  of  the  controls. 
The  aerodynamic  derivatives  relating  the  force  to  the  displacement  will 
depend  on  the  time  taken  for  the  displacement  to  be  achieved  (derivatives 
for  unsteady  motion),  the  magnitude  of  the  displacement  and  other  aero¬ 
dynamic  conditions  such  as  Mach  number;  it  will  depend  also  on  the  elastic 
distortion.  The  equations  are  linearized  by  neglecting  coefficients  for 
unsteady  motion  and  taking  constant  values  for  the  derivatives  for  any  one 
manoeuvre.  In  some  of  the  manoeuvres  that  are  considered  the  manoeuvre 
is  split  up  into  several  time  periods  with  derivatives  that  are  constant  for 
each  period  but  differing  from  one  period  to  the  next. 

If  the  aircraft  is  made  to  rotate  about  its  principal  axes  of  inertia  the 
subsequent  motion  for  a  roll  will  be  different  in  character  from  the  motion 
initiated  by  rotation  about  cither  of  the  other  two  axes.  In  the  hypothetical 
case  of  a  pure  roll  the  motion  is  entirely  an  angular  velocity  with  no  linear 
velocity  of  the  centre  of  gravity  other  than  in  a  forward  direction.  The  total 
aerodynamic  couple  will  be 

=  KP  +  fjf  (4.15) 

where  /,  is  the  coefficient  of  the  angular  velocity  f  derivative) 

/{  is  the  coefficient  of  the  aileron  angle  (derivative) 

I  is  the  aileron  angle. 
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In  both  pitch  and  yaw  the  control  forces  arc  in  a  single  direction  at  a 
distance  from  the  aircraft  centre  of  gravity  and  consequently  produce  a 
force  at  and  a  couple  about  the  centre  of  gravity.  In  pitch  the  resultant 
control  force  on  the  elevators  alters  the  incidence  of  the  wings  to  the  direction 
of  flight,  which  in  turn  alters  the  normal  force  on  the  whole  aircraft;  con¬ 
tributions  from  the  body  and  change  in  elevator  incidence  can  usually  be 
neglected.  In  yaw  the  resultant  control  force  on  the  rudder  alters  the  indi- 
dence  of  the  fuselage  to  the  direction  of  flight,  which  in  turn  alters  the  side 
force  on  the  whole  aircraft;  in  this  case  contributions  from  the  wings  and 
change  in  rudder  incidence  can  usually  be  neglected.  In  equations  (4.12) 
the  total  aerodynamic  force  and  couple  will  be 

~  ^o)  ~  f'iS  I  (4.16) 

M,  =  m^q  +  m^t]  +  m^W  +  —  W^o)l 

where  m,,  m„,  niw,  ntifr,  Zj,.  arc  the  derivatives  respectively  for  q,  rj,  iV 
and  ( ir  -  Wo) 

Wo  is  the  value  of  W  for  straight  and  level  flight 
f]  is  the  angular  deflection  of  the  elevator  from  the  position  for  straight 
and  level  flight. 

Similarly  in  equations  (4.13)  the  total  aerodynamic  force  and  couple  will  be 

—yv^  I  (4.17) 

=  n^r  +  tt(C  +  i 

where  j/y,  nj,  rty,  tty  are  the  derivatives  respectively  for  V,  r,  V  and  V, 
{  is  the  rudder  angle. 

For  this  to  be  possible  the  yawing  must  not  induce  rolling,  but  in  practice 
this  could  only  be  done  by  the  application  of  aileron,  which  in  turn  would 
produce  a  further  yawing  couple. 

For  the  case  of  pitch  and  yaw  combined  there  is  no  coupling  between  the 
equations  and  the  separate  solutions  of  equations  (4.12)  and  (4.13)  may  be 
added  together  in  any  proportions. 

The  determination  of  any  manoeuvre  consisting  of  a  combination  of  roll 
and  any  other  rotation  necessitates  the  solution  of  all  five  equations  (4.4) 
to  (4.8)  (with  equation  (4.6)  simplified  to  the  form  of  equation  (4.9)).  In 
this  general  case  the  left-hand  side  of  the  equations  cannot  be  given  by 
equations  (4.15)  and  (4.17)  as  they  stand,  in  equation  (4.15)  there  must  be 
two  additional  terms  due  to  yaw  and  in  equation  (4.17)  two  additional 
terms  due  to  roll;  equation  (4.16),  however,  remains  unaltered.  These 
aerodynamic  forces  and  couples  for  this  general  case  are 

=yvV  \ 

Zo  =  z„.{W-Wo) 

La  =  loP  +  +  lyV  +  hr  )  (4.18) 

=  m,q  +  m^t!  +  mfyHr  +  m„-(lT  —  Wo)  I 
=  »,r  +  "tC  +  np^  +  riyV  +  / 

When  these  values  are  substituted  into  equations  (4.4)  to  (4.8)  the  equations 
become  non-linear  due  to  the  inertia  coupling  terms  p  IF,  pF,  (A  —  C)rp  and 
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(B  —  ■^)Pg  respectively  in  equations  (4.4),  (4.5),  (4.7)  and  (4.8).  ThomM 
and  Price  (I960)  have  shown  that  the  equations  can  be  linearized  if  ^  is 
replaced  by 

P=P9+P* 

where  p,  is  constant 

p*  is  small  in  the  same  way  that  q  and  r  are  small 

so  that  pfV,  pV,  {A  —  C)rp  and  {B  —  A)pq  are  replaced  by  p^W,  p^V, 
{A  —  C)p^  and  (B  —  A)p^  respectively. 

4.5  ANALYTICAL  FORM  OF  GRAVITY  LOADS 

The  weight  of  the  aircraft  acts  vertically  so  that  if  the  x  axis  makes  an  angle  6 
with  the  horizontal  and  the_y  axis  rolls  through  an  angle  ^  from  the  horizon¬ 
tal  then  the  gravity  loads  in  equation  (4.4)  and  in  equation  (4.5)  are  respec¬ 
tively 

y,  =  ra^cosfisin^l  „ 

Z,  =  mg  cos  0  cos  ' 

The  rate  of  change  of  ^  is  equal  to  p,  the  angular  velocity  of  roll,  i.c. 
<f>=ptx<l>a. 

If  cos  6  may  be  regarded  as  approximately  unity  and  p  =  as  in 

equation  (4.19),  these  gravity  loads  reduce  to 

Y,  =  mg  (sin  cos  p^  +  cos  sin  Pof)  (4-21) 

(cos  <f>o  cos  Pot  —  sin  <f>o  sin  p/)  (4.22) 

These  components  may  be  inserted  in  equations  (4.4)  and  (4.5)  without 
making  them  non-linear. 

In  solving  these  linearized  equations  of  motion  it  is  convenient  to  split 
up  the  manoeuvres  into  symmetrical  and  asymmetrical  ones. 

4.6  SYMMETRICAL  MANOEUVRES— LINEARIZED 
EQUATIONS  OF  MOTION 

The  only  three  possible  symmetrical  manoeuvres  arc  forward  acceleration, 
pure  roll  and  pure  pitch.  The  forward  acceleration  alone  is  the  trivial  case 
ofX  =  mtl  where  X  is  the  net  thrust  and  U  the  forward  velocity.  The  pure 

roll  is  only  a  little  more  complex  and  is  given  by  combining  equations 

(4.11)  and  (4.15)  as 

Ap-l^  =  (4.23) 

This  b  soluble  in  closed  form  for  all  functions  of  f  as 

P  =  exp  (/,</d)/(/{f/d)  exp  {—l,tlA)  dt  (4.24) 

The  pure  pitch  condition  is  solved  for  the  case  in  which  the  forward  velocity 
and  gravity  terms  remain  unaltered  throughout  the  manoeuvre  by  com¬ 
bining  equations  (4.12),  (4.16)  and  (4.20)  with  ^  =  0  to  give 

—  z,^(iy  —  IVo)  —  mqU  -h  mg(\  —  cos  6)  =  0 
Bq  —  m,q  —  —  mffr(lV  —  —  m„r] 
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These  equations  are  put  into  non-dimensional  form  using  the  notation 
adopted  by  Czaykowski  (1955)  and  Neumark  (1958)  with  minor  changes, 
and  the  solution  follows  the  same  general  lines.  The  gravity  term  is  removed 
by  replacing  IV  by  its  incremental  value  w.  For  this  to  be  permissible  the 
change  in  the  gravity  term  in  direction  O2  must  be  negligible.  The  equa¬ 
tions  become  Dw  +  \au,-q=^0  (4.26) 

xDw  u>w  -j-  Dq  +  vq  =  —  dr]  (4.27) 

d 

where  Z)  =  -r- 
dr 

S  =  wing  area 
p  =  true  air  density 

7  =  mlipSU) 
w  =  wjU 
q  =  tq 

T  —  tfl 

Cj^  =  lift  coefficient  of  aeroplane 
a  =  wing  incidence  incremental  value 
a  —  dCjJda. 

X,  at,  V,  d  are  derivatives  in  non-dimensional  form 

A  number  of  assumptions  have  been  stated  as  they  have  been  introduced 
in  forming  the  equations.  The  following  is  a  list  of  these  assumptions. 

(1)  The  forward  speed  and  corresponding  Mach  number  arc  constant. 

(2)  The  component  of  the  aircraft  weight  in  the  direction  of  the  principal 
axis  Oz  remains  the  same. 

(3)  The  elastic  distortion  of  the  structure  is  neglected. 

(4)  The  contribution  of  lift  due  to  elevator  deflection  is  neglected  in 
equation  (4.26). 

(5)  The  contribution  of  tailplane  pitching  moment  due  to  elevator 
deflection  is  neglected  in  equation  (4.27). 

(6)  The  aerodynamic  derivatives  arc  constant  throughout  the  manoeuvre 
and  independent  of  the  time  of  application,  i.e.  unsteady  lift  coeffi¬ 
cients  neglected. 

Assumptions  (4)  and  (5)  are  normally  adopted,  but  Czaykowski  (1955) 
shows  how  these  effects  can  easily  be  taken  into  account  if  required.  In 
cases  where  use  of  assumptions  (3)  and  (6)  produce  serious  errors  a  correc¬ 
tion  can  be  made  by  splitting  up  the  analysis  into  several  periods  of  time 
during  each  of  which  the  assumptions  are  made  to  hold. 

The  opjerational  solutions  to  equations  (4.26)  and  (4.27)  are 

w  =  -  dT)l{D*  +  2RD  -f  /e*  -f  J*)  (4.28) 

q^-d{D  +  ia)r)l{D^  +  2RD R*  +  7*)  (4.29) 

where  7?  =  ^(^a  -j-  v  +  x)  ~  ^^e  dimensionless  damping  factor 

J  =  >/(“*  +  i*’®  ~  =  the  dimensionless  frequency  of  the 

short-period  oscillation. 
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A  pitch  manoeuvre  is  performed  by  moving  the  elevator  without  altering 
any  of  the  other  rantrols.  This  is  identical  to  putting  as  a  function  of 
non-dimensional  time  r  in  these  equations.  Finally  the  loads  on  the  aero¬ 
plane  are  obtained  as  functions  of  w  and  q.  The  total  loads  are  the  sum  of 
the  inertia  and  aerodynamic  loads  added  to  the  gravity  loads  which  are 
taken  to  remain  unaltered.  The  total  loads  are  the  sum  of  the  inertia  and 
aerodynamic  loads  added  to  the  gravity  loads  which  are  taken  to  remain 
unaltered.  The  total  system  is  essentially  a  tail  load  and  wing  load  with  a 
resultant  load  on  the  fuselage.  For  most  purposes  it  is  sufficient  to  know  the 
maximum  loads ;  within  the  accuracy  of  the  basic  assumptions  the  inertia  and 
aerodynamic  loads  on  the  wings  are  both  a  maximum  when  the  normal 
acceleration  is  a  maximum,  but  the  maxima  inertia  and  aerodynamic  loads 
on  the  tail  may  not  coincide  and  in  that  case  time  is  a  more  important 
parameter. 

The  total  incremental  load  on  the  wing  is  proportional  to  the  incremental 
incidence  w.  This  can  be  retained  in  non-dimensional  form  as  the  incre¬ 
mental  normal  acceleration  ng  and  is  given  by 

n  =  awjCi^s  (4.30) 

where  ^L,E  =  the  datum  value  of  Cj^. 

The  total  load  on  the  tailplane  is  a  combination  of  the  inertia  loads  and 
the  aerodynamic  loads.  The  inertia  loads  may  be  given  as  normal  accelera¬ 
tion  as  before,  but  this  time  there  is  a  second  component  due  to  the  angular 
acceleration  in  pitch  about  the  aircraft  centre  of  gravity.  Thus  the  incre¬ 
mental  normal  acceleration  at  the  tail  is  given  by 
flj,  =  n  —  (ljg)Dq 

=  awjCx^s  —  (2jfiCj^g;)Dq  (4.31) 

where  /  =  distance  of  the  reference  point  of  the  tail  from  the  centre  of 
gravity  of  the  aircraft 
fi  =  ml{pSl) 

The  aerodynamic  load  on  the  tail  unit  is  in  two  parts,  one  on  the  whole 
tailplane  and  the  other  on  the  elevator  alone.  The  total  incremental  aero¬ 
dynamic  load  Pa  is  given  by 

Pa  =  +  a^rf) 

ot^jr  =  (1  —  de/d«)tt'  +  qjfi  +  (de/d«)£)H>//u 
where  =  effective  tail  incidence,  incremental  value 
S'  =  tailplane  area 
Ci  =  lift  coefficient  of  tailplane 

a,  =  BC’JBrj 

e  =  downwash  angle  at  the  tail. 

In  the  limiting  case  of  an  all-moving  tailplane  and  i]  is  the  control 

movement  of  the  whole  tailplane. 

Summarizing,  the  loads  on  the  wings  are  given  by  equation  (4.30)  and 
the  loads  on  the  tailplane  by  equations  (4.31)  and  (4.32)  where  w  and  q  are 


(4.32) 
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given  by  equations  (4.28)  and  (4,29).  The  loads  on  the  fuselage  are  the  resul¬ 
tant  of  the  loads  on  the  wings  and  tailplane  together  with  an  appropriate 
normal  acceleration  varying  linearly  along  its  length  to  balance  those  on 
the  wings  and  on  the  tailplane. 

4.6.1.  C.G.  Normal  Acceleration  in  Pitching  Mattoeux/res 

The  total  incremental  load  on  the  wings  is  directly  proportional  to  the 
incremental  normal  acceleration  of  the  centre  of  gravity  of  the  aircraft,  and 
for  this  purpose  it  is  sulRcient  to  solve  equation  (4.28)  for  w  using  the  rela¬ 
tionship  (4.30)  to  give  the  normal  acceleration.  If  the  elevator  is  applied  in 
a  variety  of  ways  up  to  a  prescribed  angle  and  then  held  there  indefinitely, 
the  aircraft  will  finally  attain  a  steady  circling  condition  with  a  constant 
incremental  normal  acceleration  n^g.  The  acceleration  can  be  described 
most  generally  by  giving  it  in  terms  of  «*,,  in  this  way  the  maximum  accelera¬ 
tion  is  identified  by  the  percentage  that  it  exceeds  n*. 

The  value  of  is  obtained  by  putting  r/  =  in  equation  (4.28)  and 
ignoring  the  operator  D.  Thus 

«„  =  -  -r  J*)  (4.33) 

The  variation  of  «  with  time  before  it  settles  down  to  its  limiting  value 
depends  on  the  variation  of  t}  with  time.  A  family  of  distributions  can  be 
achieved  by  considering  a  ramp  shape  for  t]  in  which  rf  increases  linearly 
for  time  tj  to  a  value  and  thereafter  remains  constant.  This  is  algebrai¬ 
cally  equivalent  to  a  linear  input  starting  at  time  t  =  0  and  another  of  the 
same  slope  but  opposite  sign  starting  at  time  t  =  t,.  Neumark  (1958)  gives 
the  solution  as 

for  0  <  T  <  T,  njn^  =  F{r)lri  (4.34) 

for  Ti  ^  T  «/n*  =  {F(t)  —  F(t  —  Ti)}/tj  (4.35) 

where  F(r)  =  [t  -  2RI(R*  +  /*)  +  {2RI{R^  +  J*)}  cos  yr  exp  (-/?t) 

+  {-  ir  -  +  m  sin/r  exp  (-.Rt)] 

In  the  limiting  case  of  Tj  becoming  zero  the  ramp  has  become  a  step  and 
equation  (4.35)  reduces  to 

«/«®  =  ^R'(t)  (4.36) 

=  1  —  {cos  Jt  +  (R/y)  sin  Jt{  exp  ( — Rt) 

The  maximum  value  of  n  for  the  ramp  shape  occurs  after  t  =  Tj  and  is 
given  by 

nm«x/n»  =  1  -f  £  =  1  +  (exp  (—  Rt„  +  Rti)/t,}  .  -v/[{l  +  exp  (— 2Rti) 
-  2  cos yri  exp  ( -  RT,)}/y*  +  R*)]  (4.37) 

where  the  time  at  which  the  maximum  occurs  is  given  by 
tan  (yT„  —  yr,)  =  [y{exp  (Rt,)  —  cosyr,}  —  R  sinyr,]/ 

[R{cos  yr,  —  exp  (Rt,)}  —  J  sin  yT,]  (4.38) 

The  normal  acceleration  is  a  decaying  oscillation  and  a  typical  curve  of 
normal  acceleration  against  time  for  RjJ  =  0-4,  yr,  =  7r/2,  is  shown  in 
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Fig.  4.1.  The  acceleration  reaches  its  greatest  value  after  the  elevator  has 
reached  its  full  angle  and  thereafter  the  maxima  and  minima  occur  at  non- 
dimensional  time  intervals  of  it.  For  other  rates  of  application  of  elevator 
the  shape  of  the  acceleration-time  curve  will  be  similar  but  the  first  and 
greatest  overshoot  and  the  time  at  which  it  occurs  will  be  different.  The 


Fig,  4.1.  Variation  in  normal  acceleration  at  aircraft  C.G.  for  a  ramp  shaped  elevator 

movement. 

Ratio  of  damping  factor  to  natural  frequeruy  of  pitching  oscillation,  in  non-dimensional 
terms  of  RjJ,  equals  0-4. 

magnitude  of  the  greatest  normal  accelerations  and  the  time  at  which  they 
occur  are  shown  in  Fig.  4.2  for  a  range  of  RjJ  up  to  1  -0  and  a  range  of  Jr^ 
up  to  27r. 

4.6.2.  Tail  Loads  in  Pitching  Manoeuvres 

Unlike  the  wings,  the  inertia  and  aerodynamic  loads  on  the  tail  (even 
apart  from  the  clastic  distortion  of  the  structure  which  is  neglected  in  accor¬ 
dance  with  assumption  3)  do  not  occur  completely  in  phase.  The  inertia 
loads  will  be  directly  proportional  to  the  normal  acceleration  as  given  by 
equation  (4.31),  and  the  aerodynamic  loads  will  be  given  by  equation  (4.32). 
The  steady  state  condition  is  determined  by  substituting  rj  =  and 
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o  w/j  n  3it/j  z-n  r-r 

TIME  AT  WHICH  ELEVATOR  REACHES  FULL  ANGLE 

A  ^  MAXIMUM  ACCELERATIONS. 

Fig.  4.2.  77ie  maximum  normal  accelerations  at  aircraft  C.G.  and  time  at  which  it 
occurs  for  a  range  of  ramp  shaped  elevator  movements  and  a  range  of  natural  frequencies 
of  pitching  oscillations. 

RfJ  is  the  ratio  of  the  damping  factor  to  the  natural  frequeruy  of  the  pitching  oscillation  ; 

Jrg  is  time  in  non-ditrunsional  units. 
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ignoring  the  operator  D  in  equations  (4.28),  (4.29),  (4.31)  and  (4.32). 
Thus 

+  J*)  (4.39) 

P.=  -  +  a^r,^)  (4.40) 

where  +  y*)}{l  -  de/da  +  {alfi} 


B-TIME  AT  WHICH  PEAK  ACCELERATION  OCCURS. 

Fig.  4.2.  {continued) 

Neumark  (1958)  shows  for  the  same  ramp  shape  that  was  used  for  wings  that 
for  0  <  T  <  T,  nj,jn„  =  j^f(T)  —  {Ijp) 

-(2/H^^«]/r,  (4.41) 

for  T,  ^  T  nj,ln„  =  [V(t)  -  ( 1/^)  ^  F{r)  -  {2/ pa)  i?(T)  j  j t, 

-  [^F(t  -  T,)  -(!//<)  ^F(t  -  T,) 

—  Wpo)  ^2  —  n)  j  j Ti  (4.42) 
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for  0  <  T  <  T, 

ow/otrfroo  = 

F(t)  +  A^/?(r) 

A 

(4.43) 

for  Ti  ^  T 

*^/«efr»0  = 

[/=-(T)=A^F(r)' 

A 

— 

[/^(t-t,)  +  A^ 

^(t-t,)]/a, 

(4.44) 

where  F(t)  —  the  same  function  as  given  for  equations  (4.34)  and  (4.35) 
A  =  (1  +  de/da)/^(l  —  ds/da  +  a/2/i) 


The  maxima  are  given  by 

"t  max/««=  =  1  +  (4.45) 

which  occurs  at  t  =  and 

“efrinRx/«efr»o  —  1  +  EE'  (4.46) 

which  occurs  at  t  = 
where  —  <r„ 

tan  0„)  =  7(4/?  -  u)/{/ia  +  2{R^  +  7*)  -  /?(4/f  -  a)} 
tan  (70„)  =  7A/(1  -  RX) 

E,  =  exp  (/?a„)  VKl  +  2(/?*  +  r)ltiaY  -  {2/?//i  +  (/?*  +  7*)//**} 

(4/?/a  -  1)] 

E'  =  exp  (/?<T„)  V[1  -  2/?A  +  A*(7*  +  R^)] 

Tto,  £  are  the  same  functions  as  those  given  in  equation  (4.37). 

The  maxima  of  the  normal  acceleration  nymax  the  effective  incidence 
*e(rmax  do  tto*  occur  at  the  same  time  but  for  all  practical  conditions  both 
occur  after  the  elevator  has  reached  its  full  angle  and  before  the  peak  C.G. 
normal  acceleration  occurs.  The  normal  acceleration  of  the  tail  depends 
on  so  many  aircraft  properties  that  it  is  hardly  feasible  to  give  general  curves. 
However,  the  inertia  loads  will  usually  be  much  less  than  the  aerodynamic 
loads  and  little  error  will  be  introduced  by  assuming  the  tail  has  the  same 
normal  acceleration  as  the  C.G.  of  the  aircraft:  the  maximum  normal 
acceleration  at  the  tail  will  usually  be  a  little  greater  than  the  maximum 
C.G.  normal  acceleration  but  not  quite  in  phase  with  it.  The  effective 
incidence  of  the  tail  can  be  dealt  with  generally  as  it  can  be  related  to  the 
C.G.  normal  acceleration  in  terms  of  only  one  further  parameter  A  as  shown 
in  equations  (4.43)  and  (4.44).  The  magnitude  of  the  greatest  effective 
incidence  of  the  tail  and  the  time  at  which  it  occurs  arc  given  in  Fig.  4.3  in 
terms  of  the  maximum  C.G.  accelerations  shown  in  Fig.  4.2. 

The  total  aerodynamic  load  on  the  tail  b  the  algebraic  sum  of  the  elevator 
load  and  the  tail  load  due  to  its  effective  incidence.  For  the  case  of  a  positive 
increment  of  C.G.  normal  acceleration  there  will  invariably  be  an  algebraic 
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A  >  MAXIMUM  EFFECTIVE  INCIDENCE. 

GIVEN  AS  THE  RATIO  OP  OVERSHOOT  OF  TAIL 
INCIDENCE  TO  OVERSHOOT  OF  C.C.  NORMAL 
ACCELERATION  (e*  OF  EQUATION  4*46^. 

Fig.  4.3.  Maximum  effective  incidence  of  the  tail  and  the  time  at  which  it  occurs. 
RjJ  is  the  ratio  of  the  dandling  factor  to  the  twtural  frequency  of  the  pitching  oscillation; 
A  is  defined  in  equation  (4.44)  arul  in  equation  (4.46). 
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minimum  due  to  the  negative  elevator  angle  before  the  tail’s  effective 
incidence  attains  its  first  maximum.  This  down  load  on  the  tail  may  be  a 
much  more  serious  case  in  design  than  the  maxima  that  have  already  been 
considered.  Also  it  is  much  more  seriously  influenced  by  the  rate  and  manner 
in  which  the  elevator  is  applied.  This  download  is  so  important  that  the 


B-TIME  BY  WHICH  PEAK  TAIL  INCIDENCE  PRECEDES 
PEAK.  C;G.  NORMAL  ACCELERATION 

'  Tf|  ' 

Fig.  4.3.  {continued) 

study  of  it  has  been  isolated  from  that  of  the  other  loads,  although  the  same 
formulae  are  used  as  those  for  upload.  In  the  upload  case  the  maximum 
always  occurred  after  the  elevator  had  reached  its  final  value.  For  the 
download  the  situation  is  quite  different.  The  maximum  incremental 
download  that  can  possibly  occur  is  that  for  the  elevator  fully  deflected  as  a 
step  thus  preventing  any  relieving  upload  on  the  tailplane  from  being 
developed  whilst  the  elevator  is  being  applied ;  the  magnitude  is  obtained 
by  putting  ot^n-  zero  in  equation  (4.32).  If  the  elevator  deflection  curve  is  a 
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ramp,  the  contribution  from  the  first  term  in  equation  (4.32)  relieves  the 
total  load  on  the  tailplane.  For  rapid  rates  of  application  of  elevator  the 
load  on  the  elevator  increases  faster  than  the  relieving  load  on  the  tailplane, 
and  the  total  dovmload  increases  until  the  elevator  deflection  is  a  maximum, 
i.e.  at  T  =  Tj.  At  lower  rates  of  application  of  elevator  the  load  on  the  ele¬ 
vator  is  at  first  increasing  faster  than  the  load  on  the  tailplane,  but  a  stage  is 
reached  in  which  the  net  download  on  the  tail  is  greatest  before  the  elevator 
has  reached  its  maximum  deflection. 


COMAOWtNT  out  TO  IFFCCTIVI 
INCIDtNCI  OF  TAIL.  I 


ELEVATOR  INCREASED  INSTANTANEOUSLY  TO  17*. 
'^LEVATOR  INCREASED  TO  17* LINEARLY  IN  TIME  TTiO-ASS. 


'ELEVATOR  INCREASED  TO  17' LINEARLY  IN  TIME  jrmO  B. 
•"ELEVATOR  ANCLE  GIVEN  AS  17*  {l  -  ex|»  ("  E  , 


rai»«i 


COMFONINT  DUE  TO  ELEVATOR 
I  ARftUt.  ^  j  I 

—  ELEVATOR  ANCLE  SIVEN  AS  17*^1-  0*|»  2 

-  ELEVATOR  INCREASED  TO  17*  LINEARLY  IN  TIME  TT>0'S. 


..-ELEVATOR  INCREASED  TO  17  LINEARLY  IN  TIME  7T>0-45S. 
ELEVATOR  INCREASED  INSTANTANEOUSLY  TO  17* 


NON-DIMENSIONAL  TIME  7T. 

Fig.  4.4.  The  components  of  the  aerodynamic  load  on  the  tail  of  a  particular  aircraft 
for  elevator  movements. 


As  maximum  elevator  is  always  present  when  the  maximum  uploads 
occur,  the  peak  loads  may  be  considered  as  those  due  to  the  effective  inci¬ 
dence  plus  the  constant  elevator  load.  In  downloads  both  elevator  and  tail 
components  are  varying,  and  the  ratio  of  a,  to  becomes  an  impiortant 
parameter.  This  extra  parameter  makes  it  impracticable  to  study  down¬ 
loads  for  a  full  range  of  parameters.  In  any  particular  case  the  separate 
components  are  readily  calculable;  it  is  necessary  to  know  the  constant  of 
multiplication  of  the  elevator  angle  and  also  the  constant  for  the  eflcctivc 
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incidence  of  the  tail.  As  an  example  of  a  typical  aeroplane,  the  numerical 
characteristics  of  the  one  used,  by  Czaykowski  (1955)  are  taken  and  the 
resultant  loads  shown  for  an  elevator  angle  increased  linearly  to  its  final  value 
of  1 7°  in  times  yTj  =  0, 0-456  and  0*8  and  also  according  to  the  formula  that 
elevator  angle  equals  to  17°{1  — exp  ( — 2JtI0-456)},  The  total  aerodynamic 
tail  load  is  given  by  Czaykowski  (1955)  for  the  exponential  movement  and 
by  Neumark  (1958)  for  the  linear  movements.  The  individual  components 
due  to  the  elevator  angle  and  due  to  the  effective  incidence  of  the  tail  have 
been  deduced  from  these  totals  and  are  presented  in  Fig.  4.4.  The  asympto¬ 
tic  value  of  both  components  is  identical  in  all  cases  and  the  differences  in 


Fig.  4,5,  Effect  of fuselage  flexibility  on  calculated  aerodynamic  tail  load  of  a  particular 
aircraft  for  elevator  angle  17°  {1  —  exp(— </0-093)}. 

The  rigid  fuselage  case  is  identical  to  one  used  in  Fig.  4,4,  All  curves  are  copied  from 
Czaykowski  (1962). 

the  magnitude  of  the  maximum  upload  are  small  but  the  differences  in 
downloads,  which  arc  so  dependent  on  the  elevator  angle  are  great.  In  the 
case  of  the  exponential  movement  the  smoothing  of  the  action  just  before 
maximum  elevator  is  reached  allows  more  upload  due  to  effective  incidence 
of  the  tail  to  develop  with  consequential  reduction  of  total  download.  The 
total  aerodynamic  tail  load  for  this  case  is  shown  in  Fig.  4.5  and  compared 
with  further  solutions  by  Czaykowski  (1962)  taking  account  of  the  stiffness 
of  the  fuselage  in  a  quasi-static  manner  (static  aerolastic  solution)  and  also 
including  the  structural  dynamic  response  (dynamic  aeroelastic  solution). 
When  the  flexible  deformation  is  included  the  natural  frequency  of  the 
pitching  oscillations  decreases  slightly,  but  for  comparison  with  Fig.  A  .4  the 
non-dimensional  time  appropriate  to  the  rigid-body  solution  is  shown  as 
well  as  the  time  in  seconds.  This  figure  indicates  the  effects  of  flexibility  for 
one  particular  elevator  movement  on  one  particular  aircraft,  but  in  view  of 
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the  large  variation  in  fuselage  flexibility  of  different  aircraft  generalization 
is  not  possible. 

Czaykowski  (1962)  points  out  that  close  approximations  to  a  given  curve 
of  normal  accelerations  can  be  attained  by  a  wide  range  of  elevator  move¬ 
ments  with  consequential  large  variations  in  total  download  on  the  tail. 
There  are  two  broad  classes  of  heavy  manoeuvre : 

(1)  The  unchecked  one  in  which  the  clc\'ator  b  deflected  rapidly  to  an 
angle  and  kept  there  until  the  limiting  acceleration  is  practically 
reached. 

(2)  The  checked  one  in  which  the  elevator  is  deflected  rapidly  beyond 
the  angle  of  the  unchecked  manoeuvre  and  immediately  reversed  to 
an  angle  that  will  give  the  same  limiting  acceleration. 

If  all  changes  of  elevator  angle  in  both  types  of  manoeuvre  are  done  at  the 
same  rate  in  degrees  of  angle  per  second,  the  checked  manoeuvre  will 
produce  the  higher  tail  loads.  For  both  ramp  examples  of  Fig.  4.4  the  down¬ 
loads  will  be  increased  in  the  checked  manoeuvre  very  nearly  in  proportion 
to  the  maximum  elevator  angles,  i.e.  the  effective  elevator  movement  is 
nearly  a  step.  The  maximum  acceleration  will  be  achieved  a  little  sooner 
with  the  checked  manoeuvre,  but  even  if  the  checked  manoeuvre  was  done 
a  little  slower  the  effective  elevator  movement  would  remain  a  step  so  that 
the  maximum  acceleration  occurred  at  the  same  time,  it  would  still  produce 
nearly  the  same  maximum  download  on  the  tail. 


4.7  ASYMMETRICAL  MANOEUVRES— LINEARIZED 
EQUATIONS  OF  MOTION 

All  manoeuvres  involving  yawing  displacements  or  forces  are  asymmetrical. 
The  simplest  is  that  of  pure  yaw.  This  can  only  be  achieved  in  practice 
by  applying  additionally  to  the  yawing  couple  of  the  tail  controls  just 
sufficient  aileron  to  compensate  for  the  difference  in  forward  speed  of  the 
two  wings.  If  it  were  done  and  the  yawing  couple  due  to  the  ailerons  could 
be  neglected,  the  equations  to  be  solved  would  be  equations  (4.13),  which 
are  of  identical  form,  to  equations  (4.12)  for  pure  pitch  and  whose  solutions 
are  given  in  paragraph  4.6.  The  main  difference  between  the  two  motions 
is  that  in  pitch  the  angle  of  incidence  of  the  wings  to  the  direction  of  motion 
is  changed,  whereas  in  yaw  it  is  the  fuselage  that  changes  its  incidence  and 
the  forces  developed  are  correspondingly  much  smaller.  It  is  rare  for  this 
manoeuvre  to  be  a  serious  loading  condition,  but  if  it  were,  the  solutions  for 
pitch  are  directly  applicable.  In  a  combination  of  pitch  and  yaw  only,  the 
inertia  cross  coupling  terms  are  negligible  and  the  equations  (4.14),  that 
are  to  be  solved,  are  identical  to  the  sum  of  the  solutions  for  pitch  and  for 
yaw  each  taken  separately. 

The  remaining  manoeuvres  all  involve  roll  and  the  complete  set  of 
equations  (4.4)  to  (4.8)  (with  (4.6)  simplified  to  the  form  of  (4.9))  have  to 
be  solved ;  these  equations  are  linearized  by  representing  the  angle  of  roll 
(p)  by  equation  (4.19).  If  pitch  were  completely  eliminated  q  and  q  could 
be  made  zero  and  if  yaw  were  completely  eliminated  r  and  t  could  be  made 
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zero  but  neither  of  these  simplifications  is  likely  to  reduce  much  the  com¬ 
putational  time.  The  forces  and  couples  that  have  to  be  substituted  in  these 
equations  are  given  by  equations  (4.18),  (4.21)  and  (4.22).  The  resulting 
equations  of  motion  become 

—p^W  +  rU)  —yyV  +  mg  (sin  cos />o«  +  cos  ^ii<) 

m{W  -qU  +  p,V)  =  z^{W-  W„) 

+  mg  (cos  <I>Q  cos  pgt  —  sin  <f>o  sin  pj/) 

AP  =  l,p  +  +  lyV  +  l^r  ■ 

Bq  +  {A  —  C)p^  =  m,q  -)-  m,»;  +  +  m^(  W  — 

Cf  +  {B  —  A)paq  =  n,r  +  n^C  +  +  nyV  +«„/>  +  Hjf 

These  equations  are  put  into  non-dimensional  form,  in  the  same  way  as  for 
equation  (4.25)  and  IV  replaced  by  its  incremental  value  w,  and  become 

B>v  +y„v  (sin  4>a  cosp^r  -f  cos  smp^r) 

(4.48) 

Dw  —  —  q  -{-  Ptfi  =  ^0  ‘^ns  /jT  sin  sin  p^r  —  1 )  (4.49) 

Dp  +  V{p  —  VtrT  iO(V  =  —  dffi  (4.50) 

Dq  +  vq  dypof  +  xDw  +  0)w  =  —  6rj  (4.51) 

Vn^  +  OxPfA  +  Df  +  v„f  —  w„v  +  XnDv  =  —  d„(S  —  <5„{£  (4.52) 

where  f  =  lr 
P  ^  Ip 
Pa  =  "ipa 

V  =  VjU  (the  increment  of  V  is  taken  to  be  the  same  as  V) 
iVi  =  datum  value  of  WIU 

^LE  —  datum  value  of  Cj^ 

d,,  dj  are  the  non-dimensional  form  of  A~C  and  B-A 

A.  vi,  V(„  (Of,  dft,  v„„,  v„  ,(o„,  d„f,  d„c,  Xn  are  derivatives  in 
non-dimensional  form 

The  term  XnDS  is  included  in  equation  (4.52)  to  maintain  symmetry  with 
equation  (4.51),  but  it  may  in  fact  be  ignored  in  all  solutions  appertaining 
to  aircraft.  W.  H.  Phillips  (1948)  solved  the  simple  case  of  constant  roll 
with  fixed  elevator  and  rudder,  neglecting  gravity  and  all  damping  deriva¬ 
tives.  Thomas  and  Price  (1960)  solved  the  full  equations  (4.48)  to  (4.52) 
for  a  constant  roll  with  fixed  elevator  and  rudder  and  showed  that  provided 
the  rate  of  roll  is  sufficiently  large  for  the  inertia  cross-coupling  effects  to  be 
appreciable  the  effect  of  gravity  may  be  neglected.  As  it  b  only  justified  to 
solve  all  five  equations  simultaneously  if  inertia  cross-coupling  is  appre¬ 
ciable,  then  it  b  equally  Justified  to  neglect  the  effect  of  gravity.  In  fact 
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gravity  will  be  neglected  for  the  general  case  also  which  is  equivalent  to 
making  the  right-hand-side  of  equations  (4.48)  and  (4.49)  zero. 

Before  looking  at  the  general  case  it  is  worthwhile  to  look  at  the  special 
cases  in  which  an  aircraft  is  flying  with  v  =  w=  p  =  q  =  f  =  0  (i.e. 
straight  with  no  yaw,  pitch  or  roll)  and  one  only  of  the  controls  is  applied 
as  a  step  to  a  fixed  value. 

If  the  elevator  is  applied,  t}  =  tjo  and  for  all  equations  to  hold  at  zero  time 
{Dq)^=  —  drjt  (equation  (4.51));  subsequently  as  q  changes  w  must 
change  (equation  (4.49))  but  because  all  parameters  were  zero  at  zero  time 
there  is  no  interaction  from  q  and  w  and  the  full  solution  is  obtained  from 
equations  (4.49)  and  (4.51).  This  is  the  case  of  pure  pitch  and  was  examined 
in  detail  in  paragraph  4.6. 

If  the  rudder  is  applied,  C  =  Co  ^^d  for  all  the  equations  to  hold  at  zero 
time  (Z)r)o  —  —  d„(C  (equation  (4.52));  subsequently  as  f  changes  v  must 
change  (equation  (4.48))  and  p  must  change  (equation  (4.50)) ;  in  the  next 
phase  when  p  has  become  so  large  that  p^  may  no  longer  be  taken  as  zero  q 
and  w  are  involved  and  a  completely  general  motion  ensues.  As  Vi,  cannot 
be  zero  the  only  way  that  the  equations  can  degenerate  into  equations  (4.48) 
and  (4.52)  is  by  the  aileron  being  moved  in  such  a  way  that  — is  kept 
identical  to  (eotV  —  Vi^f)  throughout  the  manoeuvre. 

If  the  ailerons  are  applied,  S  —  So  and  for  all  equations  to  hold  at  zero 
time  (i)/)o  =  —  &i(S  (equation  (4.50));  subsequently  as  p  changes  d  must 
change  (equation  (4.48))  and  f  must  change  (equation  (4.52));  in  the  next 
phase  as  with  rudder  application  q  and  w  become  involved  and  a  completely 
general  motion  ensues.  Degeneration  from  the  full  equations  is  only  possible 
if  all  the  coefficients  of /  and  pg  are  zero;  in  this  case  only  equation  (4.50) 
remains  but  the  rudder  has  to  be  moved  so  that  — S„(C  is  kept  identical  to 
i'^  addition  must  be  zero.  This  latter  condition  of  ITj 
zero  means  that  in  the  initial  condition  the  forward  principal  inertia  axis  is 
in  the  line  of  flight,  which  can  only  occur  in  the  singular  condition  of  having 
the  appropriate  forward  speed.  So  it  may  be  assumed  that  in  all  rolling 
conditions  inertia  cross-coupling  will  take  place. 

4.7.1.  Asymmetrical  Manoeuvres — Steady  State  Conditions 

In  the  case  of  pure  pitching  manoeuvres  there  are  no  cross-coupling  forces 
and  the  steady  state  conditions  are  a  single  function  of  the  applied  elevator 
deflection  as  given  in  equation  (4.33).  In  asymmetrical  manoeuvres  there 
are  cross-coupling  forces  and  the  5  governing  conditions,  as  given  by  equa¬ 
tions  (4.48)  to  (4.52)  with  the  gravity  terms  zero,  produce  5  steady  state 
conditions  (there  would  be  8  steady  state  conditions  if  the  terms  in  qr  were 
not  neglected).  In  the  symmetrical  case  a  negligible  elevator  deflection 
produces  a  steady  state  with  a  negligible  amount  of  pitch.  In  the  asym¬ 
metrical  case  with  negligible  deflection  of  any  of  the  three  controls,  one  of 
the  steady  states  has  a  negligible  departure  from  flight  with  no  yaw,  pitch 
or  roll,  but  the  other  four  steady  states  have  not;  they  are  in  fact  rotations 
about  fixed  axes  that  are  at  an  angle  to  all  three  principal  axes. 

The  steady  state  conditions  are  obtained  by  making  zero  all  the  terms 
containing  the  operator  D  and  the  gravity  terms  and  putting  p  =  pg. 
Equations  (4.48)-(4.52)  reduce  to 
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—  p{w  4-  Wf)  +  f  =  0 

—  Z,rlt)  —  g  +  pv  =  0 

—  yfrf  + 

vg  +  d^pf  +  (ow  =  —  dt] 

+  6,pq  +  vj  —<o„v=  —  —  <J,t£ 


(4.53) 


The  solution  of  these  equations  results  in  a  quin  tic  for  each  of  the  variables. 
The  quintic  for  roll  is  of  the  form 


«.(f.£)  +  K(»?)  +  M  /  +  [«.(»?)  +  W 

+  +  b^p^  =  0  (4.54) 

where  a’s  and  A’s  are  functions  of  the  coefficients  in  equation  (4.53).  When 
the  control  positions  are  neutral  f  —  0  all  the  a-functions  disappear 

and  the  values  of  p  are  0,  ±/>j,  If  there  is  only  elevator  displacement 

the  values  of  p  retain  the  same  form.  If  there  is  no  elevator  displacement 
(»j  =  0)  and  the  even  a-functions  are  small  as  well,  the  solutions  will  be  of 
the  form  p^,  Thomas  and  Price  (1960)  give  the 

algebraic  values  for  the  ^-functions  for  the  case  of  all  controls  neutral  and 
also  examine  the  stability.  The  perturbations  about  the  steady  state  are 
given  by  a  quintic 

G,  +  G,Z)  +  G,Z)*  +  G,i)»  +  G^D*  +  =  0  (4.55) 


and  instability  ensues  whenever  one  of  the  real  parts  of  the  roots  is  positive. 
A  great  simplification  can  be  made  to  the  algebra  if  it  is  postulated  that  the 
ailerons  and  rudder  controls  are  varied  continuously  to  ensure  that  the 
aircraft  rolls  with  constant  velocity  and  further  that  the  combined  yawing 
moment  is  zero,  i.e.  +  d„(£  =  0,  and  the  elevator  is  in  a  neutral 
position.  The  equation  giving  the  aileron  angle  for  small  perturbations  may 
then  be  ignored  as  the  change  in  aileron  angle  is  not  of  interest:  all  terms 
containing  perturbations  in  p  are  neglected  because  it  is  postulated  that  the 
aircraft  is  compelled  to  roll  at  constant  speed.  With  only  a  slight  further 
simplification  of _)>„  =  z„  =  0  the  stability  equation  becomes  a  quartic 

^  +  (Z  +  ”  +  v„)Z)»  +  [w  +  co„  +  vv„  +  Z*’n  +/’’(!  —  <5A)]^’ 

+  [ffW  +  V(0„  +  X(On  +/'*(»'+  v„  —  d.x)]D 

+  [m„<o  —  d^d,p*  +  />*(d,w„  —  6,(0  +  r„v)]  =  0  (4.56) 


This  equation  simplifies  still  further  if  ;|r  =  »«  =  v„  =  0  and  becomes  the 
stability  equation  postulated  by  W.  H.  Phillips  (1948).  In  this  limiting  case 
the  motion  is  stable  if 

(w„  -  d,p*){(o  +  6,p*)  >  0  (4.57) 

Thus  it  is  only  when  the  rolling  velocity  lies  between  the  two  values 
\/( — (ojdy)  and  ‘\/{(o„ld,)  that  the  motion  will  be  unstable;  the  motion  will 
be  a  divergence  which  is  predominantly  in  pitch  when  ^/{—(oldy)  is  the 
lower  and  predominantly  iri  yaw  when  it  is  the  higher.  In  the  special  case 
of  the  two  frequencies  being  equal  there  is  no  rolling  velocity  for  which  the 
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motion  is  unstable.  Pinskcr  (1955)  points  out  that  if  damping  terms  are 
included,  there  is  a  range  of  frequencies  for  which  there  b  no  instability.  . 

It  must  be  remembered  that  the  analysis  of  W.  H.  Phillips  (1948)  and 
Pinsker  (1955)  that  has  just  been  describe  b  for  the  restrictive  case  of  con¬ 
stant  rate  of  rolling.  Thb  means  that  the  degree  of  freedom  in  roll  has  been 
removed  and  instability  is  only  allowed  to  develop  in  pitch  or  yaw.  The 
significance  of  thb  restriction  can  only  be  assessed  for  particular  numerical 
values  for  the  aircraft  characteristics.  As  an  example  the  values  used  by 
Pinsker  (1955)  are  taken  and  are  given  in  Table  4.1.  Thomas  and  Price 


Table  4.1.  Geometric,  Inertia  and  Aerodynamic  Derivatives  (with  Respect 
to  Principal  Inertia  Axes)  Assumed  for  the  Aircraft  used  as  Example 


Weight  25,000  lb 
Span  35  ft 
Wing  area  400  ft* 
at  =  angle  of  incidence 
A  =  900,000  lb  ft* 

B  =  4,100,000  lb  ft* 

C  =  5,000,000  lb  ft* 
Mach  No.  0-8 
Height  40,000  ft 
I  =  4-2318  sec 

=  -0-32 
/f  =  -0-25 
/,  =  -0-25 
I,  =  -0-10 
=  — 0-07a 
n,  =  0-05  —  0-3a 
n,  =  0-20 
n,  =  -0-46 


m„  —  — 0-083 

mi  =  -0-218 

m,  =  -0-376 
z.  =  -2-175 

^,  =  0 
m,  =  0 
»(  =  0 
n;  =  0 


(1960)  use  the  same  values  and  determine  the  steady  state  conditions  for 
all  controls  neutral,  which  are  also  given  in  the  same  table ;  they  find  that 
both  conditions  are  unstable,  the  slower  roll  having  a  divergent  mode  and 
the  faster  one  an  unstable  oscillatory  mode.  In  this  example  the  equilibrium 
frequencies  in  non-dimensional  time  are  (6-8,  9-4),  (6-9,  9-3),  (4-9,  10-2) 
respectively  for  the  conditions  of 

(i)  no  freedom  in  roll  without  damping, 

(ii)  no  freedom  in  roll  with  damping, 

(iii)  freedom  in  roll  with  damping. 


In  the  first  two  conditions  the  motion  is  unstable  between  the  two  frequencies 
and  stable  outside  them.  In  the  third  condition  the  condition  is  stable 
below  4-9,  it  has  a  divergent  mode  between  4-9  and  10-2  and  an  unstable 
oscillation  above  10-2.  In  thb  particular  example  the  simplification  of 
neglecting  the  degree  of  freedom  in  roll  is  serious.  It  increases  the  apparent 
rate  of  roll  at  which  a  divergent  mode  is  introduced  by  40  per  cent,  which  is 
serious  enough  in  itself,  but  it  also  replaces  an  unstable  mode  by  an  appar¬ 
ently  stable  one.  Meyer  (1957)  and  Nethaway  and  Clark  (1960)  have 


Manoeuvres 


noticed  in  flight  tests  that  when  inertia  cross  coupling  is  present  that  pilots 
are  unable  to  control  the  motion  of  their  own  accord  and  should  release  the 
controls.  Thus  in  practical  conditions  it  is  imperative  to  include  the  rolling 
degree  of  freedom. 

4.7.2.  Asymmetrical  Manoeuvres — Mon-steady  Conditions 

The  steady  state  conditions  in  which  roll  is  present  are  liable  to  be  con¬ 
ditions  of  unstable  characterbtics  and  there  is  no  simple  method  of  correla¬ 
ting  peak  accelerations  and  loads  as  in  the  case  of  symmetrical  manoeuvres. 
Consequently  correlation  between  different  rolling  manoeuvres  on  one 
aircraft  is  difficult  and  correlation  between  aircraft  almost  impossible.  In 
addition  in  the  unstable  region  the  non-linearities  will  be  most  important 
and  there  is  no  alternative  for  any  particular  manoeuvre  but  to  make  full 
calculations  of  the  non-linear  equations  of  motion. 


Czaykowski  (1955) 
Czaykowski  (1962) 

Meyer  (1957) 

Nethaway  and  Clark  (1960a) 
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MEASURED  SYMMETRICAL  MANOEUVRES 

5.1  INTRODUCTION 

Symmetrical  manoeuvres  have  been  regarded  as  those  in  which  yaw  is 
absent.  The  three  possibilities  arc  forward  acceleration,  roll  and  pitch. 
Forward  acceleration  alone  other  than  as  a  means  of  producing  high  speeds 
is  of  almost  trivial  importance  and  no  measurements  for  general  use  have 
been  made.  Pure  roll  is  not  important  of  itself  but  is  most  important  in 
conjunction  with  other  manoeuvres  especially  asymmetrical  ones.  The 
measured  values  of  roll  are  given  in  Chapter  6  on  asymmetrical  manoeuvres. 
The  most  important  symmetrical  manoeuvre  is  pure  pitch. 

The  overall  pitching  manoeuvres  have  been  measured  on  a  large  number 
of  types  of  aircraft  flying  a  variety  of  different  operational  roles.  It  is  con¬ 
sidered  that  the  overall  manoeuvre  is  defined  with  sufficient  accuracy  if  the 
maximum  normal  acceleration  is  known  together  with  the  aircraft  speed  and 
height  at  which  it  occurs.  For  most  designs  of  aircraft  the  acceleration  is  the 
most  significant  parameter,  the  speed  and  height  mainly  influencing  the 
distribution  of  the  loads  over  the  different  parts  of  the  aircraft.  Sometimes 
it  is  necessary  to  measure  roughly  the  duration  of  the  acceleration  so  that 
atmospheric  turbulence  accelerations  can  be  separated  from  the  manoeuvres. 
Fortunately  the  duration  of  a  gust  acceleration  is  almost  invariably  less  than 
1  sec  and  the  duration  of  a  manoeuvre  greater  than  3  sec  and  little  ambiguity 
occurs  if  2  sec  b  used  as  the  dividing  line;  all  accelerations  of  less  duration 
than  2  sec  are  assumed  to  be  gusts  and  all  those  above  to  be  manoeuvres 
plus  whatever  gusts  happen  to  be  superimposed.  As  the  gusts  cannot  be 
avoided  in  the  manoeuvres,  any  frequency  of  occurrence  of  manoeuvres 
that  is  deduced  from  actual  measurements  must  include  gusts  in  typical 
proportions.  The  total  number  of  occurrences  of  any  given  acceleration 
are  the  sum  of  the  manoeuvres  with  the  associated  gusts  and  the  gusts 
unaccompanied  by  manoeuvres. 

As  the  normal  accelerations  must  be  measured  over  very  long  periods  of 
time,  it  is  essential  that  automatic  recording  be  employed.  A  V-g  recorder 
was  introduced  by  Rhode  (1937).  This  instrument  records  on  a  slide  the 
variables  V  and  g  approximately  at  right  angles  to  each  other.  All  the 
variations  of  acceleration  and  velocity  arc  superimposed  on  each  other,  so 
that  after  a  period  of  time  in  service  the  frequently  occurring  records  appear 
as  a  continuous  pattern  with  no  individual  line  dbcernible.  The  rarely 
occurring  values  retain  their  identity  and  appear  as  individual  peaks  of 
acceleration.  It  is  possible  generally  to  distinguish  those  accelerations  that 
are  purely  gusts  as  the  forward  velocity  will  not  have  changed  appreciably 
whilst  they  are  being  applied.  Little  has  been  done  with  V-g  recorders  to 
separate  the  accelerations  occurring  at  different  height  bands.  The  other 
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limitation  is  that  a  certain  number  of  accelerations  are  omitted,  whatever 
method  of  analysis  is  used,  and  it  is  almost  impossible  to  estimate  in  what 
proportions.  Much  later  a  counting  accelerometer  was  introduced  (J. 
Taylor,  1950).  This  instrument  counts  all  accelerations  that  cross  given 
thresholds ;  a  threshold  has  a  finite  width  so  that  one  count  at  an  increment 
of  acceleration  ng  from  level  flight  is  made  only  when  the  increment  reduces 
to  (n  —  nr)g  thus  ignoring  fluctuations  between  (n  —  nj,)g  and  ng.  The 
number  of  counts  recorded  is  not  sensitive  to  the  width  of  the  threshold 
so  that  large  changes  in  the  value  of  nj.  do  not  significantly  affect  the  number 
of  counts.  The  limitations  of  this  instrument  are  that  it  is  impossible  to 
separate  the  accelerations  that  are  purely  due  to  gusts  from  the  remainder, 
and  no  record  is  made  of  the  velocities  at  which  the  peak  accelerations  occur. 
Recently  instruments  have  been  used  for  moderate  periods  of  time  on 
selected  aircraft  to  record  continuously  the  normal  acceleration,  forward 
velocity  and  height. 

These  three  groups  of  instruments  are  complementary  in  determining  the 
magnitude  of  pitching  manoeuvres.  The  counting  accelerometer  requires 
the  minimum  of  analysis  and  can  be  used  for  the  greatest  numbers  of  hours 
for  a  given  effort.  It  should  give  the  most  reliable  estimate  of  the  frequency 
of  occurrence  of  levels  of  normal  acceleration  but  gives  no  information 
on  the  forward  velocities  at  which  the  normal  accelerations  were 
experienced.  The  V-g  recorder  is  used  for  the  second  longest  period 
and  gives  a  good  estimate  of  the  frequency  of  occurrence  of  the  high 
forward  velocities  and  of  the  distribution  of  the  forward  velocities  at 
which  the  higher  normal  accelerations  occur.  The  continuous  recording 
instruments  give  the  complete  relationship  of  normal  acceleration,  forward 
velocity  and  height.  If  the  same  effort  is  used  as  on  the  other  two  instru* 
ments  they  can  only  be  employed  for  relatively  few  hours  and  consequently 
they  will  not  give  as  good  an  estimate  of  total  frequencies  of  occurrence  of 
either  forward  velocity  or  normal  acceleration. 

The  data  arc  presented  under  the  three  separate  groups  of  ( 1 )  frequency 
of  occurrence  of  normal  accelerations,  (2)  frequency  of  occurrence  of  high 
velocities  and  (3)  distribution  of  the  forward  velocities  at  which  the  normal 
accelerations  occur.  Further  the  aircraft  are  separated  into  (1)  trainers, 
(2)  fighters,  including  fighter  bombers,  and  (3)  transports  and  bombers. 

5.2  FREQUENCY  OF  OCCURRENCE  OF  NORMAL 
ACCELERATIONS 

The  frequency  at  which  manoeuvres  have  normal  accelerations  exceeding 
given  values  depends  very  markedly  on  the  type  of  aircraft,  the  operational 
duties  on  which  it  is  employed,  and  to  a  lesser  extent  on  the  actual  design  of 
the  aircraft.  The  normal  accelerations  experienced  by  fighters  and  trainers 
are  predominantly  due  to  manoeuvres  so  that  those  due  to  gusts,  in  the 
absence  of  manoeuvres,  may  be  neglected.  Thus  all  the  normal  accelerations 
that  occur  may  be  counted  as  manoeuvres  and  no  correction  made  for  those 
that  are  purely  gusts,  except  possibly  at  acceleration  increments  much  less 
than  Ig.  The  simplest  way  to  do  this  is  to  use  a  counting  accelerometer, 
which  gives  totals  without  discrimination.  Data  are  available  from  counting 
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accelerometers  for  a  few  tyjjes  of  aircraft  and  extend  over  a  large  number  of 
•  flying  hours.  It  is  important  to  include  a  variety  of  types  of  aircraft,  and  this 
is  done  by  taking  data  from  V-g  recorders  and  from  continuous  recordings ; 
these  data,  particularly  the  continuous  recordings,  are  normally  from 
relatively  few  flying  hours  per  t>'pc  of  aircraft.  The  normal  accelerations 
experienced  by  transports  and  bombers  on  the  other  hand  are  for  the  most 
part  due  to  gusts  and  data  for  manoeuvres  can  only  be  obtained  by  excluding 
those  accelerations  that  are  purely  gusts;  this  can  be  done  from  continuous 
records  and  to  some  extent  from  F-^recorders,but  not  from  counting  accelero¬ 
meter  readings. 

Tables  5.1,  5.2,  5.3  and  5.4  give  the  normal  accelerations  that  have  been 
measured  in  manoeuvres  for  land-based  fighters.  Naval  fighters,  trainers  and 
transports  respectively.  The  accelerations  are  given  as  the  level  that  will 
be  achieved  on  average  in  different  numbers  of  hours.  The  majority  of 
values  quoted  have  been  deduced  by  W.  A.  P.  Fisher  ( 1 964)  from  the  original 
data,  references  to  which  arc  shown  in  the  tables.  The  numbers  of  flying 
hours  and  the  design  ultimate  normal  acceleration,  whenever  available,  are 
shown  for  each  type  of  aircraft.  Data  which  were  obtained  from  V-g  records 
are  restricted  to  the  higher  numbers  of  flying  hours,  as  the  records  of  fre¬ 
quently  occurring  accelerations  are  superimposed  on  each  other  and  cannot 
be  read.  Data  from  counting  accelerometers  and  continuous  trace  recordings 
are  limited  merely  by  the  value  the  authors  of  the  original  data  considered 
the  minimum  of  significance  as  a  fatigue  load. 

In  fighters  the  physiology  of  the  pilots  (blacking-out,  etc.)  has  always 
been  an  influence  on  the  maximum  accelerations,  but  the  introduction  of 
anti-£  suits  did  not  have  as  great  an  influence  on  the  higher  accelerations 
of  the  Hunter  (Table  5.1)  as  might  have  been  expiected.  The  effect  of  intro¬ 
ducing  visual  accelerometers  for  the  pilot  has  not  been  studied  as  none  of  the 
reports  state  whether  or  not  they  arc  present;  it  is  probable  that  visual 
accelerometers  are  standard  equipment  for  the  majority  of  the  fighters 
examined.  The  accelerations  that  occur  between  once  per  100  hr  and  once 
per  1000  hr  are  probably  of  about  the  magnitude  that  pilots  will  apply 
willingly  if  required  to  do  so,  and  are  much  the  same  for  all  fighters  regard¬ 
less  of  the  service  limit.  However  there  is  a  strong  indication  that  the 
distribution  at  very  low  frequencies  of  occurrence  are  of  a  different  family 
from  those  occurring  often.  Several  authors  have  commented  on  occasional 
very  high  accelerations  and  suggested  reasons  for  their  occurrence.  With 
visual  accelerometers  and  anti-^  suits  as  standard  equipment  the  difference 
in  control  characteristics  of  the  different  types  of  aircraft  probably  has  much 
less  influence  on  the  frequency  of  occurrence  of  the  very  high  accelera¬ 
tions. 

A  comparison  of  land-based  and  naval  fighters  does  not  show  any  signi¬ 
ficant  difference  in  the  frequency  of  occurrence  of  normal  accelerations. 
Nor  is  there  any  evidence  to  suggest  that  the  size  of  the  aircraft  or  the  service 
limit  on  acceleration  influence  the  accelerations  that  are  actually  applied. 
Thus  it  is  possible  to  combine  the  results  from  all  the  fighters  and  estimate 
average  distributions  of  frequency  of  occurrence  of  different  levels  of  accelera¬ 
tion.  As  only  a  small  proportion  of  the  results  were  on  obsolete  aircraft  it 
was  decided  to  omit  them  in  the  analysis,  but  none  of  the  available  results  on 
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(iv)  High  angle  bombing  .  11  <4 


.  Types  of  Aircraft  and  Duties  [continued) 
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Measured  Normal  Accelerations  (continued).  (Figures  in  brackets  ate  subject  to  appreciable  extrapolation  errors) 
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Table  5.3.  Normal  Accelerations  in  Flight  of  Trainers 
A.  Types  of  Aircraft  and  Duties 
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No.  of 
fljdng 
hours 

Q  O  (P 

—  c>4  55  ^ 

Duties 

(a)  (i)  Aerobatics 

(ii)  Circuits  and  landings 

(iii)  Other  duties 

(i),  (ii)  and  (iii)  cocnbined 
(a)  (i)  Combined  duties,  prapdJcr  aircraft 
(ii)  Aerobatics 

(i)  and  (ii)  combined 

Combined  duties 

Naval  jet-trainer 

Primary  trainer,  combined  duties 

Advanced  trainer,  combined  duties 

Advanced  trainer,  combined  duties 

1 

}  Ultimate 
design 
acceleration 

g 

6-7 

1 

6- 7 

7- 33 

i 

5-85 

i 

Aircraft 

Jet  Provost 

Provost  T  1 

1 

Vampire 

TV-1 

T-34 

T-33 

i  T-37 

i 

i 

Type  of 
recorder 

1 

V-g  slides  ' 

! 

1 

F~g  slides 

Counting 

accelerometer 

174  V-g  slides 

Continuous 

chart 

.  Continuous 
chart 

Continuous 

1  chart 

Refererue  j 

Owen,  E.  M.  (1957a) 

Lewis  (1957) 

R.A.E.,  unpublished 

Mayer,  J.  P.,  and 

Harris  (1955) 

Titus  (1959) 

Titus  (1959) 

Titus  (1960) 

98 


99 


T-34  4  1  4-5  4-85  |  5-2 
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NORMAL  ACCILCRATION  J  UNITS. 

Fig.  5.2.  Downward  normal  acciUrations  in  flight  of  fighters  on  combined  duties. 
Delta  aircraft  are  excluded. 
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together  with  the  averages  for  the  results  of  all  ten  combined.  There  are 
28,51 1  hr  of  records  but  they  do  not  all  cover  the  whole  range  of  accelera¬ 
tions  :  the  results  from  continuous  trace  records  cover  the  whole  range  but 
the  results  from  the  other  two  instruments  do  not,  the  F~g  records  are  not 
used  for  accelerations  below  6g  and  the  counting  accelerometers  omit  counts 
above  6g  in  all  except  1966  hr  from  aircraft  U.  This  means  that  above  6g 
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Fig.  5.3.  Comparison  of  normal  accelerations  in  flight  of  Delta  with  other  fighter 
aircraft  on  combined  duties. 


the  average  results  were  based  on  23,113  hr,  which  included  3  occurrences 
above  9-5^  and  26  above  8^.  The  variation  between  the  different  aircraft  is 
small,  at  accelerations  above  6^  few  of  the  experimental  measurements  have 
an  increment  of  acceleration  more  than  10  per  cent  from  the  average,  at 
lower  accelerations  the  variation  is  greater  but  rarely  more  than  1 5  per  cent. 
In  Fig.  5.2  the  downward  accelerations  are  shown  for  the  same  aircraft, 
except  that  no  results  were  available  for  the  Sea  Vixen.  The  variation  is 
much  greater  and  the  average  value  cannot  be  used  for  individual  aircraft 
with  the  same  confidence. 

The  combined  results  of  Figs.  5. 1  and  5.2  show  the  following  characterbtics 
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NORMAL  ACCELERATION  J  UNITE. 


Fig.  5.4.  Comparison  of  normal  acceleration  in  flight  of  flghters  on  specific  duties 
with  those  on  eombirud  duties. 

Hunter — ground  attack. 

Type  L-— large  proportion  of  ground  attack. 

/iF-lOlC — 95  per  cent  photographic  reconnaissance. 

that  are  of  interest  when  examining  fighter  aircraft  engaged  primarily  on 
specific  duties,  trainers  and  even  bombers  and  transports 

(i)  The  extrapolated  value  of  frequency  of  occurrence  of  a  negligible 
increment  of  normal  acceleration  (i.e.  total  number  of  accelerations) 
is  60  per  hour  for  both  upward  and  downward  accelerations. 

(ii)  The  upward  increment  of  acceleration  that  occurs  once  per  1000  hr 
is  approximately  30  per  cent  greater  than  that  that  occurs  once  per 
100  hr. 

(iii)  The  downward  increment  of  acceleration  that  occurs  once  per 
1000  hr  is  approximately  50  per  cent  greater  than  that  that  occurs 
once  {>cr  100  hr. 

As  the  extrapolation  to  a  negligible  increment  of  normal  acceleration  is 
based  on  accelerations  below  0'3g  and  above  2g  it  refers  primarily  to 
accelerations  due  to  manoeuvres.  At  smaller  increments  gusts  may  become 
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significant  and  the  total  frequency  of  occurrence  of  gusts  and  manoeuvres 
combined  may  be  greater  than  shown. 

Results  are  available  for  8638  flying  hours  on  3  Delta  aircraft.  These  are 
shown  in  Fig.  5.3  and  compared  with  the  average  values  for  other  fighters  on 
combined  duties.  The  variation  between  the  three  aircraft  is  very  small 
particularly  at  the  high  increments.  The  total  number  of  normal  accelera¬ 
tions  remains  about  60  per  hour  up  and  60  per  hour  down  as  for  the  other 
fighters,  but  the  size  of  the  increments  of  acceleration  that  occur  once  per 
100  hr  and  once  per  1000  hr  are  approximately  27  per  cent  less  than  those 
for  the  other  fighters  for  both  upward  and  downward  accelerations. 

When  fighters  are  engaged  primarily  on  specific  duties  the  frequency  of 
occurrence  of  normal  accelerations  may  be  appreciably  different  from  the 
average  for  combined  duties.  Results  are  available  for  three  aircraft  so 
engaged  and  are  shown  in  Fig.  5.4.  The  results  on  the  RF-IOIC  were  from 
2025  flying  hours,  of  which  93  per  cent  were  on  photographic  reconnais¬ 
sance  and  similar  missions.  The  results  on  the  Hunter  were  from  4320  flying 
hours  on  ground  attack  missions.  The  results  on  aircraft  L  were  from 
19,400  flying  hours  which  included  a  large  proportion  of  time  on  ground 
attack  missions  imt  the  actual  percentage  is  not  known.  In  all  cases  the 
total  number  of  manoeuvres  appears  to  remain  at  about  60  per  hour  up  and 
60  down;  as  the  number  of  gusts  is  likely  to  be  high  on  ground  attack 
missions  it  is  probable  that  this  is  the  cause  of  the  higher  number  of  accelera¬ 
tions  met  by  the  Hunter  at  l’75g. 

The  upward  accelerations  applied  to  RF-IOIC  once  per  100  hr  and  once 
per  1000  hr  are  about  22  per  cent  less  than  those  on  combined  duties. 
Although  it  has  a  high  gross  weight  of  37,000  lb  there  is  no  evidence  to 
suggest  that  the  accelerations  would  be  different  from  other  fighters  if  it 
were  engaged  on  the  same  duties.  In  fact  during  the  7  per  cent  of  the  time 
not  on  reconnaissance  type  of  missions  the  RF-IOIC  experienced  upward 
accelerations  that  were  very  close  to  those  of  other  aircraft  on  combined 
duties.  The  downward  accelerations  were  small  and  no  conclusions  can  be 
formed  on  their  relative  frequency  at  different  levels. 

Both  aircraft  L  and  the  Hunter  experienced  much  higher  normal  accelera¬ 
tions  than  fighters  on  combined  duties.  Records  are  not  available  for  the 
downward  accelerations  experienced  by  aircraft  L  but  the  Hunter  experi¬ 
enced  greater  increments  than  average  for  combined  duties.  Great  con¬ 
fidence  can  be  placed  in  the  results  at  the  high  upward  accelerations  for 
aircraft  L  which  included  39  recorded  occurrences  greater  than  9g  and 
349  greater  than  7|g.  On  the  Hunter  7g  is  the  highest  acceleration  at 
which  records  were  taken,  but  the  curve  on  the  diagram  has  been  extra- 
piolated  on  the  assumption  that  it  will  be  of  similar  shape  to  that  of  fighters 
on  combined  duties  and  to  that  of  aircraft  L.  A  little  information  is  available 
on  an  early  mark  of  Hunter  (the  fifth  aircraft  in  Table  5.1)  on  combined 
duties;  the  results  of  484  flying  hours  gave  accelerations  a  little  lower,  but 
not  significantly  so,  than  the  average  values  quoted  for  combined  duties. 
As  with  RF-IOIC  it  may  be  presumed  that  it  b  the  duties  rather  than  the 
aircraft  that  determine  the  accelerations  that  are  experienced.  The  results 
from  aircraft  L  and  the  Hunter  indicate  that  for  an  aircraft  engaged  entirely 
on  ground  attack,  accelerations  exceeding  8-8g  will  be  encountered  once  per 
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significant  and  the'  total  frequency  of  occurrence  of  gusts  and  manoeuvres 
combined  may  be  greater  than  shown. 

Results  are  available  for  8638  flying  hours  on  3  Delta  aircraft.  These  are 
shown  in  Fig.  5.3  and  compared  with  the  average  values  for  other  fighters  on 
combined  duties.  The  variation  between  the  three  aircraft  is  very  small 
particularly  at  the  high  increments.  The  total  number  of  normal  accelera¬ 
tions  remains  about  60  per  hour  up  and  60  per  hour  down  as  for  the  other 
fighters,  but  the  size  of  the  increments  of  acceleration  that  occur  once  per 
100  hr  and  once  per  1000  hr  are  approximately  27  per  cent  less  than  those 
for  the  other  fighters  for  both  upward  and  downward  accelerations. 

When  fighters  are  engaged  primarily  on  specific  duties  the  frequency  of 
occurrence  of  normal  accelerations  may  be  appreciably  different  from  the 
average  ibr  combined  duties.  Results  are  available  for  three  aircraft  so 
engaged  and  are  shown  in  Fig.  5.4.  The  results  on  the  RF-IOIC  were  from 
2025  flying  hours,  of  which  93  per  cent  were  on  photographic  reconnais¬ 
sance  and  similar  missions.  The  results  on  the  Hunter  were  from  4320  flying 
hours  on  ground  attack  missions.  The  results  on  aircraft  L  were  from 
19,400  flying  hours  which  included  a  large  proportion  of  time  on  ground 
attack  missions  but  the  actual  percentage  is  not  known.  In  all  cases  the 
total  number  of  manoeuvres  appears  to  remain  at  about  60  per  hour  up  and 
60  down;  as  the  number  of  gusts  is  likely  to  be  high  on  ground  attack 
missions  it  is  probable  that  this  is  the  cause  of  the  higher  number  of  accelera¬ 
tions  met  by  the  Hunter  at  l-7.5^. 

The  upward  accelerations  applied  to  RF-IOIC  once  per  100  hr  and  once 
per  1000  hr  are  about  22  per  cent  less  than  those  on  combined  duties. 
Although  it  has  a  high  gross  weight  of  37,000  lb  there  is  no  evidence  to 
suggest  that  the  accelerations  would  be  different  from  other  fighters  if  it 
were  engaged  on  the  same  duties.  In  fact  during  the  7  per  cent  of  the  time 
not  on  reconnaissance  type  of  missions  the  RF-IOIC  experienced  upward 
accelerations  that  were  very  close  to  those  of  other  aircraft  on  combined 
duties.  The  downward  accelerations  were  small  and  no  conclusions  can  be 
formed  on  their  relative  frequency  at  different  levels. 

Both  aircraft  L  and  the  Hunter  experienced  much  higher  normal  accelera¬ 
tions  than  fighters  on  combined  duties.  Records  are  not  available  for  the 
downward  accelerations  experienced  by  aircraft  L  but  the  Hunter  experi¬ 
enced  greater  increments  than  average  for  combined  duties.  Great  con¬ 
fidence  can  be  placed  in  the  results  at  the  high  upward  accelerations  for 
aircraft  L  which  included  39  recorded  occurrences  greater  than  9g  and 
349  greater  than  7ig.  On  the  Hunter  7g  is  the  highest  acceleration  at 
which  records  were  taken,  but  the  curve  on  the  diagram  has  been  extra¬ 
polated  on  the  assumption  that  it  will  be  of  similar  shape  to  that  of  fighters 
on  combined  duties  and  to  that  of  aircraft  L.  A  little  information  is  available 
on  an  early  mark  of  Hunter  (the  fifth  aircraft  in  Table  5.1)  on  combined 
duties;  the  results  of  484  flying  hours  gave  accelerations  a  little  lower,  but 
not  significantly  so,  than  the  average  values  quoted  for  combined  duties. 
As  with  RF-IOIC  it  may  be  presumed  that  it  is  the  duties  rather  than  the 
aircraft  that  determine  the  accelerations  that  are  experienced.  The  results 
from  aircraft  L  and  the  Hunter  indicate  that  for  an  aircraft  engaged  entirely 
on  ground  attack,  accelerations  exceeding  8-8g  will  be  encountered  once  per 
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hour.  The  data  that  arc  available  on  other  aircraft  is  generally  rather  less 
than  100  hr  per  aircraft  on  ground  attack,  but  this  limited  data  on  the 
Vampire  5,  F-86F,  Sea  Fury  and  F-IOOA  give  estimated  values  respectively 
of  6-55g,  8-95g,  8-7g  and  9‘2g  being  exceeded  once  per  100  hr.  It  is  more 
difficult  to  estimate  the  accelerations  that  will  be  experienced  once  per 
1000  hr  but  the  extensive  data  from  aircraft  L  gave  l'6g  greater  increment 


NORMAL  ACCELERATION  ^  UNITS 


Fig.  5.5.  Comparison  of  normal  accelerations  in  flight  of  trainers  with  fighters  on 

combined  duties, 

7’-34  is  a  primary  trainer,  all  others  are  advanced. 


at  once  per  500  hr  than  that  at  once  per  50  hr.  This  is  the  same  change  r.s 
the  average  for  fighters  on  combined  duties  in  spite  of  the  higher  value  at  i 
once  per  50  hr.  Thus  it  may  be  expected  that  normal  accelerations  of  the 
order  of  lOJg  will  be  exceeded  once  per  1000  hours  on  ground  attack  mis¬ 
sions. 

The  results  from  5  trainers  arc  shown  in  Fig.  5.5  and  compared  with  the 
average  values  for  fighter  aircraft  on  combined  duties.  Apart  from  T-34  | 
which  is  a  primary  trainer  and  subject  to  relatively  low  accelerations,  the 
average  values  for  fighters  on  combined  duties  may  be  assumed  to  be 
representative  for  trainers  also.  There  is  a  little  more  variation  between  the  ^ 
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trainers  but  there  are  a  sufficient  number  of  occurrences  of  downward 
accelerations  below'  ♦—2-5^  to  give  increased  confidence  in  the  predicted 
frequencies  of  occurrence  of  downward  accelerations  in  fighters  as  well  as 
trainers. 

The  normal  accelerations  in  manoeuvres  of  transjxirts  and  bombers  are 
much  less  than  those  of  trainers  and  fighters.  In  consequence  it  is  not 
permissible  to  assume  that  the  normal  accelerations  are  predominantly  due 
to  manoeuvres.  An  estimate  is  made  in  Fig.  5.6  of  the  normal  accelerations 
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Fig.  5.6.  Normal  accelerations  in  flight  manoeuvres  of  transports  and  bombers. 

The  results  for  the  civil  aircraft  were  obtained  from  6  types  of  4-engined  aircraft: 
the  IhZ  flying  hours  of  check  marueuvres  accompanied  15,580  hr  of  operational  flying: 
the  results  for  the  bombers  were  obtained  from  various  types  and  include  gusts  as  well 
as  manoeuvres  but  the  proportion  of  gusts  is  likely  to  be  small  at  all  levels. 
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that  would  be  experienced  by  transports  and  bombers  in  manoeuvres  and 
then  this  estimate  is  combined  with  the  predicted  accelerations  due  to  gusts, 
as  given  in  Chapter  10,  in  Fig.  5.7  to  compare  total  frequencies  of  occurrence 
of  normal  accelerations  of  4  types  of  military  aircraft.  Walker,  W.  G.  and 
Copp  ( 1 959)  made  an  extensive  survey  of  the  normal  accelerations  experi¬ 
enced  by  civil  airlines  using  piston-engine  aircraft  and  separated  the  occur¬ 
rences  into  gusts  and  manoeuvres  and  sub-divided  the  manoeuvres  into 
those  occurring  on  operational  duties  and  those  on  check-flights.  The 
manoeuvre  results  for  the  five  4-engined  aircraft  are  taken  together.  Those 
for  a  4-engined  turbo-prop  civil  transport  examined  by  Copp  and  Fetner 
(1959)  are  added  to  them  and  the  combined  results  shown  in  Fig.  5.6. 
These  combined  results  are  from  12,063  flying  hours  on  operational  duties 
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and  from  132  flying  hours  on  check-flights,  which  accompanied  15,580 
operational  flying  hours.  In  the  same  figure  the  total  normal  accelerations, 
due  to  gusts  and  manoeuvres  combined,  for  5114  flying  hours  of  various 
bombers  at  a  training  base  are  also  shown.  The.  duties  undertaken  by  the 
bombers  are  conversion  training  for  crews  flying  that  type  of  aircraft  for  the 
first  time.  By  comparing  the  frequencies  of  occurrence  of  these  accelerations 
with  those  that  would  be  expected  due  to  gusts  it  is  evident  that  the  records 


Fig.  5.7.  Total  normal  accelerations  in  flight  of  gusts  and  manoeuvres  of  military 
transports  and  bombers. 

Manoeuvres  accelerations  based  on  Fig.  5.6:  gust  accelerations  based  on  Fig.  10.9  and 
on  a  increment  being  produced  by  a  ^  ftlsec  gust  {the  average  value  for  the  B~4TE, 
B-bl  and  KC- 1 35.4  for  the  results  quoted) . 

at  increments  of  \g  and  more  contain  a  negligible  proportion  of  gusts. 
This  fortuitous  condition  allows  a  comparison  to  be  made  between  check- 
flights  on  a  variety  of  civil  transports  with  the  flights  on  the  bombers  at  the 
training  base.  Figure  5.6  shows  that  there  is  little  difference  between  them, 
so  that  until  more  extensive  data  becomes  available  it  may  be  assumed  that 
roughly  the  same  manoeuvres  are  used  in  check-flights  and  in  training. 
Curves  are  drawn  to  represent  manoeuvres  on  operational  duties  and 
manoeuvres  on  training  or  check-flights.  In  both  cases  the  extrapolated 
values  indicate  60  manoeuvres  per  hour  up  and  60  down,  as  was  experienced 
by  fighters  and  trainers;  the  frequency  of  occuirence  of  increments  of 
i  Jg  for  the  bombers  is  a  little  more  than  indicated  by  the  curves  as  at  this 
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level  there  will  be  a  significant  .proportion  of  gusts.  In  the  operational 
manoeuvres  the  upward  increment  that  occurs  once  per  1000  hr  is  approxi¬ 
mately  30  per  cent  greater  than  that  that  occurs  once  per  100  hr  and  the 
corresponding  value  for  downward  increments  50  per  cent  as  in  fighters. 
In  the  training  and  check-flight  manoeuvres  the  highest  recorded  accelera¬ 
tions  are  those  occurring  about  once  per  100  hr  but  extrapolation  suggests 
an  increase  of  about  30  per  cent  for  once  per  1000  hr  for  both  up  and  down 
accelerations.  It  has  been  necessary  to  rely  entirely  on  civil  airline  practice 
for  the  operational  manoeuvres,  as  none  of  the  other  data  for  military  aircraft, 
not  at  training  bases,  is  separated  into  training  and  non-training  missions. 

An  indirect  check  on  the  accuracy  of  assuming  that  military  transports 
and  bombers  have  a  similar  intensity  of  operational  manoeuvres  is  obtained 
by  estimating  the  total  frequency  of  occurrence  of  normal  accelerations  due 
to  gusts  and  manoeuvres  combined  for  a  range  of  times  spent  on  training  or 
check-flights  and  then  noting  whether  the  apparent  proportions  on  specific 
aircraft  seem  reasonable.  This  is  done  in  Fig.  5.7  and  compared  with 
14,969  flying  hours  of  various  bombers  at  operational  bases  and  3355  flying 
hours  of  B-47E,  B-52  and  KC-135A  aircraft  at  op>erational  bases.  This 
comparison  can  only  be  done  by  using  a  conversion  factor  from  gust  velocities 
to  normal  accelerations.  In  most  of  the  records  on  the  B-47E,  B-52  and 
KC-135A  the  manoeuvres  and  the  gusts  were  given  separately  in  terms  of 
derived  gust  velocity  and  in  terms  of  normal  acceleration.  For  each  of  the 
three  aircraft  the  conversion  factor  was  close  to  46  ft/sec  gust  velocity*  per 
1^  normal  acceleration  and  was  used  for  the  predictions.  The  corresponding 
factor  for  the  “various  bombers”  is  not  known  but  is  probably  not  much 
different.  The  total  of  3355  flying  hours  was  made  up  of  1578  on  B-52’s, 
1 167  on  KC-135A’s  and  610  on  B-47E’s.  The  individual  relative  frequencies 
at  different  acceleration  levels  on  the  B-52’s  and  the  KC-135A’s  were  very 
close  to  each  other  and  those  for  the  much  smaller  sample  on  B-47E’s  were 
a  little  less  at  the  higher  increments;  however  it  is  considered  that  better 
accuracy  is  achieved  by  combining  the  results. 

In  the  original  analysis  by  Wallace  (1961)  on  the  B-52,  by  Perry  and 
Rievley  (1961)  on  the  KC-135A  and  by  Durkee  (1961)  on  the  B-47E 
secondary  manoeuvres  in  which  peaks  which  extended  0-lg  beyond  the 
preceding  and  following  troughs  were  also  counted  and  have  not  been 
included  in  the  present  analysis.  L.  G.  Kelly  and  Broom  (1962)  do  not 
include  secondary  manoeuvres  in  their  measurements  on  the  B-52.  With  the 
secondary  manoeuvres  omitted  these  measurements  on  the  B-52,  B-47E  and 
KC-135A,  those  on  the  civil  aircraft  and  those  on  the  “various  bombers”  are 
all  substantially  the  same  and  all  are  a  good  estimate  of  the  increments  of 
acceleration  from  a  1^  datum.  In  order  to  retain  a  comparison  with  the 
civil  transp>orts  no  use  has  been  made  of  the  separation  into  gusts  and  man¬ 
oeuvres  of  the  B-47E,  B-52  and  KC-135A  as  many  accelerations  were 
counted  as  manoeuvres  that  would  have  been  regarded  as  gusts  in  the  civil 
aircraft.  This  procedure  also  maintains  consistency  in  the  examination  of 


*  The  gust  alleviation  factors  used  in  the  original  reports  are  approximately  7p  per  cent 
lower  than  are  used  in  Chapter  10  and  the  conversion  factor  on  the  gusts  velocities  quoted 
in  the  reports  would  be  50  ft/sec  per  g. 
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frequency  of  occurrence  of  gusts  in  Chapter  10.  The  number  of  gusts  that 
have  been  assumed  are  those  quoted  in  Chapter  10  and  are  the  average 
obtained  in  19,000  hr  civil  flying,  which  included  10  per  cent  of  the  time 
below  5000  ft  where  most  of  the  gusts  are  encountered.  Although  the  mili¬ 
tary  aircraft  being  examined  fly  higher  than  the  older  civil  types  they 
nevertheless  spend  about  10  per  cent  below  5000  ft  and  would  not  be  expected 
to  meet  an  appreciably  different  number  of  gusts. 

An  examination  of  Fig.  5.7  shows  that  various  bombers  at  training  bases 
experience  loads  that  would  be  ex]}ected  if  roughly  100  per  cent  of  the  time 
was  used  on  training  or  check-flights;  this,  of  course,  was  also  demonstrated 
in  Fig.  5.6  where  the  frequency  of  manoeuvre  loads  was  examined.  The 
various  bombers  at  operational  bases  experienced  upward  and  downward 
normal  accelerations  that  were  both  consistent  with  about  12  per  cent 
training  flights  and  the  B-47E,  B-52,  KC-135A  group  were  consbtent  with 
about  5  per  cent  training  flights.  In  addition  to  the  results  shown,  there  were 
624  flying  hours  on  a  B-52G  in  a  heavy  gross  weight  condition  but  only 
3  per  cent  of  the  flying  was  below  10,000  ft  and  relatively  few  gusts  would  be 
expected  and  a  direct  comparison  is  not  possible.  However  the  distribution 
between  up  and  down  accelerations  is  almost  exactly  that  of  gusts  alone 
which  is  coiapatible  with  no  training  flights.  Also  1077  flying  hours  have 
been  quoted  for  manoeuvres  only  by  L.  Phillips  (1961)  on  the  C-130.  The 
downward  acceleration  quoted  did  not  differ  much  from  civil  aircraft  on 
ofterational  duties  but  the  upward  accelerations  between  1-65^  and  2-25g 
were  approximately  those  that  would  be  expected  with  10  per  cent  training 
flights;  the  significant  feature  of  these  results  is  that  they  are  in  agreement 
with  prediction  up  to  2-25^. 

This  indirect  check  of  operational  and  training  manoeuvres  of  Fig.  5.7 
suggests  that  it  may  be  assumed  that  all  transports  and  bombers  will  experi¬ 
ence  manoeuvres  as  given  in  Fig.  5.6.  In  the  case  of  civil  transports  the 
check-flights  are  approximately  0  8  per  cent  of  the  total  flying  time  and  the 
total  manoeuvres  will  not  add  much  to  the  accelerations  due  to  gusts  alone. 
In  military  transports  the  check-flying  and  training  flights  are  liable  to  be 
an  appreciably  greater  proportion  and  the  manoeuvres  will  be  significant. 
All  the  records  that  have  been  examined  are  under  peace-time  conditions 
and  it  is  a  matter  of  conjecture  to  estimate  by  how  much  the  increments  of 
acceleration  would  be  increased  in  war-time. 

5.3  FREQUENCY  OF  OCCURRENCE  OF  HIGH  VELOCITIES 

Aircraft  make  excursions  to  high  forward  velocities  as  well  as  to  high  normal 
accelerations  but  frequency  of  occurrence  of  forward  velocities  is  a  much 
more  difficult  concept  to  define  than  frequency  of  occurrence  of  normal 
accelerations.  In  the  case  of  acceleration  there  is  a  natural  datum  at  level 
flight,  i.e.  1^,  and  any  manoeuvre  is  an  excursion  from  about  1^  and  back  to 
Ij:.  As  was  stated  in  paragraph  5.2  it  is  convenient  to  make  counts  on  the 
return  after  the  peak  has  been  reached,  and  the  only  decision  to  be  made  is 
the  width  of  the  threshold  of  acceleration  before  the  count  is  made ;  further¬ 
more  the  numerical  value  of  the  counts  obtained  is  not  critically  affected  by 
the  width  of  the  threshold.  In  the  case  of  forward  velocities  the  duration 
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at  the  maximum  velocity  is  to  some  extent  at  the  pilot’s  discretion  and  there 
is  not  the  strong  returning  force  that  there  is  for  normal  accelerations. 
Somehow  time  must  be  introduced  immediately  either  as  flying  hours  or 
number  of  fights.  In  selecting  the  number  of  hours  or  flights  that  will  be 
regarded  as  the  scale  of  time,  it  should  not  be  so  short  that  one  excursion  is 
counted  several  times,  likewise  it  should  not  be  so  long  that  only  one  count 
is  made  and  a  number  of  others  of  about  the  same  magnitude  omitted. 


Fig.  5.8.  Evidence  to  support  the  presumption  that  the  highest  velocities  occur  predomi- 
rumtly  in  straight  and  level  flight. 

Effect  of  speed  limitation  on  a  10°  dive  on  peak  velocities  of  a  Meteor  fighter. 


Before  deciding  empirically  on  the  time-scale  some  concept  must  be 
acquired  of  the  general  character  of  the  excursions  to  high  velocities.  An 
indication  of  this  character  can  be  deduced  from  some  flying  on  the  Meteor  8 
fighter  which  was  flown  for  about  half  the  recording  time  with  a  speed 
limitation  in  dives  of  10°  and  above.  Figure  5.8  shows  evidence  to  support 
the  contention  that  the  highest  velocities  occur  predominantly  in  flight  that 
is  close  to  being  straight  and  level.  The  dbtribution*  of  peak  velocities  is 


*  This  is  deduced  from  the  highest  velocity  recorded  on  each  V-g  slide,  which  have  an 
average  duration  of  about  one  flying  hour,  and  is  in  accordance  with  the  proposals  given 
later  in  this  paragraph  5.3. 
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V  shown  for  the  Meteor  8  with  and  without  the  speed  limitation  in  a  dive. 
With  the  limitation  there  is  a  sharp  drop  in  frequency  a  little  above  the 
speed  limit  indicating  that  many  excursions  to  high  speed  in  a  dive  have  been 
avoided.  But  the  curve  of  log  (frequency  of  occurrence)  against  forward 
velocity  shows  a  well-defined  cusp  at  a  higher  velocity  and  the  curve  at  the 
highest  velocities  is  the  same  for  both  conditions.  Thus  it  may  be  concluded 
that  the  speed  limitations  in  the  dive  did  not  influence  the  frequency  of 
occurrence  of  the  highest  velocities  and  that  the  highest  velocities  rarely 
occurred  in  a  dive  whether  or  not  there  was  a  speed  limitation  in  the 
dive. 

The  distribution  of  forward  velocities  may  be  considered  as  made  up  of 
three  main  families.  The  commonly  used  cruising  velocities  form  the  first 
group  and  in  these  conditions  the  aircraft  will  often  be  flown  at  a  reasonably 
steady  velocity  for  long  periods ;  the  main  interest  is  the  length  of  time  spent 
at  different  speeds  and  this  is  discussed  in  Chapter  8.  The  other  two  groups 
are  associated  with  manoeuvres  starting  from  a  condition  of  the  first  group. 
The  highest  velocities  are  predominantly  in  straight  and  level  flight  and  are 
therefore  a  simple  forward  acceleration  from  the  reasonably  steady  velocity 
to  a  peak  velocity  and  back  again,  i.e.  a  symmetrical  manoeuvre  in  the  line 
of  flight.  The  intermediate  velocities  are  associated  with  symmetrical 
manoeuvres  in  pitch  and  are  discussed  in  paragraph  5.4. 

The  order  of  the  time-scale  of  the  excursions  from  the  cruising  condition 
can  be  estimated  both  for  the  case  of  change  of  forward  velocities  due  to 
forward  acceleration  alone  and  for  the  case  of  change  of  forward  velocity 
due  to  the  application  of  normal  acceleration  with  steady  engine  thrust. 
The  second  case  is  amenable  to  direct  estimation.  The  manoeuvre  is  essen¬ 
tially  one  of  change  of  direction  by  pitching  motion.  Whatever  plane  this 
is  in,  from  horizontal  to  vertical,  the  maximum  change  that  need  be  made  is 
1 80°.  The  minimum  time  in  which  this  can  be  done  with  a  forward  speed  of 
K  and  a  maximum  increment  of  normal  acceleration  of  ng  is  irVIng  (i.e. 
motion  in  a  circle).  Taking  V  =  800  ft/sec  n  =  5  as  typical  this  gives  a 
minimum  time  for  the  extreme  manoeuvre  as  approximately  16  sec.  To 
this  must  be  added  the  time  taken  in  accelerating  up  to  the  forward  speed 
at  which  the  manoeuvre  is  done  and  also  any  extra  time  due  to  part  of  the 
turn  being  at  a  normal  acceleration  below  the  peak  value.  This  gives  the 
maximum  time  that  can  be  spent  in  the  manoeuvre ;  also  the  average  time 
will  reduce  because  only  a  fraction  of  1 80°  change  of  direction  will  usually 
be  used.  Table  5.5  gives  an  analysis  of  the  air  to  ground  missions  performed 
by  F-84E,  F-84G  and  F-86F  aircraft  in  the  war  in  Korea.  The  average  time 
accelerating  in  the  dive  was  about  20  sec  for  each  of  the  missions.  The 
average  time  in  the  pull-out  depends  on  the  change  of  angle  and  if  it  is 
assumed  that  the  climb  angle  is  roughly  the  same  as  the  dive  angle,  the  total 
change  will  be  20°  to  118°,  i.e.  twice  the  dive  angle.  The  time  will  also 
depend  on  the  radius  of  the  pull-out  which  is  nearly  proportional  to  the 
average  normal  acceleration  rather  than  the  peak  normal  acceleration.  On 
average  the  manoeuvres  quoted  had  a  radius  of  the  pull-out  about  1 J  times 
the  minimum  that  would  have  been  achieved  had  the  p>eak  acceleration 
been  maintained  for  the  whole  pull-out.  Thus  for  the  typical  case  already 
mentioned  of  F  =  800  ft/sec  n  =  5  the  time  in  a  118°  change  of  angle 
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M'ould  be  10 sec  (=  16  x  1-5  X  118/180).  Thus  the  told  time  of  the 
manoeuvre  with  regard  to  forward  velocity  changes  is  about  50  sec  (assuming 
the  time  in  the  climb  is  roughly  equal  to  that  in  the  dive).  The  time  scale 
for  change  in  forward  velocity  due  to  forward  acceleration  alone  can  only 
be  estimated  indirectly  from  a  knowledge  of  the  total  time  spent  at  different 
speeds.  The  F-lOO  is  the  only  aircraft  with  sufficient  measurements  for  this 
to  be  done  and  it  is  estimated  in  Chapter  8  that  the  average  time  of  excur¬ 
sions  occurring  once  per  30  hr,  or  less  frequently,  is  about  0-05  hr  (i.e. 
3  min)  at  speeds  near  the  maximum  velocity;  the  accuracy  of  the  estimate 
does  not  justify  attempting  to  make  a  correction  for  the  time  to  reach  the 
maximum. 

It  is  convenient  for  analysis  to  count  the  frequency  of  occurrence  of  high 
I  velocities  as  the  highest  occurring  in  each  flight  or  the  highest  recorded  on 
,  each  V-g  slide  which  is  an  average  of  about  1  hour’s  flying  for  most  of  the 

IV-g  records  examined.  This  is,  in  fact,  the  method  that  has  been  used  and 
a  check  on  the  accuracy  can  be  made  by  working  backwards  from  the 
T  deduction  in  Chapter  8  that  has  just  been  stated,  that  the  average  time  of 
:  excursions  once  per  30  hr  is  0-05  hr.  This  means  that  unless  there  is  a  large 
scatter  between  the  times  of  individual  excursions  the  maximum  velocity  for 
every  0-5  hr,  i.e.  10  x  0-05  hr,  flying  could  be  read  with  a  negligible  risk  of 
counting  any  one  excursion  twice.  The  only  advantage  in  choosing  such  a 
short  time  would  be  that  it  would  avoid  missing  excursions  if  there  was  a 
clustering  of  excursions  to  high  velocities,  i.e.  there  was  a  tendency  for  a 
pilot  to  repeat  immediately  an  excursion  to  high  velocity.  Such  a  clustering 
does  occur  with  gust  loads  (Chapter  10)  but  there  seems  to  be  little  likelihood 
of  it  occurring  for  high  forward  velocities  whether  they  are  produced  by 
forward  acceleration  or  by  normal  acceleration.  Thus  there  is  considerable 
tolerance  on  the  counting  procedure  and  counts  of  the  highest  velocity 
either  per  flight  or  per  hour  should  be  a  completely  satisfactory  basis  from 
which  to  deduce  the  frequency  of  occurrence  of  velocities  occurring  not 
!  more  frequently  than  once  per  30  hr. 

Strictly  this  analysis  does  not  separate  high  velocities  due  to  forward 
acceleration  alone  from  those  coupled  with  normal  accelerations.  It  has 
been  shown  earlier  in  this  paragraph  5.3  that  the  highest  forward  velocities 

iare  predominantly  from  the  family  of  manoeuvres  consisting  only  of  forward 
acceleration.  For  lower  values  of  the  peak  velocity  there  will  be  more 
likelihood  of  overlap  with  the  high  velocities  coupled  with  normal  accelera¬ 
tion  but  generally  the  forward  velocity  that  is  exceeded  once  per  30  hr  will 
be  sufficiently  high  for  it  not  to  be  accompanied  by  an  appreciable  normal 
acceleration. 

The  frequencies  of  occurrence  of  high  forward  velocities  are  given  in 
Tables  5.6,  5.7,  5.8,  5.9  for  land-based  fighters,  naval  fighters,  trainers 
and  one  light-bomber  respectively.  In  each  case  the  design  diving 
speed  is  shown.  Although  the  data  are  for  fewer  aircraft  than  the  data 
on  frequency  of  occurrence  of  normal  accelerations  they  are  sufficient 
to  give  a  reasonable  impression  for  all  the  types  except  transports  and 
bombers.  The  information  is  shown  graphically  in  Fig.  5.9 ;  the  frequency  of 
occurrence  of  the  high  forward  velocities  seems  to  be  influenced  greatly  by 
the  design  diving  speed  and  the  curves  in  the  figure  are  given  in  terms  of  it. 
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There  is  a  slight  difference  in  the  way  the  military  pilots  are  informed  of 
the  speed  limits  in  U.S.A.  and  U.K.  In  U.S.A.  the  Design  diving  velocity 
is  quoted  to  the  pilots  as  the  Service  limit  but  in  U.K.  the  pilots  are  given  a 
Service  limit  that  is  approximately  90  per  cent  of  the  Design  diving  velocity. 


-60  -40  -20  O  20  40  60 


VELOCITY  IN  EXCESS  OE  V^  (xNOTS  E.A.s) 


THE  ABOVE  CURVES  ARE  AVERAGE  VALUES  FROM  THE  FOLLOWING:- 

TYPE 

FLYING  HOURS 

TYPE 

FLYING  HOURS 

LAND  BASED  FIGHTERS 

NAVAL  FIGHTERS 

VAMPIRE 

ipS2 

F  2H  -  2 

$24  44 

METEOR 

640 

F6F - 2B 

1,3  70 

HUNTER 

464 

WYVERN 

S5S 

SEA  HAWK 

3  1  2 

TRAINERS 

SEA  FURY 

2  lO 

TV  -1 

6660 

JET  PROVOST 

465 

Fig.  5.9.  Frequency  of  occurrence  of  peak  forward  velocities. 


On  the  limited  data  examined  no  significant  difference  was  found  between 
U.S.  and  U.K.  aircraft.  The  frequency  with  which  90  per  cent  of  the  design 
diving  speed  is  exceeded  depends  more  on  the  aircraft  duties  than  on  the 
aircraft  design.  For  a  given  group  of  aircraft,  e.g.  land-based  fighters, 
there  is  less  variation  in  the  relative  frequency  between  the  velocities  occur¬ 
ring  once  per  100  hr  and  once  per  1000  hr  than  there  is  variation  in  the 
absolute  value  of  the  frequency  at  once  per  100  hr.  The  average  frequencies 
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for  the  land-based  lighters,  naval  lighters  and  trainers  are  given  in  Table 
5.10. 

For  all  except  transports  and  bombers  the  design  diving  speed  exceeds 
the  average  cruising  speed  by  so  much  that  the  cruising  speed  has  little 
influence.  For  the  transpxirts  and  bombers  the  design  diving  speed  is  much 
more  nearly  a  limiting  cruising  speed  and  it  should  be  to  some  extent  related 


Table  5.6.  Frequency  of  Occurrence  of  Peak  Forward  Velocities  of 
Land-based  Fighters 


{Figures  in  brackets  are  subject  to  appreciable  extrapolation  error) 


Aircraft  and  duties 
details  in  Table  5.1 

Design 

dicing 

velocity 

Vo  knots 

Velocity  exceeded  once  per 

30  hr 
knots 

100  Ar 
knots 

300  Ar 
knots 

1000  Ar 
knots 

Meteor  8 

(i) 

522 

461 

482 

502 

(523) 

(«) 

482 

502 

(523) 

Vampire  5 

(i) 

478 

428 

440 

450 

458 

(ii) 

435 

447 

459 

(469) 

(iii) 

441 

460 

(468) 

(iv) 

443 

(452) 

Venom  FB  1 

(i) 

445 

481 

498 

542 

(ii) 

467 

490 

510 

(537) 

Hunter  4 

(a)  (i) 

620 

547 

566 

581 

(594) 

(ii) 

590 

601 

(612) 

595 

607 

(617) 

Meteor  NF  1 1 

550 

445 

464 

480 

494 

to  the  design  cruising  speed.  Unfortunately  no  data  are  available  for  this  ! 
group  of  aircraft  (the  light  bomber  of  Table  5.9  is  not  really  representative 
as  it  has  a  small  gross  weight  and  a  Service  limit  of  5^  normal  acceleration) 
and  extrapolation  from  fighters  or  trainers  would  not  be  possible.  , 


5.4  DISTRIBUTION  OF  THE  FORWARD  VELOCITIES,  AT 
WHICH  THE  PEAK  NORMAL  ACCELERATIONS  OCCUR 

In  paragraphs  5.2  and  5.3  the  frequency  of  occurrence  of  all  the  high  normal 
accelerations  and  all  the  high  forward  velocities  are  given.  The  combined 
occurrence  of  normal  acceleration  and  forward  velocities  can  not  be  deduced 
from  this  information  as  it  was  noticed  that  normal  accelerations  are  avoided 
as  far  as  possible  when  the  highest  forward  velocities  are  being  attained. 
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Table  5.7.  Frequency  of  Occurrence  of  Peak  Forward  Velocities  of 
Naval  Fighters 


(Figures  in  brackets  are  subject  to  appreciable  extrapolation  error) 


Aircraft  and  duties 
details  in  Table  5.2 

Design 

diving 

velocity 

Vb  knots 

Velocity  exceeded  otue  per 

30  hr 
knots 

100  Ar 
knots 

300  Ar 
knots 

1000  Ar 
knots 

Sea  Hawk 

(i) 

565 

471 

494 

510 

(525) 

(H) 

500 

517 

(534) 

(551) 

Sea  Fury 

(i) 

456 

409 

439 

(450) 

(ii) 

449 

462 

(475) 

Wyvem  S4 

(a)  (i) 

479 

412 

440 

465 

491 

(H) 

426 

439 

(450) 

(461) 

(Hi) 

412 

455 

407 

437 

452 

(466) 

(b)  (i) 

435 

442 

452 

(458) 

(ii) 

1 

396 

432 

(465) 

(502) 

417 

440 

454 

(465) 

F2H-2 

510 

480 

500 

515 

F9F-2B 

505 

1 

490 

515 

522 

Table  5.8.  Frequency  of  Occurrence  of  Peak  Forward  Velocities 
of  Trainers 


(Figures  in  brackets  are  subject  to  appreciable  extrapolation  error) 


Aircraft  and  duties 
details  in  Table  5.3 

Design 

diving 

velocity 

Vo  knots 

Velocitjy  exceeded  once  per 

30  hr 
knots 

100  Ar 
knots 

300  hr 
knots 

1000  Ar 
knots 

Jet  Provost 

(a)  (i) 

380 

345 

357 

(367) 

(H) 

337 

(350) 

(364) 

(iii) 

292 

305 

(317) 

315 

334 

355 

TV-1  I 

j 

510 

444 

466 

490 

» 


119 


MANUAL  ON  AIRCRAFT'  LOADS 


Table  5.9.  Frequenty  of  Occurrence  of  Peak  Forward  Velocities 
of  a  Light  Bomber 

{Figures'  in  brackets  are  subject  to  appreciable  extrapolation  error) 


Aircraft  and  duties 
details  in  Table  5.4 

Design 

diving 

velocity 

Vj,  knots 

'  Velocity  exceeded  once  per 

100  Ar 
knots 

300  Ar 
knots 

1000  Ar 
knots 

Canberra  B6 

(i) 

500 

435 

460 

480 

(ii) 

465 

485 

(505) 

(iii) 

452 

474 

(490) 

(iv) 

low  speeds 

Table  5.10.  Average  Frequency  of  Occurrence  of  High  Forward  Velocities 


Velocity  in 

excess  of  design  diving  speed 

No.  of  times 

per  hour  that 

\ 

the  velocity  is 

Land-based 

Naval 

Trainers 

exceeded 

fighters 

fighters 

knots  (EAS) 

knots  {EAS) 

1 

knots  (EAS) 

10-* 

-34 

-28 

-65 

io-» 

-8 

+  1 

-23 

However,  for  a  full  knowledge  of  the  aircraft  loads  in  pitching  manoeuvres 
it  is  necessary  to  know  not  only  the  normal  accelerations  but  the  relative 
frequency  of  occurrence  of  different  forward  velocities  at  the  time  the  peak 
normal  accelerations  occur.  Fisher  (1964)  has  examined  the  moderate  to 
high  normal  accelerations  of  a  number  of  aircraft  and  he  has  shown  that  the 
distribution  of  forward  velocities  for  each  aircraft  remains  substantially  the 
same  for  each  level  of  normal  acceleration.  He  has  shown  further  that 
provided  the  aircraft  is  engaged  primarily  on  one  type  of  opieration  the 
distribution  is  fairly  symmetrical  and  not  significantly  different  from  a 
Normal  distribution.  When  a  number  of  types  of  operation  are  combined 
the  distribution  appears  to  be  made  up  of  a  number  of  symmetrical  distribu¬ 
tions.  The  relative  frequency  of  occurrence  of  different  forward  velocities 
of  an  F- 1 OOD  is  shown  in  Fig.  5.10;  the  records  of 420  pitching  manoeuvres 
all  exceeding  4-5g  are  used  to  prepare  this  diagram.  The  histogram, 
in  25  knot  bandwidths,  of  the  measured  data  is  shown,  the  calculated 
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curve  is  the  relative  frequency  that  would  occur  with  120  manoeuvres  at 
a  mean  forward  velocity  of  330  knots  and  standard  deviation  of  25  knots 
and  300  manoeuvres  at  a  mean  of  404  knots  and  standard  deviation  of  38 
knots..  The  mean  forward  velocity  of  330  knots  of  the  smaller  group  of 
manoeuvres  is  about  40  knots  above  the  usual  cruising  velocity  (see  Chapter 
8)  and  this  group  seems  to  be  predominantly  of  manoeuvres  initiated  from 
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FORWARD  VELOCITY  KNOTS  E.A.S. 

Fig.  5.10.  Relative  frequency  of  occurrence  of  forward  velocities  at  the  time  peak 
normal  accelerations  occur  on  an  F-\00D  in  manoeuvres. 

The  measurements  are  for  420  manoeuvres  above  4-5^.  The  calculated  distribution  is 
the  sum  of  two  normal  distributions,  one  for  120  rrumoeuvres  with  mean  330  knots  E.A.S. 
and  standard  deviation  25  knots  E.A.S.  and  one  for  300  manoeuvres  with  mean  404  knots 
E.A.S.  and  standard  deviation  38  knots  E.A.S. 

the  cruising  condition,  the  group  of  manoeuvres  with  mean  velocity  of  404 
knots  are  probably  mainly  in  ground  attack  with  the  peak  normal  accelera¬ 
tion  being  applied  a  short  time  after  the  peak  forward  velocity  is  attained. 

The  combined  distribution  of  peak  normal  accelerations  and  the  forward 
velocity  at  which  they  occur  can  be  given  in  a  simple  form  by  making  the 
assumption,  found  by  Fisher  to  be  valid  for  a  number  of  aircraft,  that  the 
distribution  of  forward  velocity  is  independent  of  the  magnitude  of  the  peak 
normal  acceleration.  The  distribution  is  given  as  two  independent  formulae, 
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one  for  normal  acceleration  and  one  for  forward  velocity.  In  determining 
the  distribution  of  forward  velocities  the  normal  accelerations  greater  than 
those  that  occur  once  in  3  hr  are  all  grouped  together  and  the  average 
distribution,  of  forward  velocities  taken.  If  higher  accelerations  had  been 
taken  there  would  have  been  rather  few  records  and  if  much  lower  ones  had 
been  included  the  distributions  would  have  become  less  accurate  for  the 
more  interesting  high  normal  accelerations.  Tables  5.11,  5.12,  5.13,  5.14 
give  the  mean  V„  standard  deviation  Op  and  skewness  {  (third  moment)  of 
the  forward  velocities  for  land-based  fighters,  naval  fighters,  trainers  and 
transports  and  bombers  respectively.  Within  the  accuracy  of  the  data  the 
distributions  of  most  of  them  may  be  regarded  as  being  Normal  and  those 
few  cases  where  there  is  appreciable  skewness  may  be  regarded  as  Normal 
with  different  standard  deviations  above  and  below  the  mean. 


5.5  FREQUENCY  OF  COMBINED  OCCURRENCE  OF  NORMAL 
ACCELERATIONS  AND  FORWARD  VELOCITIES 

So  far  the  normal  accelerations  and  forward  velocities  have  been  kept 
substantially  separate.  In  paragraph  5.2  the  frequency  of  occurrence  of 
normal  acceleration  was  examined  without  any  consideration  of  forward 
velocity,  then  in  paragraph  5.3  the  frequency  of  occurrence  of  forward 
velocity  was  taken  without  regard  to  normal  acceleration.  In  paragraph  5.4 
the  distribution  of  the  forward  velocities  at  which  the  peak  normal  accelera¬ 
tions  occurred  was  examined.  These  three  functional  relationships  can  be 
combined  to  give  the  frequency  of  the  combined  occurrence  of  prescribed 
normal  accelerations  and  prescribed  forward  velocities.  If  the  distribution 
of  forward  velocities  at  which  the  peak  normal  accelerations  occur  were  to 
be  maintained  for  all  normal  accelerations  only  two  of  the  relationships 
instead  of  three  would  be  necessary.  In  practice  the  average  distribution 
has  been  determined  for  accelerations  exceeded  once  per  3  hr.  If  all  normal 
accelerations  are  grouped  together  instead  of  merely  those  exceeded  once 
per  3  hr,  the  separately  obtained  distribution  of  forward  velocities  will  give 
a  better  estimate;  also  it  is  possible  to  check  whether  the  distributions  of 
forward  velocities  at  the  peak  normal  accelerations  of  the  manoeuvres  is 
similar  to  the  distribution  of  forward  velocities  unrelated  to  the  manoeuvres. 
The  comparison  gives  an  indication  when  there  are  two  families  of  distribu¬ 
tions  of  forward  velocity. 

The  basic  principles  involved  in  determining  frequencies  of  combined 
occurrence  can  be  illustrated  by  taking  simple  formulae  for  the  various 
relationships  and  illustrating  them  diagrammatically.  For  high  normal 
accelerations  the  frequency  of  occurrence,  N„  per  hour,  of  normal  accelera¬ 
tions  exceeding  ng  is  given  by 

N„  =  JVi  exp  ( — n/n,)  (5.1) 

The  parameters  JVo  and  rij  are  chosen  to  give  the  best  estimate  for  frequencies 
of  occurrence  less  than  once  p>er  100  hr.  In  many  cases,  particularly  fighters 
on  combined  duties  (Figs.  5. 1  and  5.2)  this  distribution  docs  not  differ  much 
from  the  measured  values  at  frequencies  of  occurrence  of  once  per  hour. 
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Table  5.11.  Distribution  of  Forward  Velocities  at  which  Peak  Normal 
Accelerations  occur  in  Land-based  Fighters  for  all  Normal  Accelerations 
Greater  than  the  Value  Indicated 


Aircraft  and 
duties 
for  details 
see 

TabU  5.1 


Min. 

peak 

norrruil 

accelera¬ 

tion 

(g) 


Meteor  8 

(i) 

(M) 

4-95 

Vampire  5 

(i) 

5-15 

(ii) 

(iii) 

(iv) 

Venom  FB  1 

(i) 

(ii) 

5-65 

Hunter  4 

(i) 

4-35 

(ii) 

4-35 

(iii) 

4-35 

Javelin  Mk  1 

3-75 

Gannet  A/S 
Mk  1 

(i) 

2-75 

(ii) 

1-95 

Meteor  NF  11 

3-55 

F86 

E  and  F 

5-45 

F86F 

(a)  (i) 

5-0 

(ii) 

5-5 

(iii) 

5-5 

(iv) 

4-0 

(V) 

3-5 

F86F 

6-0 

F84G 

4-5 

F-IOOD 

(a)  (i) 

3-5 

(ii) 

5-0 

(iii) 

4-5 

(iv) 

4-5 

(v) 

4-0 

Upivard 


+  0183 
+  0-33 
small 
+  0-61 


+  0078 
+0-123 
+  1-32 


-1-07 
+  0-58 
-0-05 
+  0-54 
+  0-267 
-0-23 
-0-51 
-0-276 


Downward  below  Og 


-0-06 

+0-085 

-0-48 
+  0-145 


+0-36 

-0-38 

+0-205 

-0-34 


+0-55 
+  0-43 
+  0-425 
+  0-2 


352  I  86  I  +0-25 
Only  3  recorded 
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Table  5.11  {continued) 


Aircraft  and 
duties 
for  details 
see 

Table  5  A 

Min. 

peak 

normal 

accelera¬ 

tion 

(g) 

Upward 

Downward  below  Og 

a, 

knots 

knots 

1 

F-IOOC 

(a)  (i) 

4-5 

351-5 

51-5 

+  0-82 

(H) 

4-5 

380 

41 

-0-175 

(iii) 

4-5 

351-5 

51-5 

+0-82 

(iv) 

45 

387 

23 

+0-5 

(v) 

4-5 

381 

37-5 

-0-153 

368 

48 

small 

(b) 

4-5 

466 

70 

+0-34 

F-102A 

3-5 

380 

75 

-1  0-44 

F-104A 

30 

405 

82-7 

30 

403-7 

71-3 

+0-1 

F-105B 

4-5 

509 

58 

0 

RF-IOIC 

30 

391 

55 

+0-16 

F-104C 

4-45 

459 

38 

-0-55 

Table  5.12.  Distribution  of  Forward  Velocities  at  which  Peak  Normal  Accelerations 
occur  in  Naval  Fighters  for  all  Normal  Accelerations  Greater  than  the  Value  Indicated 


Aircraft  and 
duties 
for  details 
see 

Tabu  5.2 

Min.  peak 
normal 
acceleration 
{g) 

Upward 

Downward  below  Og 

v„ 

knots 

Or 

knots 

c 

v„ 

knots 

Or 

knots 

Sea  Hawk 

(i) 

4-45 

352 

45 

+0-43 

312 

61 

(ii) 

379 

57 

-0-40 

324 

68 

Sea  Fury 

(i) 

4-35 

288 

48 

+0-31 

257 

43-5 

('<) 

5-15 

380 

29-7 

-0-38 

287 

65 

Wyvcrn  S  4 

(a) 

4-95 

350 

34-3 

+0-374 

274 

51-7 

+  0-13 

(b) 

3-95 

307 

54-5 

+0-455 

282 

59-5 

+0-178 

F2H-2 

6-0 

381 

45-5 

+0-36 

F9F-2B 

5-5 

392 

49 

+0-44 

F8F-2 

4-5 

383 

48-5 

+0-19 

AD-4 

(i) 

5-0 

329 

52 

+0-26 

(ii) 

5-5 

302 

39 

^0-24 
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Table  5. 1 3.  Distribution  of  Forward  Velocities  at  which  Peak  Normal  Accelerations 
occur  in  Trainer  Aircraft for  all  Normal  Accelerations  Greater  than  the  Value  Indicated 


Doivnward  below  Og 


Aircraft  and 
duties 

Min.  peak 

Upward 

for  details 
see 

Tabu  5.3 

acceleration 

(e) 

Vm 

knots 

ay 

knots 

{ 

Jet  Provost 

(a)  (i) 

4-35 

234 

53 

0 

(ii) 

215 

183 

53-5 

4-0-3 

(iti) 

3-35 

205 

49 

4-0-47 

3-95 

213 

49-5 

4-0-3 

T-34 

3-0 

138 

19 

-0-25 

T-33 

50 

336 

38 

+  1-61 

T-37 

4-5 

240 

32-5 

+0-07 

TV-1 

60 

316 

39 

-010 

Table  5.14.  Distribution  of  Forward  Velocities  at  which  Peak  Normal  Accelerations 
occur  in  Transports  and  Bomber  Aircraft  for  all  Normal  Accelerations  Greater  than 

the  Value  Indicated 


Downward  below  Og 


Aircraft  and 
duties 

Min.  peak 

Upward 

for  details 
see 

Tabu  5.4 

acceUration 

is) 

knots 

ay 

knots 

a 

Canberra 

B2 

(i) 

2-95 

286 

53-5 

+0-85 

(ii) 

2-lb 

282 

52 

0 

Canberra 

B6 

(i) 

2-15 

278 

55-3 

+  0-17 

(ii) 

3-55 

290 

44 

+  0-19 

(iii) 

2-35 

320 

65 

+  0-5 

C-130A 

1-35 

190 

32 

+  0-3 

KC-135A 

1-40 

270 

26 

-0-63 

B-47E 

1-35 

243 

50-5 

-0-26 

B-52G  (i) 

1-45 

257 

31 

-0-03 

(ii) 

1-35 

258 

27 

-1-44 

P4M-1 

1-75 

209 

45-5 

+0-74 

PBM-55 

1-25 

158 

20-6 

+0-56 

MANUAL  ON  AIRCRAFT  LOADS 

For  h^h  forward  velocities  V  it  was  suggested,  in  paragpraph  5.3,  that 

Arp  =  JV«'exp(-F/F,)  (5.2) 

The  parameters  No,  Fj  are  chosen  similarly  to  give  the  best  estimate  for 
frequencies  of  occurrence  less  than  once  per  100  hr.  For  high  velocities 
extrapolation  to  more  frequent  occurrences  than  once  per  100  hr  u  not 
advisable. 

In  paragraph  5.4  it  was  suggested  that  for  all  normal  accelerations  that 
occurred  less  frequently  than  ^  jjcr  hour  the  forward  velocities  at  which  the 
peaks  occurred  were  distributed  normally.  Thus 

OO 

Ny„/N„  =  .Jexp{-(F  -  FJ*/2«T*F}dF  (5.3) 

V 

where  Ny„  =  number  per  hour  with  forward  velocity  exceeding  F  and 
normal  acceleration  exceeding  ng 
V„  —  the  mean  velocity 

Oy  =  the  standard  deviation  about  the  mean  velocity 

Combining  (5.1)  and  (5.3) 

00 

Ny„  =  iVi  exp(-«/«,)  .  ( 1  layV^)  .j exp{ - ( F  -  V„yi2a\r}d V  (5.4) 

r 

The  reliability  of  using  equation  (5.3)  depends  on  the  accuracy  of  the 
distributions  from  which  Tables  5.11  to  5.14  were  produced.  These  dis¬ 
tributions  are  based  on  relatively  few  events  and  the  extreme  values  will  in 
consequence  be  of  limited  accuracy.  Whilst  the  normal  distribution  is 
probably  quite  adequate  at  forward  speeds  within  2  standard  deviations  of 
the  mean,  it  would  cease  to  be  applicable  at  the  extreme  values,  i.e.  equa¬ 
tion  (5.3)  holds  for  Ny„IN„  greater  than  about  0-01 .  Thus  must  be  less 
than  100iVj.-„  so  that  for  a  given  value  of  Ny„  n  has  a  minimum  value.  The 
frequency  of  occurrence  of  high  forward  velocities  without  any  restriction 
on  normal  accelerations,  i.e.  n  =  1 ,  is  given  by  equation  (5.2).  These  values 
can  be  used  as  extrapolated  values  for  Ny„  bearing  in  mind  that  many  of 
the  highest  forward  velocities  will  be  unaccompanied  by  appreciable  normal 
accelerations. 

The  frequency  of  the  combined  occurrence  of  normal  acceleration  greater 
than  ng  and  forward  velocity  greater  than  F  is  shown  in  non-dimensional 
form  in  Fig.  5.1 1.  The  normal  acceleration  scale  is  chosen  such  that  a  unit 
equals  the  change  in  acceleration  for  a  ten-fold  change  in  frequency  of 
occurrence.  The  forward  velocity  scale  is  chosen  such  that  a  unit  equals  the 
standard  deviation  of  velocity  of  equation  (5.3) ;  there  is  a  second  unit  of 
velocity  corresponding  to  a  ten-fold  change  in  frequency  of  occurrence  in 
equation  (5.2)  and  this  is  taken  arbitrarily  as  0*6  standard  deviations.  In 
this  general  diagram  the  zero  normal  acceleration  is  at  an  unknown  number 
of  units  from  the  acceleration  that  occurs  once  per  100  hr.  Also  the  forward 
velocity  that  occurs  once  per  100  hr  is  an  unknown  number  of  units  from  the 
mean  velocity  V„,  at  which  the  high  peak  normal  accelerations  occur.  Thus 
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the  position  of  the  lowest  line  showing  the  velocity  distribution  of  equation 
(5.2)  is  not  known  either  horizontally  or  vertically  but  merely  in  direction. 
In  practical  examples  the  p>osition  will  be  known  and  the  smoothness  of  the 
extrapolations  from  the  upper  diagram  to  the  lower  line  can  be  seen. 

The  method  of  presenting  the  data  of  equations  (5.1),  (5.2)  and  (5.3)  in 
the  form  of  Fig.  5.11  has  the  limitation  that  the  information  is  cramped 


COMKCSPONBtTO  FACTOR  OF 
lO  IM  RCUATIVS  FREQUENCY 
OF  OCCURRENCE. 


Fig.  5.11.  Frequency  of  combined  occurrence  of  forward  velocity  greater  than  V  and 
normal  acceleration  greater  than  ng. 

Peak  normal  accelerations  ng  occur  at  forward  velocity  V  which  has  a  mean  of  V„  and 
a  standard  deviation  of  Oy  about  the  mean. 

The  position  of  the  axis  for  maximum  forward  velocity  is  not  correct  either  relative  to 
normal  acceleration  or  to  forward  velocity. 


below  and  extended  above  the  average  velocity  V„  at  which  peak  accelera¬ 
tions  occur.  If  on  the  other  hand  the  frequency  of  occurrence  of  forward 
velocities  less  than  the  stated  value  were  plotted  the  opposite  situation  would 
arise  and  the  information  would  be  cramped  above  V„.  Usually  however  the 
presentation  as  given  in  Fig.  5.11  is  of  more  practical  interest.  The  practical 
significance  of  Ny„  is  fairly  straight  forward  for  the  limiting  cases  of  K  =  0 
and  n  =  1.  When  F  =  0,  iV„  is  the  frequency  of  occurrence  of  a  normal 
acceleration  greater  than  ng  and  its  value  corresponding  to  a  given  strength 
(in  terms  of  ng)  is  a  reasonable  representation  of  reliability  of  those  parts 
primarily  affected  by  normal  acceleration  rather  than  forward  velocity. 
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When  n  =  1,  Ny  is  the  frequency  of  occurrence  of  A  forward  velocity  greater 
than  V.  Again  the  numerical  value  of  Ny  is  a  reasonable  representation  of 
the  reliability  of  those  parts  affected  primarily  by  forward  velocity.  In  these 
two  extreme  cases  there  is  one  feature  in  common,  an  increase  in  the  para¬ 
meter  concerned  {ng  or  V)  produces  an  increase  in  load.  For  the  intermediate 
points  on  the  diagram  the  curves  are  only  of  significance  if  a  small  increase 
in  ng  or  V  produces  an  increase  in  load.  It  is  probably  almost  invariable 
that -an  increase  in  ng  will  produce  an  increase  in  load.  An  increase  in  speed 
is  not  nearly  so  automatic.  At  the  higher  speeds  it  is  probably  so,  but  at 
lower  speeds  there  may  be  conditions  in  which  a  reduction  in  speed  may 
change  the  distribution  of  load  and  increase  it  in  certain  structural  parts.  In 
such  special  cases  the  curves  in  which  forward  velocity  is  less  than  a  given 
value  should  be  used,  i.e.  the  complementary  set  of  curves  to  those  of  Fig. 
5. 1 1 ;  for  cases  where  V  is  greater  than  V„  the  curves  of  Fig.  5. 1 1  are  not 
severe  enough  and  tor  Fless  than  V„,  which  is  probably  the  more  common, 
they  will  be  too  severe. 

An  aircraft  will  in  general  have  a  strength  that  can  be  identified  as  a 
composite  V-g  diagram  and  every  point  on  the  diagram  will  be  cut  by  the 
curves  of  the  form  shown  in  Fig.  5.11.  The  lowest  value  of  Ny„  of  all  these 
curves  is  a  measure  of  the  reliability  of  the  aircraft  of  the  strength  given  in 
the  V-g  diagram,  for  all  those  parts  in  which  an  increase  in  the  critical 
forward  velocity  or  normal  acceleration  produces  an  increase  in  load. 
Finally  it  is  necessary  to  check  on  any  parts  in  which  a  decrease  in  the  critical 
value  produces  an  increase  in  load  and  if  necessary  to  use  curves  comple¬ 
mentary  to  those  of  Fig.  5.11. 

As  has  already  been  stated  the  full  significance  of  the  curves  at  forward 
velocities  below  the  mean  at  which  the  peak  normal  accelerations  occur 
depends  on  the  characteristics  of  the  aircraft  to  which  they  are  to  be  applied. 
One  feature  common  to  all  is  that  at  some  forward  velocity  for  each  normal 
acceleration  the  aircraft  will  stall  and  the  curves  should  not  be  extended  to 
lower  forward  velocities.  Another  feature  that  at  first  sight  seems  anomalous 
is  a  curve  of  Ny„  which  starts  at  a  maximum  at  the  lowest  forward  speed  at 
which  the  aircraft  can  fly  without  stalling.  This  maximum  normal  accelera¬ 
tion  is  exceeded  once  at  some  velocity  above  the  stall,  it  does  not  mean  that 
the  velocity  will  be  at  the  stall,  nor  does  it  mean  that  this  highest  acceleration 
produces  necessarily  the  highest  load.  If  on  moving  along  the  curve  the 
drop  in  normal  acceleration  with  increase  in  forward  velocity  produces  a 
load  decrease  smaller  than  the  increase  produced  by  the  forward  velocity, 
then  the  maximum  load  will  occur  at  a  normal  acceleration  less  than  its 
maximum  but  accompanied  by  a  forward  velocity  greater  than  its  minimum. 
Thus  whilst  it  remains  true  that  a  specific  normal  acceleration  has  a  certain 
frequency  of  occurrence  the  equivalent  load  for  that  frequency  of  occurrence 
corresponds  to  a  lower  normal  acceleration. 

Numerical  values  are  taken  for  an  F2H-2  and  an  F-lOO  and  are  inserted 
in  equations  (5.1),  (5.2)  and  (5.3)  and  combined  in  the  manner  used  in  Fig. 
5.9,  the  resulting  graphs  are  shown  in  Figs.  5.12  and  5.13  respectively.  This 
form  of  presentation  allows  a  comparison  to  be  made  of  the  distributions  of 
forward  velocities  for  the  high  normal  accelerations  and  the  total  distribution 
of  forward  velocities  for  all  normal  accelerations,  but  care  must  be  taken  in 
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extrapolating  the  information,  especially  as  the  highest  forward  velocities 
are  predominantly  achieved  in  straight  and  level  flight.  In  the  case  of  the 
F2H-2  all  the  values  of  the  parameters  in  equations  (5.1),  (5.2)  and  (5.3) 
were  deduced  from  the  experimental  measurements  but  for  the  !F- 100  the 


Fig.  5.12.  Frequeruy  of  combined  occurrence  of  forward  velocity  greater  than  stated 
value  and  normal  acceleration  greater  than  stated  value  for  F2H-2  in  5444  flying  hours. 
Calculated  curve  given  by  equations  (5.1),  (5.2)  and  (5.3).  Parameters  of  (5.1)  based 
on  Gg  and  T-^g  being  exceeded  once  per  \00  hr  and  orwe  per  1000  Ar.  Parameters  of  [5.2) 
based  on  480  knots  E.A.S.  and  515  knots  E.A.S.  being  exceeded  once  per  100  hr  atul 
once  per  1000  hr.  Parameters  of  (5.3)  based  on  peak  normal  accelerations  occurring  at 
a  forward  velocity  with  a  mean  of56\  knots  E.A.S.  and  a  standard  deviation  of  45  krwts 

E.A.S. 

frequency  of  occurrence  of  the  high  velocities  for  equation  (5.2)  was  not 
measured  and  the  average  values  of  Fig.  5.9  for  flghters  were  used.  The 
values  of  the  forward  velocity  from  equation  (5.2)  are  shown  in  the  curves  at 
a  normal  acceleration  of  Ig,  i.e.  on  the  abscissa.  The  curves  from  equation 
(5.3)  hold  at  low  velocities  and  are  plotted  as  full  lines  up  to  velocities  of  90 
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per  cent  of  the  corresponding  velocities  on  the  abscissa.  The  curves  are 
completed  by  dotted  lines  drawn  by  eye. 

It  can  be  that  the  calculated  curves  agree  well  with  the  experimental 
points  for  both  fighters  which  have  approximately  the  same  average  forward 
velocity  at  which  peak  normal  accelerations  occur  but  greatly  different 
desigpi  diving  speeds. 


Fig.  5.13.  Frequtmy  of  combined  occurrence  of  forward  velocity  greater  than  stated 
value  and  normal  acceleration  greater  than  stated  value  i^-100  in  3W5  flying  hours. 
Calculated  curve  given  by  equations  (5.1),  (5.2)  and  (5.3).  Parameters  of  (5.1)  based  i 
on  6-6g  and  7‘9g  being  exceeded  once  per  100  Ar  and  once  per  1000  hr.  Parameters  of 
(5.2)  based  on  670  knots  E.A.S.  and  700  knots  E.A.S.  being  exceeded  once  per  100  hr 
and  orue  per  1000  hr.  Parameters  of  (5.3)  based  on  peak  normal  accelerations  occurring 
at  a  forward  velocity  with  a  mean  of  385  knots  E.A.S.  and  a  standard  deviation  of 

70  knots  E.A.S. 
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CHAPTER  6 


MEASURED  ASYMMETRICAL  MANOEUVRES 
AND  MOVEMENTS  OF  THE  CONTROL 
SURFACES 

6.1  INTRODUCTION 

Asymmetrical  manoeuvres  are  so  closely  connected  with  the  movement 
of  the  controls  that  it  is  an  advantage  to  examine  them  together.  The 
application  of  the  elevators,  or  all-moving  tailplanes  in  certain  designs, 
alone  produces  the  purely  symmetrical  manoeuvre  of  pitching.  The  result¬ 
ing  maxima  normal  accelerations  of  the  centre  of  gravity  were  studied  in 
Chapter  5.  The  data  available  on  the  tail  loads  were  so  few  that  no  attempt 
was  made  to  form  general  opinions  from  them.  It  was  decided  therefore 
that  it  would  be  more  appropriate  to  group  the  elevator  movements  with 
those  of  the  aileron  and  rudder  movements,  both  of  which  produce  asym¬ 
metrical  manoeuvres. 

All  the  data  that  are  available  are  for  Fighters  and  Fighter-bombers. 
These  types  of  aircraft  arc  the  ones  in  which  asymmetrical  manoeuvres  arc 
most  frequently  executed  deliberately  and  therefore  the  more  important. 
In  view  of  the  different  nature  of  the  manoeuvres  in  other  types  of  aircraft, 
extrapKilation  from  the  Fighter  and  Fighter-bomber  data  is  not  advisable. 

Although  the  details  of  the  motion  of  any  manoeuvre  will  depend  markedly 
on  the  aerodynamic  characteristics  of  the  actual  aircraft  type  that  is  doing 
it,  there  are  a  number  of  general  features  that  can  be  isolated  in  a  manner 
that  gives  basic  data  for  all  Fighter  types.  An  added  reason  for  not  giving 
data  on  tail  loads  is  that  isolation  of  the  general  features  from  the  particular 
design  of  aircraft  has  not  been  found  possible.  It  was  shown  in  paragraph 
4.6  that  the  tail  load  depends  on  the  normal  acceleration  and  on  the  pitching 
acceleration.  As  the  maxima  values  of  these  two  accelerations  occur  at 
different  times  neither  maxima  can  be  used  to  predict  tail  loads  and  an 
empirical  approach  would  be  very  involved  as  the  time  difference  between 
the  maxima  depends  so  much  on  the  design  of  aircraft. 

There  are  two  main  types  of  asymmetrical  manoeuvre,  one  in  which 
rolling  is  the  predominant  motion  and  the  other  in  which  sideslip  pre¬ 
dominates.  The  rolling  manoeuvre  is  at  its  most  severe  when  gyroscopic 
forces  are  initiated  and  this  happens  when  the  rolling  is  combined  with 
another  rotation  about  an  axis  at  right  angles  to  the  rolling  axis.  This 
secondary  rotation  will  be  a  combination  of  pitching  and  yawing  but  at 
the  initiation  of  the  gyroscopic  forces  it  will  usually  be  predominantly 
pitching.  A  manoeuvre  involving  sideslip  alone  is  strictly  a  symmetrical 
manoeuvre,  but  this  will  rarely  be  attempted  in  practice  and  it  is  more 
realistic  to  regard  the  sideslip  as  only  part  of  the  motion  and  therefore  an 


to 
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asymmetrical  manoeuvre.  However,  in  giving  experimental  results  the 
sideslip  is  quoted,  without  reference  to  the  other  movements,  and  agreement 
is  achieved  with  prediction  of  fin  loads  on  the  assumption  that  sideslip  is  in 
fact  independent  of  the  other  movements. 

The  data  were  collected  from  service  operational  flying  but  the  recording 
times  were  selected  for  those  occasions  when  the  proportion  of  time  in  man¬ 
oeuvres  was  expected  to  be  high.  Thus  the  information  is  of  more  value  in 
giving  the  relative  frequencies  of  occurrence  than  the  absolute  values. 
Mayer,  Hamer  and  Huss  (1954)  quote  measurements  on  the  F-86A,  F2H-2, 
F-84G  and  F-94B,  Hamer  and  Mayer  (1960a)  on  the  F-84G  and  F-84F,  and 
Pembo  and  Matranga  (1958)  and  Matranga  (1959)  on  the  F-IOOA.  The 
total  number  of  flying  hours  recorded  is  125  and  it  is  thought  that  it  represents 
about  400  hr  of  normal  service  flying  of  which  about  40  hr  are  actually  spent 
in  manoeuvres. 


6.2  MOVEMENT  OF  CONTROL  SURFACES 

The  movement  of  the  control  surfaces  produces  directly  loads  on  the  control 
surfaces  and  indirectly  loads  on  the  whole  aircraft.  In  every  case  the  load 
on  a  control  surface  depends  on  the  deflection  of  the  control  surface  and  on  the 
movement  of  the  whole  aircraft.  In  the  case  of  the  ailerons  and  rudder  the 
neutral  position  is  one  of  approximately  zero  deflection  at  all  speeds,  but 
elev'ators  and  all  moving  tailplanes  will  have  a  neutral  deflection  that  varies 
with  speed.  This  makes  it  much  more  difficult  to  describe  tailplane  move¬ 
ments. 

A  little  speculation  is  necessary  to  combine  the  data  from  the  various 
sources.  The  data  from  the  F-84F  include  the  frequency  of  occurrence  of 
peak  aileron  and  rudder  deflections  greater  than  stated  values  and  also  the 
distribution  of  the  higher  deflections  with  airspeed,  but  no  statement  is  made 
of  the  proportion  of  the  time  actually  spent  in  manoeuvres.  The  data  from 
the  F-86A,  F2H-2,  F-84G,  F-94B  include  the  distribution  of  the  higher 
aileron  and  rudder  deflections  with  airspeed  and  also  the  actual  time  spent 
in  manoeuvres,  but  do  not  include  the  frequency  of  occurrence  of  peak 
deflections  greater  than  stated  values.  In  order  to  combine  the  data  it  is 
assumed  that  the  45  hr  flying  on  the  F-84F  included  the  same  proportion  in 
manoeuvres  as  did  the  60  hr  on  the  F-86A,  F2H-2,  F-84G  and  F-94B  com¬ 
bined,  i.e.  30  per  cent.  It  is  assumed  further  that  the  data  represent  3  times 
as  much  flying  on  ordinary  service  operations;  this  is  a  little  more  conser¬ 
vative  than  the  estimate  given  by  Hamer  and  Mayer  (1960a)  for  the  F-84F 
which  is  three  to  four  times.  An  estimate  is  made  of  the  frequency  of  occur¬ 
rence  of  the  higher  peak  values  for  the  aircraft  other  than  the  F-84F  by 
counting  the  experimental  points  on  the  distributions  with  airspeed.  On 
these  speculative  assumptions  the  total  data  arc  representative  of  3 1 5  flying 
hours  of  ordinary  service  of  which  31-5  hr  are  in  manoeuvres. 

The  frequency  of  occurrence  of  peak  aileron  deflections  greater  than 
stated  values  is  given  in  Fig.  6. 1  and  that  for  peak  rudder  deflections  in  Fig. 
6.2.  The  data  are  for  fighters  on  combined  duties  and  do  not  include  stalls, 
spins,  take-offs  and  landings.  In  these  figures  the  experimental  readings 
from  the  F-84F  are  given  and  also  the  combined  totals  from  the  F-86A, 
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F2H-2,  F-84G  and  F-94B,  the  readings  for  the  individual  aircraft  being 
rather  too  few  to  be  shown  separately.  The  distributions  of  the  higher  peak 
values  with  airspeed  all  show  a  drop  in  the  value  of  the  highest  peaks  recorded 
at  the  higher  speeds.  This  is  due  in  part  to  the  smaller  proportion  of  time 
spent  at  the  higher  speeds.  An  estimate  is  made  of  the  values  to  be  expected 
by  using  the  data  of  the  proportion  of  time  spent  at  different  airspeeds. 
The  same  method,  as  that  used  in  Figs.  5.11-5.13  to  obtain  a  frequency  of 


AILERON  ANCLE  DECREES 


Fig.  6.1.  Aileron  deflections  in  flight  of  fighters  on  combined  duties. 

Stalls,  spins,  take-offs  and  landings  are  excluded. 

combined  occurrence  of  a  forward  velocity  greater  than  a  stated  value  and 
a  normal  acceleration  greater  than  a  stated  value,  is  used  to  obtain  a  fre¬ 
quency  of  combined  occurrence  of  a  control  surface  deflection  and  an 
airspeed.  It  is  within  the  accuracy  of  the  basic  data  to  assume  that  the 
proportion  of  time  at  different  airspeeds  has  a  Normal  distribution.  The 
mean  values  and  standard  deviations  for  the  different  aircraft  are  given  in 
Table  6.1. 

The  data  of  Figs.  6. 1  and  6.2  and  Table  6. 1  are  combined  to  give  the 
combined  frequency  of  occurrence  of  control  surface  deflection  and  airspeed 
above  stated  values;  Fig.  6.3  is  for  ailerons  and  Fig.  6.4  for  rudders.  In 
each  case  the  abscissa  is  given  in  units  of  standard  deviation  of  airspeed  in 
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Fig,  6.2.  Rudder  deflections  in  flight  of  fighters  on  combined  duties. 

Stalls,  spins,  take-offs  and  landings  are  excluded. 


excess  of  the  mean  value  so  that  the  results  from  the  different  aircraft  can  be 
added  together.  The  experimental  curve,  for  all  the  aircraft  flying  combined, 
that  is  drawn  on  each  figure  is  for  a  frequency  of  occurrence  during  ordinary 
service  of  once  per  40  hr;  the  experimental  points  for  each  aircraft  arc  also 


Table  6.1.  Proportion  of  Time  at  Different  Airspeeds  during  the 
Experiments  and  Total  Time  in  Manoeuvres 


1 

Aircraft 

Time  in 

manoeuvres 

hr 

Mean  airspeed 
knots  E.A.S. 

Standard 
deviation  knots 
E.A.S. 

F-86A 

3-6 

294 

90 

F2H-2 

2-5 

287 

71 

F-84G 

80 

273 

75 

F-94B 

3-9 

267 

80 

F-84F 

13-5 

360 

84 

(estimated) 

1 
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for  once  per  40  hr.  It  will  be  seen  that  for  both  aileron  and  rudder  deflec¬ 
tions  the  frequency  of  occurrence  at  high  airspeeds  of  once  per  40  hr  cor¬ 
responds  fairly  closely  to  the  calculated  value  for  once  per  10  hr.  This  is 
because  the  high  deflections  are  more  likely  to  be  imposed  at  low  airsi>eeds; 


OF  STANDARD  DEVIATION. 

Fig.  6.3.  Freguemy  of  combined  occurrence  of  airspeed  greater  than  stated  value  and 
peak  aileron  angle  greater  than  stated  value  for  fighters  on  combirud  duties. 
Calculated  curves  are  deduced  from  Fig.  6. 1  and  Table  6. 1 . 


all  the  aircraft  show  this  tendency  with  respect  to  rudder  motion  but  only 
the  F2H-2  and  F-84F  do  so  with  respect  to  aileron  motion.  Until  further 
data  are  available  it  is  suggested  that  Figs.  6.1  and  6.2  be  used  for  control 
surface  deflections  at  airspeeds  up  to  the  mean  plus  one  standard  deviation 
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and  that  at  higher  airspeeds  the  frequency  of  occurrence  is  one  quarter  of  the 
values  shown  for  each  deflection.  More  accurate  estimates  of  time  spent  at 
diflerent  airspeeds  are  given  in  Chapter  8  for  aircraft  generally. 

The  peak  rudder  deflections  that  have  been  given  are  for  ordinary 
operational  air  manoeuvres  and  do  not  include  take-offs  and  landings, 
nor  do  they  include  stalls  or  spins.  In  stalls  or  spins  very  high  rudder 
deflections  may  be  imposed;  the  data  from  the  F-84G  included  two  man¬ 
oeuvres  with  practically  full  rudder  angle  of  23-5°  and  the  F-86A  had  three 


AIRSPEED  (e.A.s)  IN  EXCESS  OP  MEAN  IN  UNITS 
OF  STANDARD  DEVIATION. 


Fig.  6.4.  Frequetuy  of  combined  occurrence  of  airspeed  greater  than  stated  value  and 
peak  rudder  angle  greater  than  stated  value  for  fighters  on  combitud  duties. 
Calculated  curves  are  deduced  from  Fig.  6.2  and  Table  6.1. 


manoeuvres  with  more  than  75  per  cent  of  full  rudder  angle  of  27-5'’.  In 
take-off  and  landing  the  rudder  angles  may  be  appreciably  higher  than  in 
ordinary  operational  air  manoeuvres.  For  most  fighters  it  is  probably  not 
unduly  conservative  to  assume  that  in  stalls  and  spins  and  in  take-offs  and 
landings  that  full  rudder  might  be  applied. 

The  aileron  deflections  do  not  include  stalls,  spins,  take-offs  and  landings 
either,  but  the  effect  is  not  so  marked  as  with  rudder  deflections.  The  effect 
of  take-offs  and  landings  would  not  be  noticeable  in  Fig.  6. 1 .  The  effect  of 
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stalls  and  spins  was  significant  only*  in  the  F-84G  data  which  included  full 
aileron  on  three  occasions. 

The  data  from  the  F-IOOA  cannot  readily  be  added  to  that  already 
quoted.  On  the  same  assumptions  as  those  used  for  the  F-84F  the  data 
would  be  for  60  hr  ordinary  service  flying  of  which  6  hr  were  spent  in  man¬ 
oeuvres.  The  distribution  of  airspeeds  is  not  given  and  only  the  peak 
control  surface  deflections  at  each  speed  are  given.  On  the  assumption  that 
the  distribution  of  airspeeds  in  knots  E.A.S.  is  roughly  the  same  as  that  for 
the  F-84F  the  distribution  of  peak  aileron  deflections  at  each  speed  is 
approximately  that  that  would  be  predicted  from  Fig.  6.1;  full  aileron 
deflection  of  15°  was  experienced  up  to  just  above  the  mean  airspeed  plus 
one  standard  deviation.  The  distribution  of  peak  rudder  deflections  is  abo 
as  would  be  expected  at  all  speeds  above  the  mean.  No  statement  is  given 
of  whether  stalls  or  spins  occurred;  as  nothing  is  mentioned  to  the  contrary 
it  may  be  presumed  that  take-offs  and  landings  have  been  included.  Up 
to  speeds  of  250  knots  full  rudder  deflections  of  20°  were  experienced. 
Pembo  and  Matranga  (1958)  suggest  that  “the  reason  for  the  extensive 
use  of  the  rudder  on  the  F-IOOA  airplane  was  that  the  pilots  were  made 
aware  of  adverse  yaw  particularly  below  250  knots  and  were  instructed 
in  the  flight  training  manual  to  use  the  rudder  in  turning  flight  to 
counteract  this  effect”.  Whilst  the  deflections  do  seem  rather  high  compared 
with  those  of  the  other  aircraft  they  are  not  so  high  as  to  suggest  that  the 
aircraft  is  particularly  unusual  in  thb  respect. 

Because  of  the  change  in  datum  position  of  the  elevators,  or  all-moving 
tailplane,  with  airspeed,  diagrams  on  the  same  lines  as  those  for  ailerons  and 
rudders  would  have  a  somewhat  different  meaning  and  are  not  presented. 
The  total  deflection  of  these  tailplane  control  surfaces  is  the  sum  of  the  deflec¬ 
tions  for  trim  and  for  manoeuvres.  There  is  rather  more  variation  between 
aircraft  than  for  the  other  two  control  movements.  The  proportion  of  full 
travel  that  b  used  is  of  the  same  order  as  for  ailerons.  Roughly  half  the  move¬ 
ment  is  for  trim  and  this  is  particularly  apparent  for  the  all-moving  tailplane 
of  the  F-84F.  In  the  case  of  the  F-IOOA  full  deflection,  with  the  tailplane 
leading  edge  down,  of  25°  was  experienced  up  to  speeds  of  340  knots  E.A.S. 
This  is  rather  more  severe  than  for  the  other  aircraft,  with  either  elevators 
or  all-moving  tailplanes,  but  in  the  absence  of  other  data  it  should  be  assumed 
that  full  deflections  can  be  experienced  on  any  fighter  up  to  speeds  approach¬ 
ing  the  average  flight  speed  of  the  aircraft. 

The  rates  at  which  the  control  deflections  are  changed  are  given  for  all  the 
aircraft  except  the  F-IOOA.  It  is  difficult  to  assess  the  full  significance  in 
terms  of  aircraft  loads  as  so  much  depends  on  the  deflections  when  the 
highest  rates  are  imposed  and  also  the  length  of  time  for  which  the  rates  are 
maintained.  The  aileron  rates  that  are  applied  once  per  40  hr  are  such  that, 
if  they  were  maintained,  full  aileron  would  be  achieved  from  the  neutral 
position  in  0-28  sec  for  the  F-86A,  F2H-2,  F-84G  and  the  F-84F  whilst  the 
F-84F’s  ailerons  are  applied  a  little  more  rapidly  in  0-2 1  sec.  The  rate  of 

*  In  the  F-84F  data  stalls  and  spins  arc  not  specifically  isolated  from  the  other  data,  but 
as  the  data  were  prepared  by  two  authors,  who  were  authors  of  the  earlier  paper  on  the 
other  aircraft,  it  may  safely  be  presumed  that  the  effect  of  stalls  and  spins  was  not  significant 
in  this  respect. 
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moving  the  other  two  control  surfaces  is  very  variable  but  it  seems  that  they 
would  take  about  2  or  3  times  as  long  to  reach  full  deflections,  except  for  the 
F-84F  rudder  which  would  take  0-29  sec,  in  ordinary  operations.  However, 
in  stalls  or  spins,  when  presumably  the  pilot  is  more  in  need  of  rapid  move¬ 
ments,  the  elevators  and  rudders  are  also  applied  at  rates  corresponding  to 
full  deflection  in  0-28  sec.  The  extrapolated  values  for  once  in  400  hr 
from  those  of  once  in  40  hr  are  approximately  0*2  sec.  The  expected  time 
to  apply  full  control  must  be  more  than  the  values  quoted  for  all  except 
the  ideal  case  of  the  peak  rate  being  maintained  throughout.  The  allowance 
to  be  made  in  prediction  cannot  be  assessed  from  the  data  available. 


6.3  MANOEUVRES  INITIATED  BY  THE  AILERONS 

The  ailerons  may  be  applied  either  to  bank  the  aircraft  for  a  turn  or  to  roll 
the  aircraft.  Figure  6. 1  gives  the  number  per  hour  of  peak  aileron  angles 
greater  than  a  stated  value  f  as  the  sum  of  two  distributions,  120  exp 
(— f/0-73)  and  30  exp  ( — f/1-18).  A  comparison  of  the  first  distribution  with 
Figs.  5.1  and  5.2  and  the  second  with  Fig.  6.5  suggests  that  the  first  is  pro¬ 
duced  mainly  from  turns  and  the  second  from  rolls.  In  Fig.  6.5  the  extra¬ 
polated  value  of  the  total  number  of  rolls,  in  the  experiments  being  described, 
is  30  per  hour  which  is  the  same  number  as  those  of  peak  aileron  deflections 
of  the  second  distribution.  In  Figs.  5. 1  and  5.2  the  extrapolated  values  of  the 
total  number  of  normal  accelerations  is  60  per  hour  up  and  60  per  hour 
down,  making  120  per  hour  in  all,  which  is  the  same  number  as  those  of  the 
peak  aileron  deflections  of  the  first  distribution.  This  distribution  of  aileron 
deflections  is  obtained  from  one  aircraft  only,  the  F-84F,  but  the  agreement 
suggests  that  the  distribution  is  mainly  associated  with  the  production  of 
normal  accelerations  and  it  also  gives  a  little  support  to  the  ('.ontention  that 
the  experimental  flying  was,  in  fact,  representative  of  three  times  as  much 
ordinary  service  flying. 

The  majority  of  the  high  aileron  angles  will  be  from  the  second  distribu¬ 
tion  and  therefore  it  may  be  expected  that  a  roll  will  be  produced.  When 
the  roll  is  superimp>osed  on  a  pitching  movement  this  produces  the  important 
asymmetrical  manoeuvre  in  which  gyroscopic  forces  are  produced.  It  was 
noted  in  Chapter  4  that  pilots  seem  unable  to  sense  inertia  coupling  in  such 
a  way  that  they  can  take  corrective  action  and  would  normally  release  the 
controls.  Thus  this  asymmetrical  manoeuvre  may  be  described  by  the 
conditions  appertaining  at  its  initiation.  The  subsequent  movement  will  be 
directly  connected  with  the  particular  design  of  aircraft,  but  the  initial 
conditions  may  be  described  fairly  well  for  all  Fighters. 

The  motion  of  the  aircraft  as  a  whole,  as  a  result  of  application  of  ailerons, 
will  depend  on  the  time  history  of  the  aileron  deflection.  The  F-IOOA  data 
show  rolling  velocities  for  each  aileron  deflection.  Some  are  as  high  as 
would  occur  if  the  ailerons  were  held  indefinitely  at  the  deflection  and  others, 
particularly  very  low  rolling  velocities,  correspond  to  an  impulsive  applica¬ 
tion  of  ailerons.  The  bank  angles  vary  over  a  wide  range  from  90°  or  less  to 
well  over  760°  for  all  except  the  small  rolling  velocities.  These  data  suggest 
that  the  assumption  that  steady  rolling  may  be  set  up  with  any  aileron 
deflection  should  not  be  very  conservative.  It  also  greatly  simplifies  the 
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presentation  of  the  data  as  the  time  associated  with  a  rolling  condition  need 
not  be  given. 

Better  agreement  is  reached  between  the  different  aircraft  if  the  wing-tip 
helix  angles  produced  by  the  roll  are  compared  rather  than  the  rolling 
velocity.  Figure  6.5  shows  the  frequency  of  occurrence  of  peak  helix  angles 
greater  than  stated  values  for  the  F-84F.  The  values  for  the  combined  totals 
from  the  F-86A,  F2H-2,  F-84G  and  F-94B,  which  are  available  only  above 


WING  TIP  HELIX  ANCLE  RADIANS 
Fig.  6.5.  Wing-tip  helix  angles  in  flight  of  fighters  on  combirud  duties. 
Stalls,  spins  and  snap  rolls  are  excluded. 


0-05  rad,  are  shown  for  comparison.  The  data  do  not  include  stalls,  spins 
or  snap-rolls.  There  will  be  a  maximum  possible  wing-tip  helix  angle  for 
each  aircraft,  but  this  is  not  achieved  in  the  conditions  relating  to  Fig.  6.5. 
Stalls  or  spins  produced  a  wing-tip  helix  angle  of  0- 1 2  rad  for  one  manoeuvre 
for  the  F-86A  and  one  for  the  F2H-2;  they  also  produced  for  the  F-84G 
seven  greater  than  0-1  rad  of  which  two  were  greater  than  0'14  rad.  In 
addition  the  F-84G  performed  two  snap  rolls  with  helix  angles  greater  than 
0-1  rad.  The  data  of  Fig.  6.5  and  Table  6.1  are  combined  to  give  in  Fig.  6.6 
the  combined  frequency  of  occurrence  of  wing-tip  helix  angle  and  airspeed 
above  stated  values.  As  with  Fig.  6. 1  for  aileron  deflections  the  experimental 
points  for  a  frequency  of  occurrence  of  once  per  40  hr  are  shown  for  each 
aircraft.  In  the  case  of  helix  angle  the  experimental  points  agree  with  the 
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calculated  curve  for  once  per  40  hr  at  speeds  below  the  mean  airspeed,  but 
above  that  they  tend  to  be  less  severe  than  the  calculated  curve  for  once  per 
10  .hr.  It  was  shown  in  Fig.  6. 1  that  there  is  an  attenuation  of  aileron  deflec¬ 
tion  at  higher  speeds  and  this  greater  attenuation  of  helix  angle  is  probably 
due  to  the  aileron  deflections  being  maintained  for  shorter  times  at  the  higher 
speeds. 


-J  -2-1  O  I  2  3 

AIRSPEED  (k.A.s)  IN  EXCESS  OF  MEAN  IN  UNITS 
OF  STANDARD  DEVIATION. 


Fig.  6.6.  Frequency  of  combined  occurrence  of  airspeed  greater  than  stated  value  and 
wing-tip  helix  angle  greater  than  stated  value  for  fighters  on  combined  duties. 

Calculated  curves  are  deduced  from  Fig.  6.5  and  Table  6.1. 

The  rolling  velocities  are  compared  in  the  original  papers  with  normal 
acceleration  for  each  of  the  aircraft.  Matranga  (1959)  is  the  only  author  to 
quote  specifically  that  the  normal  accelerations  are  at  the  start  of  the  roll. 
His  data  are  for  the  F-IOOA  and  they  show  that  roughly  the  same  rolling 
velocities  are  initiated  at  normal  accelerations  between  1^  and  4^.  There  is 
a  falling  off  in  the  magnitude  of  rolling  velocities  initiated  outside  this 
range  with  negligible  rolling  velocities  associated  with  negative  normal 
accelerations.  The  other  aircraft  show  similar  characteristics,  the  rolling 
velocities  associated  with  negative  normal  accelerations  are  small  but  not 
negligible.  However,  it  is  not  known  whether  these  values  were  at  the 
beginning  of,  or  during,  the  asymmetrical  manoeuvre  and  if  they  were 
during  it  the  information  would  be  too  specific  to  the  particular  aircraft  to 
be  used  generally. 

Whatever  the  rolling  velocity  utilized,  time  will  be  required  to  build  up 
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to  it..  Measurements  of  time  taken  to  roll  90°  were  made  for  all  the  aircraft. 
The  minimum  time  in  excess  of  the  theoretical  limit  for  the  once  in  40  hr 
manoeuvre  is  approximately  J  sec  for  all  rates  of  roll.  This  time  delay 
cannot  be  compared  directly  with  the  time  taken  to  apply  the  ailerons 
because  the  whole  aerodynamic  and  structural  characteristics  arc  involved. 
However,  it  is,  as  would  be  expected,  of  the  same  order  of  time. 

6.4  TRANSVERSE  ACCELERATIONS  AND  SIDESLIP 

The  transverse  acceleration  and  sideslip  angles  were  measured  for  the  F-86A, 
F2H-2,  F-84G,  F-94B  and  the  F-84F  and  both  parameters  were  quoted  for 
the  airspeed  at  which  the  peak  values  occurred.  For  each  of  the  aircraft  a 
comparison  was  made  by  the  authors  of  the  two  papers  between  and 
Pqi),  the  fin  load  parameter, 

where  nj,  =  transverse  acceleration  in  .g-units 
P  =  sideslip  angle 
qjj  —  dynamic  pressure,  ipV^,  Ib/ft* 
p  =  air  density  slugs/ft* 

Fj.  ==  true  airspeed  ft/scc 


O  lOOO  2000  3000 


DEC.-  LB  /SO.  FT. 


Fig.  6.7.  Values  of  Jin  load  parameter  (Pqo)  in  flight  of  fighters  on  combined  duties. 
Stalls,  spins,  lateral  oscillations  at  high  speed,  take-offs  and  landings  are  excluded. 


145 


MANUAL  ON  AIRCRAFT  LOADS 

It  was  found  that  there  was  not  much  scatter  on  a  linear  relationship  between 
Wj*  and 

A  further  examination  of  the  basic  data  shows  that  better  agreement  is 
achieved  between  the  different  aircraft  if  comparisons  are  made  in  terms  of 
fiqjy  rather  than  in  terms  of  tij,.  Although  is  the  more  basic  parameter 
the  data  that  are  deduced-  will  not  be  applicable  to  other  aircraft  of  greatly 
different  design  as  both  parameters  are  influenced  by  the  design  of  the  tail- 
plane. 


AIRSPEED  (e.A.s)  IN  EXCESS  OP  MEAN  IN  UNITS 
OP  STANDARD  DEVIATION 


Fig.  6.8.  Frequenty  of  combined  occurrence  of  airspeed  greater  than  stated  value  and 
peak  value  of fin  load  parameter  greater  than  stated  value  for  fighters  on  combined  duties. 

Calculated  curves  are  deduced  from  Fig.  6.7  and  Table  6.1. 

The  frequency  of  occurrence  of  peak  values  of  the  fin  load  parameter 
greater  than  stated  values  is  given  in  Fig.  6.7,  but  the  data  do  not  include 
stalls,  spins,  lateral  oscillations  at  high  speed,  take-offs  and  landings.  The 
LABS  manoeuvres  of  the  F-84F  are  shown  separately  from  all  other  man¬ 
oeuvres.  The  manoeuvres  of  all  the  aircraft,  excluding  LABS  manoeuvres, 
agree  well  with  each  other  and  the  curve  shown  is  the  average  one.  The 
extrapolated  value  of  total  number  of  manoeuvres  in  which  there  is  a  fin 
load  is  practically  the  same  as  the  total  number  in  which  the  ailerons  are 
applied.  The  LABS  manoeuvres  of  the  F-84F  introduce  peak  values  of  the 
fin  load  parameter  about  1  -3  times  the  average  values  of  the  other  manoeuvres. 
The  data  of  Fig.  6.7  and  Table  6.1  are  combined  to  give  in  Fig.  6.8  the  com¬ 
bined  frequency  of  occurrence  of  the  fin  load  parameter  and  airspeed  above 


146 


CONTROL  SURFACES 


Stated  values.  As  in  the  earlier  comparisons  of  control  deflections  and  wing- 
tip  helix  angle  the  experimental  points  for  a  frequency  of  occurrence  of  once 
per  40  hr  are  shown  for  each  aircraft.  There  is  much  more  scatter  than 
with  any  of  the  other  parameters.  Any  conclusions  that  are  drawn  will  be 
less  reliable  than  with  the  other  parameters  but  there  is  one  feature  that 
seems  to  be  fairly  well  defined.  The  experimental  points  for  once  per  40  hr 
at  high  airspeeds  are  much  the  same  as  those  for  the  other  parameters  in 
that  they  agree  with  those  deduced  from  Fig.  6.7  and  Table  6.1  for  once 
per  10  hr.  However,  over  much  of  the  lower  speed  range  the  experimental 
points  for  once  per  40  hr  are  for  higher  fin  loads  than  the  calculated  ones 
for  once  per  40  hr.  The  reason  for  this  is  that  there  is  a  tendency  for  fin 
loads  to  increase  with  airspeed,  in  terms  of  frequency  of  occurrence  per  hour 
spent  at  that  speed,  up  to  a  speed  of  mean  plus  one  standard  deviation. 

In  the  case  of  the  F-84F  data,  that  are  almost  exclusively  for  LABS 
manoeuvres,  this  tendency  is  even  more  marked  and,  apart  from  airspeeds 
near  the  stall,  the  sideslip  angle  itself  occurs  practically  with  the  same 
frequency  at  all  airspeeds,  in  terms  of  time  spent  at  the  speed  concerned. 


Hamer  and  Mayer  (1960a) 
Matranga  (1959) 
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CHAPTER  7 

GROUND  LOADS 

7.1  INTRODUCTION 

Loads  on  aircraft  from  runways  have  increased  in  importance  markedly  in 
recent  years,  and  in  aircraft  of  very  low  aspect  ratio  it  is  the  design  case  for 
practically  the  whole  structure.  Thus  information  on  the  magnitude  of 
these  loads  is  of  the  utmost  importance.  There  are  three  distinct  types  of 
load;  (i)  taxying,  (ii)  take-off,  (iii)  landing. 

It  is  immediately  apparent  that  the  ground  environment,  as  described  in 
Chapter  3,  is  an  important  feature  in  the  determination  of  ground  loads. 
However,  the  flight  techniques  adopted  by  pilots  and  the  atmospheric 
conditions,  especially  visibility  and  precipitation  of  rain  and  snow,  are  also 
important.  This  means  that  runways  with  identical  profiles  could  produce 
very  different  loads  in  different  parts  of  the  world,  due  to  differences  in 
atmospheric  conditions  and  to  differences  in  the  ground  navigational  aids 
that  are  available.  Changes  in  the  ground  aids  and  in  the  equipment  carried 
in  the  aeroplane  can  appreciably  alter  the  techniques  of  landing  and  take-off 
adopted  by  pilots  and  also  the  regulations  defining  when  landings  or  take¬ 
offs  shall  be  forbidden.  There  is  no  technical  reason  why  the  regulations 
forbidding  a  take-off  need  ever  be  waived,  but  some  tolerance  is  needed  for 
the  regulations  for  landings,  as  there  can  always  be  emergency  landings  due 
to  a  defect  developing  in  some  part  of  the  aircraft  or  due  to  such  rapid  and 
widespread  changes  in  the  atmospheric  conditions  that  a  diversion  to  another 
airport  would  involve  more  rather  than  less  risk.  One  of  the  incidental 
limitations  to  the  data  that  have  been  collected  on  landing  loads  is  that  they 
had  to  be  obtained  at  a  small  number  of  airports  for  short  periods  of  time 
in  good  visibility,  and  this  could  not  be  representative  of  all  airports  through¬ 
out  the  world  and  of  all  landings  throughout  the  year. 

The  simplest  way  of  defining  ground  loads  would  be  to  state  that  they  were 
all  the  loads  that  occurred  between  the  first  touch  of  the  landing  gear  on 
landing  to  the  last  touch  in  the  take-off  of  the  next  flight,  but  this  has  the 
disadvantage  of  grouping  the  three  phases  of  (i)  deceleration  from  a  con¬ 
dition  with  roughly  Ig  lift,  (ii)  a  fairly  steady  velocity  with  negligible  lift  and 
(iii)  an  acceleration  up  to  \g  lift.  Any  other  definition  will  introduce  some 
sort  of  overlap  of  these  three  conditions.  Fortunately  the  significance  of  the 
three  conditions  to  the  aircraft  is  quite  pronounced,  being  primarily  fatigue 
loadings  except  for  a  single  landing  and  a  single  take-off  load.  The  take-off 
load  is  more  difficult  to  separate  from  the  adjacent  taxying  loads  and  might 
best  be  regarded  as  a  continuation  of  them.  The  landing  loads  are  readily 
identifiable  and  can  be  related  statistically  to  the  attitude  of  the  aircraft  at 
touchdown;  when  the  landing  loads  are  very  small  they  can  easily  be 
missed  in  experimental  readings  of  normal  acceleration  as  the  subsequent 
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taxying  normal  accelerations  will  be  greater,  but  this  has  little  practical 
significance  other  than  in  the  purely  research  considerations  of  correlation 
between  velocity  of  descent  and  normal  acceleration. 

7.2  TAXYING  LOADS 

In  order  to  determine  the  taxying  loads  that  an  aircraft  will  encounter  it  is 
necessary  to  know  the  runway  profile  and  the  time  spent  taxying  at  different 
speeds.  Westfall  et  al.  (1957)  found  that  the  time  spent  taxying  was  remark¬ 
ably  constant  for  three  transport  types  averaging  within  a  few  seconds  of 
5  min.  The  accelerations  that  will  be  encountered  will  depend  on  the 

X  EXPERIMENTAL 
HOUEOLT  (lt«l) 
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TAXI  SPEED. 

Fig.  7.1.  Comparison  of  measured  taxi  C.G.  acceleration  on  F- 100  with  calculation. 

transfer  function  of  the  aircraft.  Houbolt  (1961)  compares  the  calculated 
with  the  measured  average  acceleration  for  an  F- 100  on  a  particular  runway 
and  the  comparison  is  shown  in  Fig.  7.1.  It  is  probably  reasonable  to  assume 
that  the  calculated  average  acceleration  on  any  runway  will  be  reasonably 
close  to  the  measured  values,  but  the  calculations  of  the  dbtribution  of  the 
number  of  occurrences  at  different  levels  will  not  be  so  accurate.  Houbolt 
does  not  give  such  a  comparison  but  does  emphasize  that  “The  roughness 
treated  [by  him]  is  that  of  a  continuous  type.  Taxying  over  discrete  bumps 
such  as  chuck  holes  or  running  off  the  edge  of  the  pavement  are  conditions 
distinct  and  separate  enough  to  require  a  different  treatment  from  that 
given.”  Hitch,  as  quoted  in  Chapter  3,  mentions  that  a  trough  produces 
vertical  accelerations  substantially  in  excess  of  the  general  level. 

From  a  study  of  VGH  records  Houbolt  (1961)  notices  that  the  average 
acceleration  peak  on  airline  operations  is  0-12^?.  Westfall  et  al.  (1957) 
notice  in  several  hundred  taxying  runs  that  the  maximum  taxying  loads 
occurred  at  speeds  usually  below  20  m.p.h. ;  they  also  notice  that  there  is 
little  variation  from  a  frequency  of  1’75  cycles  per  second  of  C.G.  accelera¬ 
tions  for  5  aircraft  ranging  from  the  B-36  to  a  small  jet  fighter.  The 
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distribution  of  occurrences  of  acceleration  quoted  by  Westfall  is  given  in  Fig. 
7.2  (this  is  identical  to  that  quoted  by  Houbolt  for  which  he  quotes  an  aver¬ 
age  peak  of  0-12g)  and  compared  with  the  distribution  given  by  J.  Taylor 
(1956)  and  with  unpublished  data  by  J.  Taylor  (1951). 

There  are  insufficient  data  available  for  a  comparison  to  be  made  of  the 
runway  profiles  and  measured  accelerations.  The  results  of  Westfall  suggest 


Fig.  7.2.  Distribution  of  taxying  loads  per  flight. 


that  wavelengths  corresponding  to  speeds  up  to  20  m.p.h.  and  frequencies  of 
1-75  c.p.s.  are  the  important  ones.  These  wavelengths  are  17  ft.  It  is  pro¬ 
bably  reasonable  to  use  these  values  in  assessing  the  frequently  occurring 
accelerations.  Little  can  be  done  to  differentiate  between  different  aircraft 
and  Fig.  7.2  is  probably  all  that  can  be  used  until  more  information  is 
available  on  the  correlation  of  actual  accelerations  with  those  predicted 
from  the  runway  profiles  given  in  Chapter  3. 

Although  Westfall  noticed  that  the  maximum  taxying  loads  occurred  at 
speeds  usually  below  20  m.p.h.,  it  cannot  be  assumed  that  the  very  infrequent 
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high  loads  also  occurred  below  20  m.p.h.  Thus  the  longer  wavelengths  and 
abrupt  changes  of  slope  or  elevation  may  play  an  important  part  in  genera¬ 
ting  the  high  loads  and  must  be  considered  if  an  attempt  is  made  to  replace 
the  predictions  of  Fig.  7.2  by  predictions  direct  from  the  runway  profiles. 

7.2.1.  Effects  of  Aircraft  Flexibility 

B.  R.  Morris  (unpublished,  1962)  investigated  the  behaviour  of  a  fighter 
aircraft  taxying  over  a  rough  runway  at  different  speeds  and  tyre  pressures, 
taking  account  of  aircraft  flexibility.  Special  attention  was  paid  to  the  nor¬ 
mal  accelerations  at  the  wing  tips  and  at  the  cockpit  which  was  almost 


INCMEMENT  OF  NORMAL  ACCELCRATION'g’UNITS 


INCREMENT  OF  NORMAL  ACCELERATION'j' UNITE 


Fig,  7.3.  Distribution  of  threshold  crossing  of  normal  acceleration  of  aircraft  L 
taxying  at  different  speeds  with  tyre  pressure  80  /A/in’  (a  count  is  made  for  each  crossing 

in  one  direction  only). 
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immediately  above  the  nose  wheel.  The  natural  frequencies  of  the  funda¬ 
mental  modes  of  symmetrical  wing  bending,  antisymmetrical  wing  bending 
and  fuselage  bending  were  10,  13  and  14  c.p.s.  respectively:  it  was  found 
that  these  were  predominant  frequencies  in  the  aircraft  response.  At  such 
high  frequencies  there  are  a  large  number  of  crossings  of  the  acceleration 
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0  CALCULATtO  TYRE  PRESSURE  SO  LS/SQ.  INCH. 
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SUPFH  C  DENOTES  COCKPIT. 


Fig.  7.4.  Comparison  of  nuasurtd  taxi  acceleration  with  calculation  for  cockpit  and 

wing  tip. 


with  zero  increment  and  a  check  can  be  made  for  each  run  of  the  distribution 
of  crossings  of  other  accelerations  up  to  two  or  three  times  the  root  mean 
square  of  the  acceleration  (r.m.s.).  The  distributions  are  compared  with 
Normal  distributions  in  Fig.  7.3  for  3  speeds  and  a  tyre  pressure  of  80  Ib/in*. 
The  r.m.s.  values  arc  shown  in  Fig.  7.4  for  these  runs  and  also  for  some  others 
with  a  tyre  pressure  of  100  Ib/in*.  An  inspection  of  the  measurements 
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at  the  aircraft  C.G.  indicates  that  they  resemble  closely  those  at  the  cockpit 
but  with  about  half  the  amplitude. 

Analogue  computations  were  made  involving  10  degrees  of  freedom  for  the 
aircraft  structure  with  its  landing  gear.  The  actual  inputs  of  runway  spectra 
could  not  be  controlled  very  closely  especially  for  the  important  frequencies 
of  the  order  of  10-15  c.p.s.  If  rough  account  is  taken  of  these  dbcrepancies 
it  is  considered  that  the  experimental  readings  agree  reasonably  with 
prediction.  It  seems  probable,  though,  that  the  differences  in  the  measured 
values  of  normal  acceleration  of  the  aircraft  with  tyre  pressures  of  BO  Ib/in* 
and  with  tyre  pressures  of  100  Ib/in*  are  merely  experimental  variation 
between  runs;  the  analogue  studies  also  suggest  that  for  the  particular 
runway  the  variation  with  speed  is  negligible. 

The  restrictions  that  have  to  be  imposed  in  the  representation  of  the 
actual  runway  roughness  and  the  aircraft  characteristics  when  using  Spectral 
methods  do  not  seem  to  alter  seriously  the  prediction  of  the  frequently 
occurring  loads.  In  particular  the  non-linear  characterbtics  of  the  landing 
gear  do  not  seem  to  influence  seriously  the  accelerations.  It  should  be 
emphasized,  however,  that  in  a  sinusoidal  motion  at  10  c.p.s.  an  amplitude 
of  J;;  1^  corresponds  to  an  amplitude  of  J;0-1  in.  and  at  14  c.p.s.  to  ±0-05  in. 
so  that  many  of  the  acceleration  fluctuations  are  not  associated  with  great 
non-linear  changes  in  the  landing  gear  oleos. 

For  the  rare  large  accelerations,  particularly  those  at  about  2  c.p.s., 
associated  with  the  landing  gear  natural  frequencies,  or  slower,  the  same 
care  will  have  to  be  exercised  in  studying  flexibility  that  has  to  be  exercised 
when  studying  C.G.  motion. 


7.3  NORMAL  ACCELERATIONS  AT  TAKE-OFF 

For  many  of  the  frequently  occurring  loads  the  take-off  may  be  considered 
an  extension  of  the  taxying  condition.  In  fact  for  runways  such  as  the  ones 
for  which  accelerations  are  quoted  in  Figs.  7. 1  and  7.4  the  r.m.s.  accelerations 
do  not  seem  to  vary  much  up  to  take-off  speeds. 

In  theory  high  loads  may  occur  occasionally  due  to  the  random  association 
of  different  components  of  ground  roughness  and  different  attitudes  of  the 
aircraft  and  its  landing  gear.  In  practice  it  is  much  more  likely  that  the 
highest  loads  will  be  mainly  influenced  by  the  specific  design  profile  of  the 
runway,  esjocially  in  the  region  where  the  aircraft  will  normally  be  near  to 
its  take-off  speeds.  In  this  connection  the  runway  is  regarded  as  having  a 
design  profile  on  which  roughness  is  superposed ;  the  N.  A.T.O.  criteria  given 
in  Chapter  3  state  that  changes  in  longitudinal  gradients  of  the  profile  shall 
be  at  least  1 000  ft  apart  and  the  roughness  of  the  runways  is  measured  only 
up  to  wavelengths  of  150  ft.  In  view  of  the  paucity  of  the  data  it  b  not 
possible  to  do  a  full  probability  study  of  a  combined  profile  and  roughness. 
Some  empiricism  must  be  introduced  and  perhaps  the  simplest  way  is  to 
select  somewhat  arbitrarily  a  few  profiles,  determine  the  maximum  normal 
acceleration  that  ensues  and  then  add  the  accelerations  due  to  roughness. 
For  such  an  approach  it  may  be  assumed  that  rare  events  due  to  profiles 
and  due  to  roughness  will  not  occur  at  the  same  time.  Thus  either  the 
profiles  must  be  those  that  occur  fairly  frequently  or  the  accelerations 
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due  lo  roughness  have  to  be  those  occurring  frequently.  In  Chapter  3, 
Fig.  3.5  shows  the  cumulative  frequency  of  occurrence  of  ramps  of  different 
angles.  The  maximum  ramp  angle  permitted  by  the  N.A.T.O.  criteria  is 
0-02  rad,  but  a  ramp  angle  of  O-Ol  rad  is  present  in  about  10  per  cent  of  the 
runways.  The  N.A.T.O.  criteria  include  a  limitation  on  rate  of  change  of 
longitudinal  slope  of  0-167  per  cent  per  100  ft,  but  many  of  the  changes  of 
angle  are  not  nearly  so  well  faired.  It  is  probably  not  being  unduly  con¬ 
servative  in  aircraft  design  to  assume  that  the  ramp  angle  of  0-01  rad  is 
achieved  at  a  rate  of  change  of  longitudinal  slope  of  1  -67  per  cent  per  100  ft 
(i.e.  10  times  the  criterion). 

The  single  load  that  is  produced  by  the  change  of  slope  of  0-01  rad  and 
occurs  in  10  per  cent  of  take-offs  only  lasts  for  part  of  the  take-off.  The 
accuracy  of  the  data  does  not  warrant  an  elaborate  procedure  and  it  is 
suggested  that  the  portion  of  the  runway  in  which  this  change  of  slope  influ¬ 
ences  the  taxying  loads  is  taken  arbitrarily  to  be  10  per  cent  and  that  the 
aircraft  speed  at  the  time  is  take-off  speed.  Thus  a  mean  acceleration 
corresponding  to  a  traverse  of  the  ramp  at  take-off  speed  must  be  added  to 
about  1  per  cent  (i.e.  roughly  equivalent  to  10  per  cent  of  the  taxying  time 
of  1 0  per  cent  of  the  take-offs)  of  the  fluctuating  taxying  loads. 

The  change  of  slope  may  not  be  the  only  condition  that  introduces  higher 
loads  than  would  be  expected  from  considerations  of  average  roughness. 
Other  conditions  are  patches  of  unusually  high  roughness  or  possibly  local 
steps.  The  runway  roughness  measurements  on  the  36  N.A.T.O.  runways 
give  no  indication  of  the  magnitude  to  be  assumed  and  until  more  data  are 
collected  it  will  have  to  be  dealt  with  on  an  ad  hoc  basis  of  reports  on  condi¬ 
tions  on  individual  runways. 

7.4  NORMAL  AfcCELERATIONS  ON  LANDING 
The  landing  loads  are  much  more  easily  separable  from  the  taxying  loads 
than  are  the  take-off  loads.  Also  the  conditions  governing  the  landing 
loads  are  much  more  easily  definable.  For  all  practicable  purposes  they 
may  be  defined  by  the  attitude  of  the  aircraft  at  touchdown  relative  to  the 
tangential  plane  of  the  runway  at  the  point  of  touchdown  together  with  the 
vectorial  velocity  of  the  centre  of  gravity  of  the  aircraft  and  the  vectorial  angu¬ 
lar  velocity  about  its  centre  of  gravity.  This  greatly  simplifies  the  problem  of 
obtaining  statistics  of  landing  loads  as  the  actual  flight  path  and  relevant 
velocities  at  the  instant  of  touchdown  can  be  measured  on  a  relatively  large 
number  of  aircraft  with  only  a  limited  number  of  check  measurements  on 
selected  aircraft. 

The  attitude  of  the  aircraft  at  touchdown  is  fully  defined  if  the  following 
parameters  are  known ; 

(i)  Vertical  velocity 

(ii)  Horizontal  velocity 

(iii)  Bank  angle 

(iv)  Rolling  angular  velocity 

(v)  Yaw  angle 

(vi)  Yawing  angular  velocity 

(vii)  Pitch  angle 

(viii)  Pitching  angular  velocities 
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Westfall  et  al.  (1957)  have  examined  statistical  data  from  a  number  of 
experiments  of  Drehcr  (1956),  Harrin  (1956),  Kolnick  and  Morris  (1955), 
Silsby  (1955,  1956)  and  Silsby  and  Harrin  (1955a,  1955b)  on  vertical 
velocity,  horizontal  velocity,  bank  angle  and  rolling  angular  velocity  and 
did  not  find  any  correlation  between  any  two  of  the  parameters;  they  do  not 
state  explicitly  that  they  checked  the  correlation  between  horizontal  and 
vertical  velocity,  but  they  do  state  that  the  statistical  analysis  indicated  no 
significant  correlations  between  wing  lift  and  vertical  velocity.  The  normal 
accelerations  of  an  aircraft  on  landing  are  given  mainly  by  these  four 
parameters,  vertical  velocity,  horizontal  velocity,  bank  angle,  rolling 
angular  velocity,  and  a  good  estimate  of  their  contribution  can  be  obtained 
by  treating  them  as  independent  parameters.  There  is,  however,  in  addition 
a  significant  effect  on  the  normal  acceleration  due  to  pitch  and  an  indirect 
effect  due  to  yaw.  The  angle  and  angular  velocity  of  yaw  of  the  aircraft  at 
touchdown  induce  fore  and  aft  and  lateral  loads  on  the  landing  gear,  thus 
influencing  the  motion  of  the  oleo.  The  nature  of  the  experiments  is  such 
that  pitch  and  yaw  cannot  be  measured  so  that  if  information  is  required 
theoretical  predictions  must  be  used. 

7.4.1.  Vertical  Velocity  at  Touchdown 

The  most  important  parameter  influencing  the  normal  acceleration  is 
the  vertical  velocity.  In  the  bibliography  quoted  by  Westfall  et  al.  (1957) 
and  mentioned  earlier,  the  vertical  velocity  is  measured  photographically 
in  the  majority  of  the  landings.  There  are  268  landings  by  a  trainer  that  are 
not  measured  in  this  way  and  should  be  treated  separately.  There  are  1361 
landings  of  military  aircraft  for  which  the  experimental  readings  are  available 
and  are  presumably  the  same  1361  landings  quoted  by  Westfall  (this  omits 
215  landings  of  a  B-47  measured  at  Boeings  and  59  landings  of  a  KC-97,  all 
of  which  are  in  substantial  agreement  with  the  222  landings  of  a  B-47 
measured  by  N.A.S.A.) ;  also  there  arc  478  landings  of  civil  aircraft  (Westfall 
quotes  2385  civil  landings  but  gives  no  indication  of  the  source  from  which  the 
additional  measurements  were  taken).  In  the  present  analysis  the  following 
more  recent  measurements  of  civil  landings  arc  included;  340  records  by 
Silsby  and  Livingston  (1959)  and  495  records  by  Stickle  and  Silsby  (1960) 
and  Stickle  (1961).  The  analysis  now  being  made  is  on  2674  landings;  the 
recordings  of  one  aircraft  (302  landings)  are  regarded  as  unrepresentative, 
for  reasons  to  be  stated  later,  but  the  remainder  are  used  to  compare 
military  landings  (1059)  and  civil  (1313),  large  aircraft  landings  (760)  and 
small  (1612),  turbojet  aircraft  landings  (1085)  and  propeller  aircraft 
(1287). 

In  making  a  comparison  of  types  of  aircraft  it  is  convenient  to  reduce  the 
data  for  each  aircraft  to  one  parameter.  It  was  decided  that  the  landing 
that  was  exceeded  in  severity  about  once  per  25  landings  would  be  suitable 
for  this  purpose.  The  mean  vertical  velocity  (  Vy)  and  the  standard  devia¬ 
tion  (a)  about  the  mean  arc  given  in  Table  7.1  for  all  the  aircraft  for  which 
there  were  sufficient  landings  for  the  standard  deviation  to  be  estimated 
with  reasonable  confidence ;  the  velocity  corresponding  to  (Vy  +  2a)  is  ex¬ 
ceeded  roughly  once  per  25  landings  and  is  used  to  compare  the  different 
aircraft. 
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Table  7. 1 .  Vertical  Velocity  of  Descent  of  Different  Aircraft 


j  Vertical  velocity  ft/sec 

Reference 

Aircraft 

No.  of 
land¬ 
ings 

All-up- 

iveight 

lb 

Average 

Vr 

Standard 

deviation 

a 

Vr  +  2a 

Silsby  (1955) 

B  (Civ.  Prop.) 

67 

27,000 

100 

0-48 

1-96 

Sibby  (1955) 

E  (Civ.  Prop.) 

91 

42,750 

1-65 

0-82 

3-29 

Sibby  (1955) 

F  (Civ.  Prop.) 

75 

73,000 

1-34 

0-63 

Sibby  (1955) 

G  (Civ.  Prop.) 

100 

41,790 

1-39 

0-66 

2-71 

Sibby  (1955) 

H  (Civ.  Prop.) 

36 

107,000 

1-58 

0-85 

3-28 

Sibby  (1955) 

J  (Civ.  Prop.) 

71 

88,000 

or 

103,000 

1-47 

0-64 

2-75 

Stickle  (1961) 

A  (Civ.  Jet) 

282 

245,000 

1-52 

0-90 

3-32 

Stickle  (1961) 

B  (Civ.  Jet) 

112 

265,000 

1-45 

0-94 

3-33 

Stickle  (1961) 
Sibby  and 
Harrin 

Civ.  Turbo-prop 

101 

113,000 

1-06 

0-71 

2-48 

(1955a) 

B-36  (Mil.  prop) 

144 

357,000 

to 

410,000 

2-29 

1-08 

4-45 

Kolnick  (1955) 

B-47  (Mil.  Jet) 

222 

185,000 

1-97 

0-81 

3-59 

Sibby  (1956) 

B-26  (Mil.  Prop) 

224 

32,400 

1-31 

0-67 

2-65 

Sibby  (1956) 

T-33  (Mil.  Jet) 

166 

15,000 

103 

0-68 

2-39 

Sibby  (1956) 

B-57  (Mil.  Jet) 

109 

53,400 

0-95 

0-63 

2-21 

Sibby  (1956) 

F-94C  (Mil.  Jet) 

194 

19,200 

101 

0-67 

2-35 

Sibby  (1956) 

F-84F(Mil.Jet) 

302 

27,000 

1-72 

1.22 

4- 16 

The  only  marked  division  that  can  be  made  between  aircraft  is  on  size, 
those  below  1 50,000  lb  all-up-weight  experiencing  rather  lower  vertical 
velocities  than  those  aircraft  above  1 50,0(X)  lb  all-up-weight :  no  tendency 
is  apparent  of  variation  with  all-up-weight  of  the  12  aircraft  below  150,000  lb 
and  no  separation  can  be  made  above  1 50,000  lb  as  there  are  only  4  aircraft. 
Apart  from  the  recordings  of  the  F-84F  the  variation  from  one  aircraft  to 
another  of  the  group  of  smaller  aircraft  is  small.  The  average  velocity  for 
(Vy  -f-  2<7)  for  the  1 1  aircraft  is  2-60  ft/sec  and  the  standard  deviation  about 
this  average  is  0-38  ft/sec.  The  averages  of  various  groups  of  aircraft  arc: 


7  civil  aircraft 

4  military  aircraft 
3  turbojets 

8  propeller  aircraft 


2-72  ft/sec 
2-40  ft/sec 
2-32  ft/sec 
2-72  ft/sec 


All  these  groups  arc  within  a  standard  deviation  from  the  mean  and  the 
greatest  departure  of  any  single  aircraft  is  less  than  2  standard  deviations. 
Thus  no  significant  variation  exists  between  any  of  these  groups.  However, 
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the  F-84F  is  about  4  standard  deviations  above  the  average  of  all  the  other 
aircraft  with  less  than  150,000  lb  all-up-weight.  If  the  analysis  is  done  with 
the  F-84F  records  included  the  average  of  (Fp  +  2a)  and  standard  deviation 
are  increased  to  2-73  ft/sec  and  0-60  ft/sec  and  the  average  of  the  groups  for 
civil,  military,  turbojet  and  propeller  are  respectively  2-72,  2'75,  2'78  and 
2-72  ft/sec.  Thus  the  total  separation  of  all  the  groups  is  even  less  than  before, 
being  only  one-tenth  of  a  standard  deviation,  but  the  F-84F  records  arc  2J 
standard  deviations  from  the  mean.  Whether  or  not  the  F-84F  records  are 
included  there  is  no  significant  difference  between  civil  and  military  and 


between  propeller  and  turbojets,  but  in  view  of  the  large  difference  from  all 
the  other  aircraft  of  the  F-84F  records  they  are  omitted  in  this  analysis. 
There  arc  only  4  aircraft  larger  than  1 50,000  lb  and  the  average  of  ( Fj,  +  2a) 
is  3-7  ft/sec  compared  with  2-6  ft/sec  for  the  aircraft  smaller  than  150,000  lb. 
This  difference  is  significant,  but  it  would  be  dangerous  to  draw  any  further 
conclusions  from  the  fact  that  the  vertical  velocity  of  the  propeller  aircraft 
was  greater  than  that  for  the  average  for  the  3  turbojets  and  the  fact  that  the 
average  for  the  2  military  aircraft  was  greater  than  that  for  the  2  civil 
aircraft. 

The  frequency  of  occurrence  of  different  vertical  velocities  at  touchdown 
is  given  in  Fig.  7.5.  The  aircraft  above  and  below  150,000  lb  are  shown 
separately;  the  340  landings  of  Silsby  and  Livingston  (1959)  and  38  of 
Silsby  (1955)  that  arc  for  unidentified  aircraft  of  less  than  150,0001b  arc 
included.  In  using  this  diagram  it  must  be  remembered  that  all  the  landings 
were  photographed  and  thus  night-landings  and  landings  in  bad  visibility 
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arc  not  included.  Silsby  and  Harrin  (1955b)  expressly  state  that  “the 
tests  were  conducted  in  clear  weather  conditions  and  .  .  .  [do]  not  include 
.  .  .  squall  or  ®ther  storm  conditions”. 

7.4.2.  Horizontal  Velocity  at  Touchdown 
The  horizontal  velocity  at  touchdown  was  measured  on  many  of  the 
landings  on  which  vertical  velocity  of  descent  was  measured.  Although  the 
F-84F  appeared  unrepresentative  of  all  other  aircraft  with  respect  to  vertical 
velocity,  there  was  nothing  unusual  about  its  horizontal  velocity.  Thus  these 
landings  were  included  in  the  analysis.  In  the  results  given  by  Silsby  (1955) 
for  478  landings  of  civil  transport  aircraft  horizontal  velocity  was  measured 
in  all  cases.  Ten  aircraft  were  examined  but  three  of  them  each  made  only 
3  landings.  Of  the  other  7  aircraft  the  stalling  speed  ranged  from  67  to 
90  m.p.h.  Silsby  gives  the  average  landing  speed  and  the  standard  deviation 
as  a  percentage  of  the  stalling  speed.  A  re-examination  of  the  original  data 
suggests  that  there  is  much  less  variation  between  aircraft  if  they  are  com¬ 
pared  on  the  basis  of  giving  each  landing  in  terms  of  miles  per  hour  (or 
knots  of  course)  in  excess  of  the  stall.  Table  7.2  gives  the  comparative 
values  for  the  two  aircraft  with  the  lowest  stalling  speed  and  for  the  two  with 
the  highest  stalling  speed. 


Table  7.2.  Landing  Speeds  of  Selected  Civil  Aircraft  (Silsby  1955) 


Aircraft 

No.  of 
landings 

Stalling 

speed 

Landing  speed 
minus  stalling 
speed 

Standard  deviation 

m.p.h. 

m.p.h. 

%  stall 

m.p.h. 

%  stall 

A 

19 

67 

27-4 

40-9 

8-2 

12-2 

B 

67 

67 

21-4 

32- 1 

8-2 

122 

H 

36 

85 

24-3 

6-9 

81 

I 

Average 

10 

90 

22-5 

25-0 

7-3 

8-2 

for  all 

aircraft 

AtoK 

478 

81 

23-2 

28-7 

7-8 

9-6 

If  the  results  of  all  landings  are  examined  in  terms  of  speed  in  excess  of  the 
stall  rather  than  percentage  above  the  stall,  there  is  nevertheless  an  appre¬ 
ciable  difference  between  propeller  and  jet  aircraft.  The  results  are  accord¬ 
ingly  separated  and  in  addition  the  military  and  civil  aircraft  are  shown 
separated.  Other  landings  of  propeller  aircraft  than  the  478  of  Silsby  (1955) 
that  can  be  analysed  in  terms  of  knots  above  the  stall  include  101  landings  of 
a  civil  turbo-propeller  (Stickle,  1961),  144  landings  of  a  B-36  heavy  bomber 
(Silsby  and  Harrin,  1955a)  and  224  landings  of  a  B-26  twin-propeller  bomber 
(Silsby,  1956).  The  civil  turbo-propeller  aircraft  has  a  stalling  speed  25  per 
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cent  higher  than  the  average  of  the  other  civil  aircraft,  but  its  average  land¬ 
ing  speed  above  the  stall  and  its  standard  deviation  are  20  knots  and  6-6  knots 
compared  with  an  average  of  20-2  knots  and  6*8  knots  for  the  other  civil 
aircraft.  The  B-26  and  B-36  military  aircraft  have  values  of  (20‘8,  8'6)  and 
(16-5,  7-6)  knots  respectively.  Silsby  and  Livingston  (1959)  quote  340 
landings  of  7  different  propeller  aircraft  in  terms  of  percentage  of  stalling 
speed.  As  they  have  not  been  given  for  separate  types  a  full  analysis  b  not 
possible,  but  rough  calculations  indicate  that  the  results  do  not  differ  much 
from  the  947  landings  that  have  been  examined.  The  variation  between 
different  jet  aircraft  b  much  greater  for  both  civil  and  military  types,  but  for 
consbtency  of  presentation  they  are  analysed  on  the  same  basis.  Table  7.3 
gives  a  summary  of  the  results. 


Table  7.3.  Landing  Speeds  of  Jet  Aircraft 


Reference 

Aircraft 

Mo.  of 
landings 

Stalling 

speed 

Landing 

speed 

minus 

stalling 

speed 

Standard 

deviation 

knots 

knots 

\ 

knots 

Stickle  and  Silsby 
(1960) 

Civil 

Turbojet  A 

103 

100 

32-5 

7-86 

Stickle  and  Silsby 
(1961) 

Turbojet  A 

179 

100 

26-5 

8-60 

Stickle  and  Silsby 
(1961) 

Turbojet  B 

110 

97 

215 

7-48 

Sibby  (19561 

Military 

T-33 

166 

90 

23-8 

6-25 

Sibby  (1956) 

B-57 

109 

80 

37-4 

9-70 

Sibby  (1956) 

F-94C 

194 

120 

19-8 

8-55 

Silsby  (1956) 

F-84F 

302 

114 

33 

10-80 

The  horizontal  velocities  at  touchdown  are  given  in  Fig.  7.6.  The  pro¬ 
peller  aircraft  are  fairly  consistent  amongst  themselves;  military  and  civil 
types  are  hardly  distinguishable  for  landing  speeds  up  to  30  knots  above  the 
stall.  There  is  an  indication  that  a  few  per  cent  of  landings  form  a  small 
separate  family  of  landings  at  much  higher  speeds  than  the  rest  and  that  the 
military  aircraft  arc  more  likely  to  be  flown  in  this  way  than  arc  the  civil. 
With  the  turbojet  aircraft  there  is  a  greater  speed  margin  between  the 
average  landings  and  the  stall;  this  has  probably  been  found  necessary 
because  of  the  relative  inefficiency  of  turbojet  engines  at  low  speeds  and 
correspondingly  smaller  power  margins.  It  was  shown  in  Table  7.3  that  the 
variation  between  different  aircraft  was  large,  so  that  less  confidence  can  be 
placed  in  the  results  for  turbojets  than  for  propeller  aircraft.  It  seems 
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probable  that  some  of  the  variation  is  due  to  the  relative  newness  of  turbojets 
with  the  consequential  lack  of  standardization  of  methods  of  landing.  In 
this  respect  it  should  be  noticed  that  there  is  an  appreciable  difference  in 
landing  technique  of  the  civil  turbojet  A  in  September  1959  (Stickle  and 
Silsby,  1960)  and  in  April-May  1960  (Stickle,  1961)  at  the  same  airport; 


K  EXPtMMINTAC  POINTS  CIVIU.  - — — 

•  SXPtttlMlNTAL  POINTS  MILITANT.  — - - •  — 

Fig.  7.6.  Horizontal  velocity  at  touchdown. 

also  two  of  the  four  military  aircraft  land  much  slower  than  the  average  of 
civil  and  military  aircraft  combined,  whereas  the  other  two  land  much 
faster. 

7.4.3.  Bank  Angle  and  Rolling  Velocity  at  Touchdown 

To  complete  the  information  on  landing  attitude  directly  related  to  the 
normal  acceleration  on  the  aircraft  it  is  necessary  to  know  the  angle  of  bank 
and  the  rolling  velocity  at  the  moment  of  touchdown.  A  comprehensive 
series  of  478  landings  of  civil  transports  arc  given  by  Silsby  (1955).  In  413 
of  the  landings  the  bank  angle  and  rolling  velocity  were  measured.  In  all 
cases  they  were  obtained  on  a  single  runway  on  which  all  the  landings  were 
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in  one  direction  and  in  only  6  landings  was  there  a  following  wind.  Silsby 
(1955a)  also  gives  the  details  of  86  landings  on  a  B-36.  Silsby  (1956)  gives  a 
summary  of  the  bank  angles  and  rolling  velocities  measured  on  990  landings 
on  5  other  military  aircraft,  B-57,  B-26,  T-33,  F-94C,  F-84F.  The  N.A.S.A. 
have  kindly  supplied  the  details  of  these  landings. 

All  the  landings  have  been  grouped  by  aircraft  (except  for  the  civil  ones 
which  are  combined) ,  by  the  severity  of  the  cross-wind  and  whether  it  was 
from  the  left  or  the  right.  The  means,  standard  deviation  and  skewness  of 
the  distribution  of  bank  angle  are  given  in  Table  7.4  and  the  corresponding 
data  for  rolling  angular  velocity  in  Table  7.5. 

These  are  insufficient  data  to  form  other  than  qualitative  conclusions  as 
there  are  so  many  variations  between  the  different  aircraft.  In  light  cross- 
winds  the  mean  values  of  both  bank  angle  and  rolling  velocity  do  not  seem 
to  depend  on  the  role  or  size  of  the  aircraft  and  the  variation  from  one  air¬ 
craft  to  another  is  not  great.  The  mean  bank  angle  is  to  the  left,  and  less 
than  1“,  for  all  the  aircraft  except  the  B-36  which  is  0‘1°  to  the  right.  The 
mean  rolling  velocity  is  towards  the  first  wheel  to  touch,  and  less  than  1° 
per  second,  for  all  the  aircraft  except  the  B-57  which  is  0'3°  away  from  the 
first  wheel  to  touch.  Cross-wind  affects  the  mean  bank  angle  of  all  the  air¬ 
craft  in  much  the  same  way,  a  cross-wind  from  the  left  tends  to  increase 
the  mean  bank  angle  to  the  left  and  a  cross-wind  from  the  right  increases  the 
mean  bank  angle  to  the  right.  The  amount  of  the  change  depends  on  the 
severity  of  the  cross-wind  and  is  of  the  order  of  1  °  per  20  m.p.h.  wind  speed. 
There  is  no  consistency  in  the  change  in  mean  rolling  velocity  with  cross- 
winds. 

The  scatter  in  both  bank  angle  and  rolling  velocity  between  individual 
landings  definitely  depends  on  the  size  of  the  aircraft.  On  general  reasoning 
it  would  be  presumed  that  the  moment  of  inertia  about  the  longitudinal 
direction  would  be  an  important  parameter.  In  left  cross-winds  the  three 
small  aircraft,  T-33,  F-94C,  F-84F,  have  a  standard  deviation  of  bank  angle 
of  about  1-4°  and  of  rolling  velocity  of  2-8®  per  second.  The  B-26,  B-57, 
B-36  and  the  civil  aircraft  all  have  a  standard  deviation  of  bank  angle  of 
about  1®  but  the  standard  deviation  of  rolling  velocity  decreases  with  the 
moment  of  inertia  about  the  longitudinal  axis  being  about  1'7®  per  second  for 
the  B-57  and  0-7®  per  second  for  the  B-36.  As  the  cross-winds  increase  there 
is  a  tendency  for  the  scatter  to  increase  but  thb  is  not  very  definite  up  to 
15  m.p.h. 

The  civil  aircraft  were  the  only  ones  that  experienced  cross-winds  greater 
than  15  m.p.h.  and  49  out  of  the  413  landings  were  in  this  category.  It 
will  be  seen  from  Tables  7.4  and  7.5  that  the  standard  deviations  of  the 
bank  angle  and  rolling  velocity  are  each  about  50  per  cent  greater  than  those 
for  landings  in  light  cross-winds.  Of  these  49  landings,  28  were  twin-engined 
aircraft  of  25,000  to  40,000  lb  landing  weight  and  21  four-engined  aircraft 
of 60,000  to  100,000  lb  landing  weight.  The  smaller  aircraft  had  a  standard 
deviation  of  bank  angle  only  8  per  cent  above  that  for  the  larger  aircraft  but 
the  standard  deviation  of  rolling  velocity  was  50  per  cent  greater.  The 
amount  of  data  for  cross-winds  above  15  m.p.h.  is  rather  small  but  it 
indicates  that  there  may  be  serious  loads  in  aircraft  with  low  moments  of 
inertia  about  the  longitudinal  axis. 
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Table 


Reference 


Sibby  (1956) 


Sibby  (1956) 


Sibby  (1956) 


Sibby  (1956) 


Sibby  (1956) 


Sibby  and  Harrin 
(1955a) 


Sibby  (1955) 
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7.4.  Bank  Angle  at  Touchdown  of  Different  Aircraft 


Aircraft 

No.  of 

Cross-wind 

m.p.h. 

Bank  angle 
degrees 

latxdings 

R  from  right 

L  from  left 

Mean 

Standard 

deviation 

Skewness 

B-57 

13 

9'9R  to  5R 

-103 

0-86 

+0-51 

48 

4-9R  to  5L 

-0-90 

BaCin 

22 

51L  to  lOL 

-0-96 

26 

10- IL  to  15L 

-116 

HSTfl 

HSISfI 

109 

Total 

-0-99 

HSS~9 

BCkI 

B-26 

64 

9-9R  to  5R 

-0-30 

1-27 

+  0-41 

71 

4-9R  to  5L 

-0-67 

+  0-31 

64 

51L  to  lOL 

-0-86 

25 

10- IL  to  15L 

-113 

224 

Total 

-0-67 

+0-67 

T-33 

44 

9-9R  to  5R 

-0-12 

1-57 

+  0-35 

57 

4-9R  to  5L 

-0-63 

1-22 

44 

51L  to  lOL 

-0-88 

■E!  V 

HeSiS 

20 

lO  lL  to  15L 

-1'54 

HsSfSfl 

165 

Total 

-0-67 

1-33 

F-94C 

28 

9‘9R  to  5R 

-0-31 

1-52 

+  0-47 

99 

4-9R  to  5L 

-0-82 

1-45 

27 

51L  to  lOL 

-1-22 

1-68 

BBfn 

40 

lO  lL  to  15L 

-256 

1-75 

BaS'  B 

194 

Total 

-116 

1-69 

F-84F 

83 

9'9R  to  5R 

-0-75 

1-24 

+  0-35 

127 

4-9R  to  5L 

-102 

1-47 

61 

51L  to  lOL 

-118 

1-72 

27 

lO  lL  to  15L 

-144 

1-57 

298 

Total 

-102 

1-48 

B-36 

18 

9-9R  to  5R 

+0-44 

KIES 

+0-02 

19 

4-9R  to  5L 

-I-019 

0-83 

+  0-13 

19 

51L  to  lOL 

+  004 

114 

30 

lO  lL  to  15L 

BsSIfl 

1-24 

+  0-86 

86 

Total 

HSK13 

+  0-36 

Various 

144 

9-9R  to  5R 

101 

Civil : 

98 

4-9R  to  5L 

-1-21 

Ml 

-0-51 

6  twin- 

122 

51L  to  lOL 

-1-16 

1-50 

+  009 

engine 

5  four- 

49 

lO  lL  to  15L 

-1-44 

1-53 

engine 

413 

Total 

-0-93 

1-32 

-0-23 
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The  skewness  of  the  distributions  for  thexivil  aircraft  is  very  small  and  the 
distributions  can  be  represented  fairly  well  by  a  Normal  distribution  for  the 
full  range  of  the  measurements,  i.e.  up  to  about  2  standard  deviations  from 
the  mean.  The  distributions  for  the  military  aircraft  are  rather  more  skew, 
but  even  in  these  cases  the  erroi  introduced  by  assuming  a  Normal  distribu¬ 
tion  up  to  two  standard  deviations  from  the  mean  should  not  be  great. 

7.4.4.  Comparison  of  Impact  of  First  and  Second  Wheels 
As  has  already  been  mentioned  the  four  parameters  horizontal  velocity, 
vertical  velocity,  bank  angle  and  rolling  velocity  do  not  appear  to  be 
correlated.  Thus  it  should  be  jjossible  to  deduce  the  vertical  velocity  of  the 
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VERTICAL  VELOCITV 

Fig,  7.7.  Comparison  of  vertical  velocity  at  touchdown  of  first  and  second  wheels. 

second  wheel  to  touch  from  the  distributions  of  the  values  of  the  four  para¬ 
meters  with  respect  to  the  first  wheel  to  touch.  However,  vertical  velocity  of 
descent  is  so  important  of  itself  that  a  direct  correlation  of  its  values  for 
both  wheels  is  worthwhile.  In  312  landings  of  the  478  transport  measure¬ 
ments  by  Silsby  (1955)  the  vertical  velocities  of  both  wheels  were  measured 
and  Harrin  (1956)  summarizes  them  in  two  groups  according  to  the  direc¬ 
tion  of  the  angular  velocity  at  touchdown.  He  shows  that  the  wheel  towards 
which  the  aircraft  is  rolling  at  the  first  impact  is  more  likely  to  have  the  higher 
velocity.  Figure  7.7  is  obtained  of  the  relative  total  distributions  for  each 
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wheel  by  adding  these  two  groups  given  by  Harrin.  This  is  a  more  appro¬ 
priate  comparison  than  one  deduced  from  bank  angles  and  rolling  velocities 
and,  until  further  information  becomes  available,  can  be  used  with  reasonable 
confidence  for  all  aircraft.  It  can  be  seen  that  the  second  wheel  has  slightly 
fewer  low  velocity  landings  and  slightly  more  landings  that  have  higher 
velocity. 

7.4.5.  Direct  Measurement  of  Normal  Acceleration 

The  attitude  of  the  aircraft  on  impact  determines  the  loads  that  will  be 
applied  by  the  undercarriages  to  it.  The  undercarriage  is  a  non-linear 
system  and  the  influence  of  yaw  will  be  great  on  the  correlation  between  the 
peak  normal  acceleration  at  the  centre  of  gravity.  Dreher  (1956)  has 
examined  268  landings  on  a  trainer  and  has  shown  that  despite  some  scatter, 
as  would  be  expected,  there  is  a  definite  relationship  between  the  maximum 
incremental  acceleration  and  the  vertical  velocity  measured  at  one  wheel 
only  and  this  relationship  agrees  well  with  Milwitzky’s  (1953)  analytical 


Acceleration,  a„,  g 


Fig.  7.8.  Normal  acceleration  at  touchdown. 

Reproduced  from  Operational  expeiUnces  of  turbine-powered  comrrurcial  transport 
airplatus,  by  staff  of  Langley  Airworthiness  Branch.  N.A.S.A.  TN.  ZJ-I392. 
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method.  Using  the  maximum  incremental  normal  acceleration  to  estimate 
vertical  velocity  has  the  advantage  over  the  photographic  method  that  it 
can  be  used  for  all  landings  especially  those  in  bad  visibility.  Acceleration 
records  have  been  made  of  about  3000  landings  by  piston-engined  aircraft 
and  about  7000  turbine-jjotvered  aircraft.  Figure  7.8  reproduces  the  diagram 
given  in  the  paper  by  the  Staff  of  Langley  Airworthiness  Branch  (1962). 
Data  are  not  available  for  a  comparison  to  be  made  with  the  vertical  velocity 
at  touchdown. 

7.5  FORE  AND  AFT  AND  LATERAL  ACCELERATIONS 

The  accelerations  in  the  plane  of  the  runway  surface  have  important 
effects  on  the  loads  on  the  undercarriage  and  also  on  the  take-off  and 
landing  aerodynamic  performance  of  the  aircraft.  Joyner  (1963)  has 
summarized  a  great  amount  of  work  done  at  the  Langley  Research  Center 
on  wet  runway  braking  and  slush  drag.  Much  of  this  data  must  relate  to 
particular  aircraft  and  tyres.  It  should  be  possible  to  make  some  conclusions 
that  would  be  applicable  to  aircraft  generally  but  no  attempt  has  been  made 
to  analyse  in  this  way  this  recent  paper  of  Joyner’s  (1963)  or  the  papers  to 
which  he  refers. 
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CHAPTER  8 


TEMPERATURE  AND  AIRSPEED 
IN  FLIGHT 

8.1  INTRODUCTION 

There  is  a  direct  relationship  between  the  temperature  of  the  structure  and 
the  Mach  No.  in  flight  and  also  an  indirect  one  due  to  the  action  of  the 
pilot.  The  operation  of  turbo-jet  engines  is  limited  very  much  by  tempera¬ 
ture  in  much  the  same  way  that  the  structure  is  limited ;  each  has  a  limiting 
Mach  No.  that  depends  on  the  ambient  air  temperature  and  the  time  spent 
at  that  temperature.  The  heating  rates  for  engine  and  structure  are  different, 
but  the  instructions  given  to  the  pilot  must  be  influenced  by  both  engine  and 
structural  requirements.  In  addition  to  engine  and  structural  considera¬ 
tions,  there  is  also  the  relationship  of  Mach  No.  to  true  air  speed.  When  the 
ambient  temperature  is  higher  the  temperature  rise  for  a  given  Mach  No. 
is  higher,  but  the  true  air  speed  is  also  higher  although  not  by  the  same 
amount.  Thus  to  maintain  a  constant  true  speed  it  is  possible  to  reduce  the 
Mach  No.  whenever  the  ambient  temperature  rises,  but  not  by  so  much 
that  the  structural  temperature  does  not  rise. 

The  pilot  has  a  considerable  freedom  of  choice  of  Mach  No.  and  he  will 
be  influenced  by  the  knowledge  that  at  a  given  Mach  No.  the  engine  and 
structural  temperatures  and  the  true  air  speed  will  all  increase  with  ambient 
temperature.  The  simple  approach  of  selecting  the  atmospheric  tempera¬ 
tures  from  the  information  given  in  Chapter  2  but  making  no  allowance  for 
the  pilot’s  discrimination  of  speed  because  of  the  ambient  temperature  would 
be  of  little  value.  Moreover,  changes  in  atmospheric  temperature  that  occur 
in  relatively  short  distances,  such  that  the  aircraft  velocity  could  not  readily 
be  changed  by  the  pilot’s  action,  must  be  tolerated. 

The  information  available  on  the  whole  subject  of  airframe  temperatures 
and  Mach  No.  is  so  sparse  that  extensive  empiricism  and  extrapolation  must 
be  employed  to  describe  it  in  a  form  suitable  for  determining  structural 
loadings.  To  assess  the  confidence  that  can  be  placed  in  the  various  para¬ 
meters  and  also  to  facilitate  the  replacement  of  some  data  by  data  more 
suitable  for  a  particular  aircraft,  the  subject  is  divided  into  separate  fields. 
The  main  breakdown  is  into 

(i)  Total  time  spent  at  each  equivalent  air  speed  (E.A.S.). 

(ii)  Numbers  of  occurrences  of  each  speed. 

(iii)  Time  spent  at  different  speeds  at  different  height  bands  for  selected 
aircraft. 

(iv)  Temperature  perturbations  from  the  average  ambient  conditions. 

These  fields  are  essentially  interrelated  and  an  attempt  is  made  to  give  a 
qualitative  review  of  this. 
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8.2  TIME  SPENT  AT  DIFFERENT  SPEEDS  (E.A.S.) 

Most  of  the  data  available  are  for  aircraft  with  maximum  speeds  less  than 
Mach  No.  1  -5.  A  limited  amount  is  available  up  to  a  Mach  No.  2-8  but 
this  is  insufRcient  to  predict  with  confidence  distributions  up  to  a  Mach 
No.  2-5  and  it  has  to  be  used  in  conjunction  with  extrapolations  from  the 
data  up  to  a  Mach  No.  1  -5.  The  associated  temperatures  vary  roughly  as  the 
square  of  the  speeds  and  above  a  Mach  No.  2  will  rapidly  become  important 
for  aluminium  aircraft.  The  method  adopted  in  flying  aluminium  aircraft 
at  such  speeds  may  change  greatly  and  introduce  corresponding  uncer¬ 
tainties  in  forming  general  conclusions  from  such  data. 

As  the  main  interest  is  in  the  time  spent  at  the  higher  speeds  the  data 
may  be  presented  as  the  proportion  of  time  that  is  spent  above  each  speed. 
This  gives  a  cramped  scale  at  the  lower  speeds  but  it  does  not  matter  much 
as  the  interest  in  it  is  small. 

In  performing  manoeuvres  the  pilot  will  be  attempting  directly  or  in¬ 
directly  to  apply  a  particular  acceleration  normal  to  the  line  of  flight  at  a 
particular  forward  speed,  and  departures  from  this  will  be  more  or  less 
random.  Thus  provided  there  is  no  intrinsic  limit  to  cut  off  the  distribution, 
such  as  the  stall  in  a  pitching  manoeuvre  or  the  impossibility  of  an  upward 
velocity  at  a  landing  touchdown,  the  departures  are  likely  to  be  fairly 
equally  distributed  on  both  sides  of  the  mean  values.  In  Chapter  5  it  was 
shown  to  be  the  case  for  the  distribution  of  forward  speeds  at  which  pitching 
manoeuvres  were  performed.  These  were  given  as  mean  velocities  with 
standard  deviations  about  the  mean.  The  skewness  was  also  given  but  in 
most  cases  it  was  small,  so  that  the  median  velocity  was  not  appreciably 
different  from  the  mean  velocity.  The  distributions  found  for  both  forward 
velocity  and  normal  acceleration  in  pitching  manoeuvres  are  of  interest  in 
obtaining  an  understanding  of  time  spent  at  different  speeds.  In  this  respect 
it  would  be  convenient  to  maintain  the  same  way  of  defining  the  distribution 
of  speed.  However,  for  many  operational  purposes  an  aircraft  is  flown  for 
the  majority  of  its  time  at  or  about  a  certain  speed,  but  with  two  deliberate 
types  of  departure  from  this,  one  a  high  speed  run  and  the  other  a  reduction 
of  speed  to  land.  As  these  departures  are  quite  different  in  character  it 
would  be  fortuitous  if  the  complete  distribution  were  symmetrical.  Where 
these  deliberate  departures  occupy  a  very  small  proportion  of  the  time  the 
distributions  will  be  fairly  symmetrical  and  not  markedly  different  from 
Normal  distributions.  Transports  and  heavy  bombers  will  usually  fall  into 
this  category.  Fighters,  fighter  bombers  and  trainers  will  usually  be  called 
upon  to  make  high  speed  runs  that  will  make  the  distributions  skew  and  it  is 
often  more  convenient  to  consider  these  distributions  relative  to  the  median 
velocity  rather  than  to  the  mean  velocity. 

The  data  on  time  spent  at  different  speeds  arc  mainly  from  aircraft  with 
turbojet  engines.  This  means  that  the  distributions  at  high  speeds  should 
not  be  applied  to  propeller  driven  aircraft.  The  main  differences  arise 
because  the  design  limit  speed  is  more  easily  achievable.  Thus  random 
departures  from  the  cruising  speed  are  not  seriously  limited  by  the  absolute 
top  speed  of  the  aircraft,  and  also  the  aircraft  has  to  be  kept  below  its  limiting 
speed  more  by  observation  of  the  flying  speed  than  by  lack  of  engine  power. 
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A  speed  limitation  that  has  to  be  observed  by  reference  to  an  indicator  in 
the  cockpit,  will  influence  the  distribution  of  time  spent  at  speeds  near  to  it. 
This  effect  should  be  least  for  the  bombers  and  transport  class  of  aircraft 
which  are  examined  first.  There  are  three  aircraft  in  this  group,  the  B-47 
by  Dunkee  (1961),  the  C-1 30  by  L.  Phillips  (1961)  and  the  B-52  by  Wallace 
(1961)  and  by  L.  G.  Kelly  and  Broom  (1962).  All  the  distributions  are 
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fairly  symmetrical  and,  at  flights  below  30,000  ft,  the  means  arc  272,  230  and 
253  knots  (E.A.S.)  respectively  for  the  B-47,  C-130  and  B-52.  At  flights 
above  30,000  ft  the  means  are  240  and  235  knots  (E.A.S.)  respectively  for 
the  B-47  and  the  B-52.  The  total  time  spent  at  different  speeds  is  shown  in 
Fig.  8.1;  the  speeds  are  given  in  knots  E.A.S.  exceeding  the  mean  speed. 
A  Normal  distribution  with  a  standard  deviation  of  50  knots  is  also  shown 
for  comparison  with  the  distributions  below  30,000  ft  and  it  will  be  seen  that 
none  of  the  three  distributions  differs  much  from  this  Normal  distribution. 
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At  heights  above  30,000  ft  a  Normal  distribution  with  a  standard  deviation 
of  25  knots  gives  a  good  representation. 

The  distributions  for  the  fighters  and  fighter  bombers  include  a  number  of 
deliberate  excursions  to  high  speeds  and  an  examination  of  the  individual 
records  suggests  that  the  total  time  above  any  speed  varies  exponentially 
with  speed  up  to  about  80  per  cent  of  the  design  diving  speed.  Above  this 
speed  the  effect  of  the  design  diving  speed  has  an  important  effect  that  must 
be  examined  independently. 


X  F-t4C. 

•  ESTIMATED  FROM  F2H-a. 

AND  ADJUSTED  FOR  DIFFERENT 
DESISN  DIVING  SPEED. 

Fig.  8.2.  Proportion  of  time  spent  above  different  speeds  by  an  y^-84G  fighter  in  349 
flying  hours  air-to-ground  combat  in  Korea. 


Information  is  available  for  the  F-84G  in  air  to  ground  combat  in  Korea 
(Gray,  1955),  and  it  is  possible  using  a  few  simplifying  assumptions  to 
estimate  the  distribution  to  be  expected  at  higher  speeds.  Figure  8.2  gives 
the  total  time  spent  by  the  F-84G  above  different  speeds.  A  curve  for  speeds 
in  excess  of  those  at  which  readings  were  taken  has  been  deduced  from  the 
data  presented  in  Chapter  5  on  the  assumption  that  the  excursions  to  speeds 
in  the  neighbourhood  of  limit  load  are  all  roughly  of  the  same  duration  and 
of  0-05  hr.  It  will  be  appreciated  that  if  these  excursions  are  in  fact  all  of  the 
same  duration  the  shape  of  the  curve  is  fixed  but  the  position  on  the  time 
scale  depends  on  the  actual  duration  (in  the  absence  of  data  of  the  F-84G 
the  values  for  an  F-2H2  Naval  Jet  Fighter  by  J.  P.  Mayer  and  Harris  (1955) 
were  used).  One  of  the  ways  in  which  high  speeds  are  achieved  is  in  ground 
attack  when  the  aircraft  is  accelerated  in  a  dive  and  then  pulled  up  with 
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high  normal  accelerations.  This  would  be  the  main  way  of  achieving  high 
speeds  with  propeller  driven  aircraft  but  it  need  not  be  so  with  turbojet 
aircraft.  In  order  to  estimate  the  time  spent  at  different  speeds  in  ground 
attack  a  number  of  simplifying  assumptions  must  be  made.  This  has  been 
done  for  the  F-84G  and  the  estimates  arc  shown  on  the  same  diagram  as 
those  for  total  times  at  different  speeds.  The  following  are  the  simplifying 
assumptions.  Gray  (1955)  finds  that  the  most  severe  mission  of  the  F-84G 
is  the  high  angle  lx>mbing  and  it  is  assumed  that  all  the  missions  are  of  this 
severity  and  occur  once  per  hour.  In  high  angle  bombing  the  F-84G  on 
average  starts  its  dive  at  245  knots  at  a  dive  angle  of  39°  from  9700  ft  and 
pulls  out  at  a  radius  of  4000  ft  at  396  knots  5600  ft  lower.  Taking  the  scatter 
on  speed  to  be  36  knots,  as  was  shown  in  Chapter  5  to  be  the  case  for  the 
speed  at  which  the  peak  acceleration  occurred,  and  arbitrarily  doubling  the 
time  at  any  speed  to  allow  for  the  reduction  in  speed  in  the  subsequent  climb, 
the  values  shown  in  the  diagram  are  found.  It  is  thought  that  these  assump¬ 
tions  are  conservative  so  that  these  times  are  probably  rather  higher  than  the 
actual  totals,  but  nevertheless  at  no  speed  more  than  a  few  per  cent  of  the 
total  time.  It  seems  reasonable  to  assume  that  for  all  fighters  the  times  spent 
in  manoeuvres  at  any  speed  is  so  small  that  any  change  in  technique  of 
making  manoeuvres  will  have  a  negligible  effect  on  the  total  time  spent  at 
any  speed. 

Extensive  information  is  also  available  for  fighters  of  the  F-lOO  class  on 
normal  operational  duties  (Titus,  1961).  The  total  time  is  6050  flying 
hours  and  the  higher  velocities  are  probably  achieved  primarily  in  air-to-air 
manoeuvres  at  approximately  constant  heights  well  above  the  ground. 
Figure  8.3  gives  the  proportion  of  time  at  different  speeds  of  the  F-100. 
The  records  agree  closely  to  an  exponential  decay  from  the  median  airspeed 
up  to  about  0-8  times  the  design  diving  speed,  thereafter  the  proportion  is 
less  than  would  be  expected  from  an  exponential  decay.  The  values  at 
600  knots  (E.A.S.)  and  650  knots  (E.A.S.)  can  be  compared  with  the  fre¬ 
quency  of  occurrence  of  these  high  speeds  and  an  estimate  made  of  the  aver¬ 
age  time  spent  for  each  occurrence.  No  information  is  available  for  the 
F-100  but  by  scaling  the  speeds  for  the  Hunter  in  the  ratio  of  the  design 
diving  speeds  for  the  two  aircraft  an  estimate  can  be  made.  The  Hunter 
data  (Owen,  E.  M.  and  Sellers,  1958)  for  frequency  of  occurrence  of  high 
speeds  (i.e.  those  occurring  once  per  30  hr  or  less  frequently)  agree  quite 
well  with  the  time  spent  above  600  knots  E.A.S.  and  above  650  knots  E.A.S. 
for  the  F-100  if  the  average  time  for  each  occurrence  were  0-05  hr.  It  was 
estimated  that  the  F-84G  even  on  ground  attack  duties  spent  rather  more 
time  at  higher  speeds  than  would  have  been  expected  from  the  excursions 
to  high  speed  during  the  actual  attack.  The  F-100,  which  makes  its  high 
speed  runs  mainly  at  higher  altitudes  spends  an  even  greater  proportion  of 
time  at  higher  speeds.  The  exponential  decay  for  the  air  to  ground  missions 
of  the  F-84G  was  about  90  knots  E.A.S.  per  decade  and  that  for  the  pre¬ 
dominantly  air-to-air  missions  of  the  F-100  was  about  150  knots  E.A.S.  per 
decade. 

The  proportion  of  time  spent  at  different  speeds  by  a  number  of  fighters  is 
shown  in  Fig.  8.4.  The  curves  for  the  F-84G  and  the  F-100  are  reproduced 
as  a  basis  of  comparison.  In  order  to  compare  fighters  of  widely  different 
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speeds  the  proportion  of  time  has  been  plotted  in  terms  of  airspeed  in  excess 
of  the  median  airspeed  for  each  type:  median  airspeed,  rather  than  mean 
airspeed,  has  been  chosen  as  it  is  probably  more  nearly  equal  to  the  commonly 
used  cruising  speed  and  therefore  more  easily  estimated  at  the  design  stage 
of  an  aircraft.  For  any  of  the  aircraft  examined  the  abscissa  can  be  changed 
to  actual  airspeed  by  adding  the  value  of  the  median  airspeed  which  is  275, 
296,  320,  302,  339,  273  knots  (E.A.S.)  respectively  for  the  F-106  (Clay  and 
Berens,  1963),  F-102  (Vahldiek,  1961),  RF-IOIC  (Ward,  1963a),  F-104 
(Mullins,  1961  and  1962),  F-105  (Vahldiek,  1961a),  F-86  (Gray,  1955) 


AIRSFEED.  KNOTS  (C.A.S.) 


Fig.  8.3.  Proportion  of  time  spent  above  different  speeds  by  F-\00  class  fighters  in 
6050  flying  hours  combined  duties. 

classes  of  aircraft.  The  F-106  and  RF-IOIC  have  similar  distributions 
to  the  F-84G;  in  the  case  of  the  RF-IOIC  this  is  mainly  due  to  a  predomi¬ 
nance  of  the  high  speeds  being  made  below  5000  ft,  but  the  similarity  of  the 
F-106  is  somewhat  fortuitous.  The  distributions  at  different  heights  are 
available  for  these  two  aircraft  and  they  arc  discussed  in  more  detail  in 
paragraph  8.3.  The  other  four  aircraft  appear  to  have  similar  distributions 
to  that  of  the  F-lOO  class  and  the  average  distribution  of  the  four  classes  is 
almost  indistinguishable  from  that  of  the  F-100.  It  is,  however,  worth 
examining  the  F-102  results  in  a  little  more  detail.  The  actual  curve  is  far 
from  an  exponential  decay,  the  proportion  of  time  above  104  knots  in  excess 
of  the  median  speed  being  appreciably  above  the  line  and  that  above  154 
knots  being  appreciably  below  the  line;  the  line  joining  these  points  is  in 
fact  a  little  steeper  than  the  decay  for  the  F-84G  air-to-ground  missions.  A 
further  breakdown  of  the  original  F-102  data  shows  that  the  median  airspeed 
at  a  gunnery  meet  was  about  30  knots  higher  than  the  overall  median  and 
also  that  the  reduction  of  time  at  higher  speeds  was  a  little  more  rapid  than 
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that  for  the  F-84G  air>to-ground  missions.  The  breakdown  suggests  also 
that  the  complete  distribution  is  made  up  of  two  distributions,  one  similar 
to  that  for  the  F-lOO  and  the  other  similar  to  that  for  the  F-84G.  The 
median  airspeed  for  the  air-to-ground  missions  is  appreciably  the  greater 
and  results  in  the  kink  in  the  curve.  Whenever  the  air-to-ground  missions 
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are  normally  done  at  airspeeds  not  appreciably  in  excess  of  those  of  the  air- 
to-air  missions,  their  contribution  to  the  time  at  higher  speeds  will  be 
negligible,  because  of  the  more  rapid  decay  with  airspeed,  and  will  hardly 
influence  the  shapes  of  the  curves.  This  seems  to  be  what  may  have  happened 
in  the  cases  of  the  F-104  and  F-105.  In  using  this  figure  for  other  designs, 
an  estimate  should  be  made  of  the  contributions  from  air-to-air  missions  and 
also  from  air-to-ground  missions. 
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The  data  available  for  trainer  aircraft  (Titus,  1959  and  1960)  are 
not  very  extensive  but  are  shown  in  Fig.  8.5.  There  are  three  trainers,  one 
for  primary  training  (T-34),  one  for  advanced  training  (T-33),  and  one  for 
instructor  upgrading  (T-37).  Most  of  this  flying  will  be  done  under  super¬ 
vision  and  this  seems  to  produce,  on  the  whole,  a  smaller  variation  of  the 
proportion  of  time  at  different  speeds  than  that  of  fighters.  The  comparison 
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Fig.  8.5.  Proportion  of  time  spent  above  different  speeds  by  trainer  aircraft. 


has  therefore  been  made  with  that  for  bombers  and  transports;  the  mean 
speeds  are  239,  103,  180  knots  (E.A.S.)  respectively  for  the  T-33,  T-34  and 
T-37.  The  agreement  is  very  good  for  the  two  advanced  trainers  but  the 
primary  trainer  shows  a  marked  difference.  The  tolerance  on  speed  for  the 
primary  trainer  is  usually  very  small  indeed  but  the  occasional  excursions 
to  high  speed  is  much  greater  than  those  of  the  other  trainers.  It  is  appre¬ 
ciated  that  this  primary  trainer  is  very  slow  but  the  speed  of  261  knots  (i.e. 
158  knots  above  the  mean)  which  is  exceeded  0'15  per  cent  of  the  time  is 
21  knots  above  the  design  diving  speed.  The  readings  must  be  regarded  as 
exceptional,  as  the  original  report  gives  0-05  per  cent  of  the  time  65  knots 
above  the  design  diving  speed. 
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8.3  VARIATION  WITH  HEIGHT  OF  PROPORTION  OF 
TIME  SPENT  AT  DIFFERENT  AIRSPEEDS 

The  main  value  of  the  data  on  equivalent  airspeed  is  the  associated  Mach 
No.  At  low  altitudes  the  Mach  Nos.  are  relatively  low  and  do  not  produce 
very  significant  temperatures.  They  do,  however,  help  appreciably  in  giving 
confidence  to  the  extrapolations  that  are  made  to  higher  Mach  No.  of  the 
data  at  high  altitudes. 

The  data  for  total  times  at  different  speeds  with  only  a  course  breakdown 
into  heights  indicates  that  there  are  basically  four  distributions  of  equivalent 
airspeeds  as  follows; 

A.  A  normal  distribution  with  standard  deviation  50  knots  E.A.S.  below 
30,000  ft,  measured  on  bombers,  transports  and  trainers. 

B.  A  normal  distribution  with  standard  deviation  25  knots  E.A.S.  above 
30,000  ft,  measured  on  bombers. 

C.  An  exponential  decay  above  the  median  airspeed  of  150  knots  E.A.S. 
per  decade  at  heights  well  above  the  ground,  measured  on  fighters. 

D.  An  exponential  decay  above  the  median  airspeed  of  90  knots  E.A.S. 
per  decade  near  the  ground,  measured  on  fighters. 

Data  from  3773  flying  hours  (226,402  min)  on  the  F-106  are  given  in 
Table  8.1  of  the  time  spent  at  different  heights  and  speeds.  The  original 
data  of  equivalent  airspeeds  has  been  grouped  into  three  height  bands,  up 
to  5000  ft,  between  5000  and  30,000  ft,  above  30,000  ft.  The  corresponding 
distributions  of  Mach  No.  have  been  deduced  and  are  included  in  the  table. 
Similar  data  for  2025  flying  hours  on  the  RF-IOIC  are  given  in  Table  8.2. 
An  examination  of  these  two  tables  shows  that  it  is  possible  to  obtain  good 
agreement  with  the  experimental  data  by  assuming  that  it  is  made  up  of 
various  proportions  of  the  four  distributions  A,  B,C,  D  given  above,  except 
that  for  distribution  B  a  standard  deviation  of  30  knots  E.A.S.  seems  to  be 
more  appropriate  for  fighters  rather  than  the  25  knots  E.A.S.  measured  on 
bombers.  The  more  extensive  breakdown  into  height  bands  that  has  been 
possible  on  the  l  -i06  and  the  RF-IOIC  indicates  that  the  distribution  D 
will  mainly  occur  below  a  height  of  5000  ft  and  that  distribution  C  will 
mainly  occur  at  the  usual  cruising  height  band. 

Figure  8.6  shows  the  proportion  of  time  spent  above  different  speeds  by 
an  F-106,  Fig.  8.6A  is  for  heights  below  5000  ft.  Fig.  6.8B  for  heights  between 
5000  and  30,000  ft  and  Fig.  8.6C  for  heights  above  30,000  ft.  Good  agree¬ 
ment  is  reached  with  experiment  if  it  is  assumed  that  distributions  A  and  D 
are  in  equal  proportions  below  5000  ft,  distribution  A  holds  between  5000 
and  30,000  ft  and  distribution  B  (with  standard  deviation  30  knots  E.A.S.) 
and  C  have  respectively  92  per  cent  and  8  per  cent  of  the  total  above  30,000  ft. 
The  worst  agreement  takes  place  in  the  height  band  5000  to  30,000  ft  which 
is  presumably  due  to  the  presence  of  a  distribution  with  an  exponential 
decay  similar  to  distributions  C  and  D.  These  distributions  may  be  regarded 
as  typical  for  a  fighter  aircraft.  Distributions  for  other  fighters  may  be 
predicted  by  estimating  the  propiortion  of  the  time  high  speed  runs  are  made 
and  assuming  that  distributions  C  or  D  hold  for  them ;  the  remainder  of  the 
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time  may  be  regarded  as  cruising  in  whi'di  distributions  A  or  B  hold.  The 
RF-IOIC  is  used  mainly  on  photographic  reconnaissance  duties,  it  spends 
more  than  half  its  time  below  5000  ft  of  which  30  per  cent  appear  to  be 
high  speed  runs.  At  altitudes  above  30,000  it  is  not  capable  of  such  high 


Table  8.1.  Time  in  Minutes  Spent  at  Different  Heights  and  at  Different  Airspeeds 
by  an  F-106  on  Combined  Fighter  Duties  {Deduced  from  Clay  and  Berens,  1963) 


Airspeed 

Height  in  thousands  of  feet 

Total 

0-4-99 

5-29-99 

30-69-99 

Equivalent  airspeed 

knots 

150-199 

2860 

223 

947 

4030 

200-249 

7927 

5649 

39,003 

52,579 

250-299 

9906 

21,348 

74,677 

105,931 

300-349 

8128 

25,961 

12,048 

46,137 

350-399 

2509 

11,757 

610 

14,876 

400-449 

391 

1507 

240 

2138 

450-499 

76 

292 

147 

515 

500-549 

22 

35 

102 

159 

550-599 

6 

5 

23 

34 

600-649 

1 

1 

1 

3 

Total 

31,826 

66,778 

127,798 

226,402 

Mach  No. 

02-0-399 

11,092 

1754 

12,846 

0-4-0-599 

18,934 

23,316 

131 

42,381 

0-6-0-799 

1767 

29,901 

7093 

38,761 

0-8-0-999 

33 

11,252 

60,020 

71,305 

10-1199 

542 

54,847 

55,389 

1-2-1 -399 

11 

3619 

3630 

1-4-1-599 

2 

1371 

1373 

1-6-1-799 

356 

356 

1-8-1-999 

195 

195 

2-0-2-199 

113 

113 

2-2-2-399 

37 

37 

2-4-2-599 

11 

11 

2-6-2-799 

5 

5 

Total 

31,826 

66,778 

127,798 

226,402 

sjjceds  as  the  F-106  and  very  little  time  appears  to  be  spent  in  high  speed 
runs;  the  best  fit  to  the  experimental  data  is  0-3  per  cent  of  the  time. 
Unpublished  data  from  7  other  U.S.  fighters  with  similar  capabilities  show 
similar  distributions  in  all  three  height  bands.  The  total  flying  time  for 
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each  aircraft  was  about  300  flying  hours.  Above  30,000  ft  6  out  of  7  of  the 
aircraft  could  be  represented  by  distribution  B,  (with  standard  deviation 
30  knots  E.A.S.)  each  with  less  than  1  per  cent  of  distribution  D,  the  other 
aircraft  had  a  standard  deviation  of  about  50  knots  (E.A.S.) .  The  data 
below  30,000  ft  were  separated  into  10,000  ft  bands  and  separation  for  the 
lowest  5000  ft  was  not  possible.  However,  by  analysing  the  data  above  and 


Table  8.2.  Time  in  Hours  Spent  at  Different  Heights  and  at  Different  Airspeeds 
by  an  RF-\Q\C  on  Combined  Reconnaissance  Duties  {Deduced  from  Ward,  1963a) 


Airspeed 

1 

Height  in  thousands  of  feet 

Total 

0-4-99 

5-29-99 

30-59-99 

Equivalent  airspeed 

knots 

150-199 

29-42 

4-21 

6-27 

39-90 

200-249 

60-00 

39-95 

36-21 

136-16 

250-299 

143-11 

204-71 

218-18 

566-00 

300-349 

278-31 

311-78 

54-20 

644-29 

350-399 

319-59 

82-21 

0-35 

402-15 

400-449 

188-56 

12-55 

0-04 

201-15 

450-499 

30-07 

2-09 

0-02 

32-18 

500-549 

2-37 

0-32 

2-69 

550-599 

0-76 

1 

1 

0-76 

Total 

1052-19 

657-82 

315-27 

2025-28 

Mach  No. 

0-2-0-399 

112-16 

5-86 

118-02 

0-4-0-599 

635-08  1 

158-34 

7-25 

800-67 

0-6-0-799 

302-52 

355-27 

101-35 

759-14 

0-8-0-999 

2-43 

136-57 

188-45 

327-45 

10-M99 

i 

1-76 

17-93 

19-69 

1-2-1 -399 

1-4-1 -599 

0-02 

0-24 

0-05 

0-26 

0-05 

Total 

1052-19 

657-82 

315-27 

2025-28 

below  10,000  ft  an  estimate  of  the  conditions  near  the  ground  and  in  the 
climb  and  descent  can  be  made.  In  the  climb  all  the  aircraft  have  roughly 
distribution  A  and  near  the  ground  they  have  a  combination  of  distribu¬ 
tions  A  and  B  in  various  proportions.  In  the  present  analysis  the  actual 
propKrrtions  are  not  given  as  they  are  for  the  lowest  1 0,000  ft  instead  of  the 
5000  ft  used  for  the  other  aircraft. 

The  numerical  values  of  the  times  at  different  equivalent  airspeeds  that 
were  used  to  obtain  the  curves  for  the  B-47  and  the  B-52  above  30,000  ft  in 
Fig.  8. 1  are  given  in  Table  8.3  together  with  the  associated  Mach  No.  These 
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airspeed-(knots  e.a.s) 


A  -  BELOW  5,000  FT.  -  530  FLYING  HOURS. 

Fig.  8.6.  Proportion  of  time  spent  above  different  speeds  by  an  F-106. 
Measurements  deduced  from  Clay  and  Berens  (1963)  and  compared  with  calculated 

curves  as  follows; 

A.  Below  5000 ft  normal  distribution  with  experimental  median  value  and  standard 
deviation  50  knots  E.A.S.  but  with  50  per  cent  of  the  calculated  value  above  the  median 

replaced  by  a  logarithmic  decay  of  90  knots  E.A.S.  per  decade, 

B.  5000 ft  to  30,000 ft  normal  distribution  with  standard  deviation  50  knots  E.A.S. 

C.  Above  30,000 ft  normal  distribution  with  standard  deviation  30  knots  E.A.S.  but 
with  8  per  cent  of  the  calculated  value  above  the  median  replaced  by  a  logarithmic  decay 

of  \bO  knots  E.A.S.  per  decade. 
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TEMPERATURE  AND  AIRSPEED  IN  FLIGHT 
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B-  5,000  FT.  TO  30,000  FT.  -  1113  FLYING  HOURS. 
Fig.  8.6.  {continued) 


C  -  ABOVE  30,000  FT.  -  2,130  FLYING  HOURS. 

Fig.  8.6.  {continued) 
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Values  were  the  ones  actually  used  to  obtain  distribution  B.  It  has  been 
noticed  that  apart  from  the  high  speed  runs  the  fighters  were  flown  at  what 
appears  to  be  a  cruising  condition  which  has  a  Normal  dbtribution  with  a 
standard  of  about  30  knots.  The  bombers  seem  to  avoid  high  speed  runs 
and  have  a  cruising  condition  with,  a  standard  deviation  of  25  knots. 

The  data  on  times  at  different  speeds  are  extensive  and  it  can  be  used 
with  confidence  down  to  proportions  of  O’  1  per  cent  of  the  time.  There  are 
limitations  at  equivalent  airspeeds  greater  than  0-8  times  the  design  diving 


Table  8.3.  Time  in  Minutes  Spent  at  Different 
Airspeeds  at  Heights  above  30,000 ft  by  a  B-^IE 
[Deduced  from  Durkee,  1961)  and  by  a  B-52  [Deduced 
from  Wallace,  1961 ,  and from  the  Non-heaiy  Condi¬ 
tion  of  Kelly,  L.  G.  and  Broom,  1962) 


Airspeed 

B-^IE 

B-52 

Equivalent  airspeed 

knots 

100-149 

5 

2 

150-199 

103 

846 

200-249 

3372 

42,349 

250-299 

1800 

18,845 

300-349 

9 

362 

350-399 

3 

1 

Total 

5292 

62,405 

Mach  No. 

0-4-0-599 

93 

244 

0-6-0-799 

3631 

39,841 

0-8-0999 

1560 

20,913 

1-0-1 -199 

8  1 

1407 

Total 

5292  ' 

1 

62,405 

speed  that  were  discussed  in  detail  in  Figs.  8.2  and  8.3  for  the  F-84G  and  the 
F-100.  Similar  limitations  will  presumably  apply  to  Mach  Numbers 
approaching  the  design  diving  speed,  but  insufficient  data  are  available  to 
make  estimates.  In  the  absence  of  such  data  it  should  not  introduce  much 
error  to  use  the  distributions  established  for  equivalent  airspeeds.  This 
distribution  is  roughly  30  knots  per  decade  passing  through  limit  speed  at 
about  10“*  hr  (the  actual  value  for  particular  aircraft  should  be  deduced 
from  Chapter  5  with  an  empirical  duration  of  0-05  hr  per  excursion  if  service 
data  is  unavailable). 

In  the  data  used  in  the  present  analysis  it  is  highly  probable  that  little 
restraint  was  exercised  by  the  pilots  to  maintain  low  structural  temperatures. 
Thus  when  the  data  are  used  for  aluminium  aircraft  at  speeds  above  a 
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Mach  No.  2,  some  allowance  may  have  to  be  made  on  the  same  lines  that 
the  allowance  b  made  for  the  restraint  exercised  at  speeds  approaching  the 
design  diving  speed.  This  means  that,  whilst  the  above  data  may  be  used 
for  average  atmospheric  temperatures,  corrections  will  be  needed  for  high 
atmospheric  temperatures. 

The  structural  effects  will  be  influenced  seriously  by  the  way  in  which  the 
total  time  at  each  speed  b  achieved.  The  loads  due  to  differential  heating 
will  depend  on  the  rate  at  which  the  sjieeds  arc  changed.  Usually  the 
maximum  loads  will  be  achieved  after  the  aircraft  has  reached  its  final 
velocity,  but  for  any  rate  of  change  of  speed  the  maximum  load  will  have 
exceeded  90  per  cent  of  its  final  value  within  a  few  minutes  at  heights  below 
100,000  ft  (many  references,  including  J.  Taylor,  1958).  It  may  be  assumed, 
therefore,  without  much  conservatbm  in  design  that  the  maximum  calcu¬ 
lated  loads  due  to  a  change  in  speed  will  always  occur.  For  the  very  high 
speeds  the  number  of  occurrences  b  known  but  the  forward  accelerations  to 
achieve  that  speed,  or  the  retardation  from  it  are  not  known.  At  lower 
speeds  the  number  of  occurrences  can  only  be  guessed.  The  saturation 
temperature  at  any  speed  exceeding  the  cruising  speed  by  even  a  few  knots 
will  rarely  if  ever  be  achieved.  Thus  it  will  be  very  conservative  to  assume 
that  the  saturation  temperature  is  achieved  for  the  total  time  at  that  speed. 
It  will  be  conservative  even  for  the  outer  surface,  but  in  this  case  it  will 
probably  not  involve  a  serious  penalty. 

8.4  TEMPERATURE  PERTURBATIONS  FROM  THE  AVERAGE 
AMBIENT  CONDITIONS 

The  ambient  atmospheric  conditions  on  a  geographical  scale  are  known  very 
well  as  are  the  variations  that  occur  daily  and  by  seasons.  These  values  are 
given  in  Chapter  2.  As  far  as  the  airframe  is  concerned  perturbations  in 
the  nature  of  temperature  “gusts”  are  also  of  interest.  The  scale  of  the 
perturbations  is  that  that  may  influence  the  temperature  of  the  structure 
and  is,  of  course,  related  to  the  heating  time-constant  of  the  structural 
surface  in  contact  with  the  atmosphere  through  the  aerodynamic  boundary 
layer.  No  attempt  has  yet  been  made  to  measure  these  perturbations  but 
an  indirect  assessment  of  the  problem  can  be  made  from  a  study  of  free- 
flight  models  that  have  been  used  to  measure  kinetic  heating  rates. 

Picken  (1960),  Picken  and  D.  Walker  (1961)  and  Rumsey,  Piland  and 
Hopko  (1960)  measure  heat  transfer  in  free-flight  models  and  use  the 
temperature  rise  of  the  surface  of  the  model  as  a  measure  of  the  heat  transfer; 
Picken  isolates  the  part  of  the  model  where  the  thermometers  are  installed 
by  deliberately  inserting  insulation  material  and  Rumsey  satisfies  himself 
that  he  can  neglect  heat  flow  along  the  skin.  In  both  cases  both  from  the 
size  of  the  models  and  also  from  the  areas  chosen  for  the  measurements,  the 
heating  time-constant  will  be  appreciably  less  than  full  scale  and  so  any 
temjjcrature  perturbations  will  be  less  attenuated.  However,  neither  author 
states  that  he  has  noticed  such  fluctuations,  but  there  are  several  reasons 
for  not  accepting  this  with  complacency.  There  were  only  2  flights  by 
Rumsey  and  6  by  Picken,  so  that  there  is  no  certainty  that  typical  perturba¬ 
tions  would  be  present:  in  fact  if  there  b  any  relationship  between  “gusts”  of 
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temperature  and  gusts  of  velocity  there  may  not  have  been  any  temperature 
pterturbations  present  at  all.  Also  Rumsey  did  have  scatter  in  his  heat 
transfer  for  one  model  but  u  not  too  much  concerned  about  it  as  he  (1960, 
p.  9)  says  “[the  heat  transfer  coefficients]  are  in  fair  agreement  with  Van 
Driest’s  (1952)  theory  for  turbulent  flow  on  a  cone,  except  for  the  scatter 
in  the  data  between  7-5  seconds  and  9*5  seconds  .  .  Picken  (1960,  p.  6) 
states,  .  .  The  thermocouple  signals  were  read  every  cycle  of  the  com¬ 
mutator  switch,  that  is  about  every  -^th  second  for  each  station  and  were 
smoothed  and  differentiated  by  means  of  cubic  least  square  polynomials 
.  .  and  in  no  example  gives  any  experimental  readings  which  were,  of 
course,  rather  too  numerous. 
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CHAPTER  9 


THEORETICAL  ANALYSIS  OF 
TURBULENCE 

9.1  INTRODUCTION 

A  stream  of  air  that  is  not  subject  to  external  forces  will  move  with  uniform 
velocity  in  a  straight  line,  the  whole  stream  has  the  same  velocity  and  the 
flow  is  laminar.  When  the  stream  is  subject  to  external  forces  there  will  be  a 
transfer  of  energy  to  or  from  the  stream.  The  air  in  the  stream  will  cease 
to  move  in  straight  lines,  there  will  be  a  commotion  of  many  of  the  particles 
of  air  and,  in  this  turbulent  air,  eddies  will  build  up  and  die  down.  For 
relatively  small  transfers  of  energy  the  stream  may  continue  at  approxi¬ 
mately  the  same  mean  velocity  but  with  a  turbulence  of  the  air  relative  to 
the  stream  velocity.  The  size  and  velocity  of  the  eddies  in  the  turbulence 
will  depend  on  the  source  of  the  external  forces.  The  energy  of  the  turbulence 
will  be  proportional  to  the  mean  square  of  the  velocity  of  the  eddies  and  the 
scale  of  the  turbulence  will  depend  on  their  size.  The  dimensions  of  the 
source  of  the  external  forces  in  contact  with  the  stream  will  roughly  deter¬ 
mine  the  dimensions  of  the  largest  eddies  that  are  produced. 

The  character  of  turbulence  has  many  common  features  over  a  wide 
range  of  scale  that  can  be  described  in  terms  of  the  scale.  Atmospheric 
turbulence  is  the  largest  scale  of  turbulence  experienced  by  aircraft.  The 
scale  is  roughly  proportional  to  the  height  up  to  1000  ft  and  increases  more 
slowly  at  greater  heights.  The  character  of  this  turbulence  is  the  atmosphere 
itself  and  is  independent  of  the  aircraft.  A  second  type  of  turbulence  is 
I  initiated  mainly  by  the  shape  of  the  aircraft  and  is  called  buffeting.  This 
can  occur  in  cavities,  on  control  surfaces  and  on  complete  wings.  The  scale 
of  the  turbulence  is  of  the  same  order  as  the  dimensions  of  the  part  causing  it. 
In  a  cavity  the  depth  would  probably  be  the  most  important  dimension  and 
in  control  surfaces  or  wings  the  chord.  A  third  type  is  set  up  in  the  region 
of  the  jets  from  the  engines  and  tends  to  be  rather  smaller  than  buffeting. 
The  scale  is  of  the  same  order  as  the  thickness  of  the  mixing  region  round 
the  jets  and  is  such  that  the  turbulence  always  produces  audible  noise  and  is 
usually  referred  to  as  noise. 

In  considering  turbulence  due  to  the  flow  of  air  over  the  wings  and 
fuselage  there  is  a  tendency  to  use  the  description  buffeting  only  when  it 
occurs  in  abnormal  circumstances.  The  turbulence  that  is  always  present  in 
the  boundary  layer  and  produces  audible  noise  is  usually  referred  to  as  noise 
even  though  it  might  be  more  properly  described  as  buffeting. 

9.2  PHYSICAL  REPRESENTATION  OF  TURBULENCE 
The  two  salient  parameters  of  any  form  of  turbulence  are  the  scale  and  the 
•  intensity.  Definitions  of  scale  and  intensity  are  required  so  that  practical 
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turbulence  can  be  given  numerical  values.  The  total  intensity  may  be 
defined  as  the  kinetic  energy  of  the  turbulence  per  unit  mass  of  air.  This  of 
itself  is  too  broad  a  description  as  the  kinetic  energy  will  have  components 
at  different  wavelengths.  This  dbtribution  at  different  wavelengths  will  be 
a  characteristic  of  the  turbulence.  In  an  idealized  model  of  turbulence  this 
distribution  will  be  given  in  two  parts:  (i)  the  value  at  one  waveleng^,  and 
(ii)  the  relative  values  at  all  other  wavelengths.  The  choice  of  wavelength 
to  fix  the  dbtribution  will  be  made  with  a  view  to  identifying  it  as  propor¬ 
tional  to  the  scale  of  the  turbulence.  If  thb  is  done  well  the  relative  values 
at  other  wavelengths  should  be  independent  of  scale  for  any  particular  type 
of  turbulence.  Thus  practical  examples  of  turbulence  can  be  compared  and 
if  a  good  idealized  model  for  all  turbulences  could  be  found,  the  practical 
measurements  could  be  given  in  terms  of  it  together  with  small  perturba¬ 
tions. 

The  objective  is  to  define  the  turbulence  in  such  a  way  that  loads  on  the 
aircraft  can  be  determined.  In  all  circumstances  the  loads  on  the  aircraft 
will  result  from  the  effect  of  a  combination  of  turbulence  and  the  main  air 
flow.  Thb  allows  some  latitude  in  the  definition  of  turbulence  and  of  the 
dividing  line  between  what  is  regarded  as  turbulence  and  what  is  the  main 
flow.  Any  turbulence  b  produced  by  some  action  on  the  main  flow  and 
during  the  process  of  its  build  up  there  is  a  rapidly  varying  interaction 
between  the  two  flows;  any  valid  solution  would  have  to  be  of  the  whole 
system  and  is  virtually  intractable.  Once  the  turbulence  has  been  set  up  it 
is  possible  to  neglect  the  interaction  from  the  main  flow  but  even  then 
only  the  simplest  of  models  are  tractable.  The  properties  of  the  turbulence 
are  identified  over  volumes  sufficiently  small  that  they  are  reasonably 
uniform.  In  effect  the  properties  are  given  as  those  at  a  point  and  variations 
from  one  point  to  another  associated  empirically  with  the  main  flow.  This 
separation  of  turbulence  from  the  stream  flow  should  be  possible  provided 
the  adjacent  patches  of  turbulence  do  not  influence  each  other  appreciably. 
It  should  be  so  provided  the  distances  required  to  produce  an  appreciable 
change  in  turbulence  intensity  or  stream  velocity  arc  large  compared  with 
the  scale  of  turbulence.  With  these  simplifications  the  turbulence  is  then 
regarded  as  homogeneous  and  isotropic.  Turbulence  is  considered  to  be 
homogeneous  when  its  intensity  is  the  same  at  all  positions  and  isotropic 
when  there  are  no  preferential  directions  of  motion.  Thus  all  turbulence 
can  be  given  as  its  intensity  and  scale  at  every  point  and  a  stream  velocity 
at  that  point. 

A  typical  distribution  of  the  turbulence  energy  at  different  wavelengths 
is  shown  diagrammatically  in  Fig.  9. 1 .  The  turbulence  energy  may  be  in  any 
direction  and  will  vary  at  random  along  the  length  of  the  stream.  The 
abscissa  is  log  (inverse  wavelength)  and  the  ordinate  is  log  (inverse  wave¬ 
length  times  energy  density  with  respect  to  inverse  wavelength).  The 
abscissa  is  in  cycles  per  foot  and  so  the  maximum  value  of  the  ordinate  has 
to  be  shown  at  a  definite  value  of  cycles  per  foot  but  this  has  not  any  parti¬ 
cular  significance.  The  distribution  is  made  up  of  three  distinct  parts 

(i)  at  low  inverse  wavelengths  the  main  characteristic  is  that  it  is  the 
range  in  which  most  of  the  input  of  energy  into  the  turbulence  occurs. 
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(ii)  at  .intermediate  inverse  wavelengths  there  is  little  input  or  loss  of 
energy  but  ‘there  is  a  transfer  of  energy  towards  higher  inverse 
wavelengths  through  break-down  of  the  larger  eddies  into  smaller 
ones, 

(iii)  at  high  inverse  wavelengths  there  is  a  conversion  of  turbulence 
energt'  into  heat  due  to  viscous  motion. 

These  three  ranges  are  called  the  energy  input,  the  inertial  subrange  and 
the  viscous  subrange  respectively.  Zbrozek  (1960)  has  estimated  that  the 
inertial  subrange  merges  into  the  viscous  subrange  at  a  wavelength  of  the 
order  of  one  centimetre. 


Fig.  9.1.  A  diagram  of  a  typical  distribution  of  turbulence  energf  at  different 
wavelengths. 


The  proportion  of  turbulence  energy  in  atmospheric  turbulence,  buffeting 
or  even  jet  noise  at  wavelengths  below  1  cm  is  so  small  that  the  viscous 
subrange  can  be  neglected.  Thus  any  turbulence  on  aircraft  can  be  treated 
as  consisting  of  a  region  of  input  energy  and  an  inertial  subrange.  For  most 
analytical  purposes  it  may  be  assumed  that  the  input  energy  starts  at  zero 
inverse  wavelength  and  the  inertial  subrange  continues  to  an  infinite  inverse 
wavelength,  i.e.  zero  wavelength.  Kolmogorolf  (1941)  has  shown  that  for 
the  inertial  subrange  the  energy  density  is  proportional  to  the  inverse 
waveleng[th  to  the  power  —  f.  This  can  be  demonstrated  on  dimensional 
equivalence.  The  density  with  respect  to  inverse  wavelength  of  the  energy 
per  unit  mass  has  the  dimensions  of  [Length]®  [Time]-*.  The  cascade 
process,  of  breaking  down  larger  eddies  into  smaller  ones,  is  a  function  of 
inverse  wavelength,  which  has  dimensions  [Length]-^,  and  the  rate  at  which 
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the  energy  per  unit  mass  is  transferred  from  one  wavelengfth  to  another, 
which  has  dimensions  [Length]*  [Time]"*.  The  enei^  density  will  have 
the  same  dimensions  as  the  cascade  process  if  [Length]*  [Time]"*  = 
[Length]"*  X  [Length]**  [Time]"**  and  this  occurs  when  a  =  — A  =  f . 
Thus  the  energy  density  is  proportional  to  the  inverse  wavelength  io  the 
power  — f. 

In  Fig.  9.1  the  energy  density  is  made  to  obey  this  relationship  at  high 
inverse  wavelengths,  i.c.  energy  density  times  inverse  wavelength  is  pro¬ 
portional  to  inverse  wavelength  to  the  power  —  J.  For  the  purpose  of  the 
illustration  the  energy  density  is  assumed  to  vary  as  inverse  wavelength  to 
the  power  4  at  low  inverse  wavelengths.  Lin  (1947)  gives  a  theoretical 
reason  for  this,  under  the  restrictive  conditions  of  Loitsiansky  (1939),  but 
only  for  very  low  inverse  wavelengths.  The  power  of  4  must  therefore  be 
regarded  as  merely  an  empirical  value.  There  are  a  number  of  examples  of 
measured  atmospheric  turbulence  (Chapters  2  and  10),  buffeting  (Chapter 
1 1)  and  noise  (Chapter  12)  in  which  the  energy  density  varies  approximately 
as  the  inverse  wavelength  to  the  power  4.  Departures  from  this  empirical 
rule  tend  to  be  towards  a  power  less  than  4.  This  is  in  agreement  with  the 
suggestion  by  Heisenberg  (1948),  Batchelor  (1948)  and  Lin  (1948)  that 
even  if  a  fourth  power  law  exists  it  should  rapidly  be  replaced  by  a  power 
of  unity  as  the  inverse  wavelength  increases. 

Turbulence  is  a  three-dimensional  phenomenon  but  any  practical  means 
of  measuring  it  examines  a  component  of  the  turbulence  in  one  direction. 
Radar  can  be  used  to  measure  in  the  direction  of  the  radar  beam  the 
velocity  of  particles,  relative  to  their  mean  velocity,  in  a  known  volume.  By 
assuming  that  particles  of  water  in  a  cloud  move  with  the  same  velocity  as 
the  air,  the  component  of  the  turbulence  energy  per  unit  mass  in  the  direc¬ 
tion  of  the  beam  can  be  determined.  Temperature  measurements  on  a  hot 
wire  in  a  stream  of  turbulence  will  be  a  direct  measure  of  the  component 
of  the  turbulence  energy  at  right  angles  to  the  length  of  the  wire  in  the 
plane  containing  the  wire  and  the  direction  of  the  stream.  The  wire  may  be 
orientated  in  any  direction  but  it  will  usually  be  at  right  angles  to  the  stream. 
In  addition  to  these  types  of  measurement  that  are  directly  related  to  the 
turbulence  energy  there  is  also  the  possibility  of  measuring  the  velocity  of 
the  air  at  a  point,  which  has  a  velocity  relative  to  the  stream.  In  this  case 
analytical  methods  must  be  used  to  transpose  this  velocity  into  turbulence 
energy. 

9.3  ANALYTICAL  REPRESENTATION  OF  TURBULENCE 

The  analytical  representation  of  the  turbulence  energy  must  allow  the 
function  for  three-dimensional  turbulence  to  be  transposed  into  three  one¬ 
dimensional  components.  The  one-dimensional  components  will  be  the 
ones  most  directly  used  for  the  determination  of  aircraft  loads.  As  far  as 
possible  these  functions  should  be  readily  transferable  from  one  stream 
velocity  to  another.  Also  they  should  be  in  a  form  that  allows  fairly  simple 
calculation  procedures  to  be  used  to  estimate  the  distribution  of  energy 
at  different  wavelengths  from  direct  measurements  of  the  turbulence 
velocity. 
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9.3.1.  Correlation  of  Energy  Distributions  in  Time  and  Space 

G.  I.  Taylor  (1938)  deduced  that  for  homogeneous  isotropic  turbulence 
the  distribution  of  energy  at  different  wavelengths  would  be  the  same  for 
measurements  at  a  point  over  a  period  of  time  and  for  instantaneous  measure¬ 
ments  in  a  line  through  the  point  and  in  the  direction  of  the  stream  passing 
the  point  provided  the  transformation 


;r  =  Ut  (9.1) 

was  made  and  that 

(9-2) 

where  x  =  the  coordinate  along  the  direction  of  the  stream 
U  —  the  stream  velocity 

<T„  =  the  root  mean  square  of  the  turbulence  velocity  in  the  direction 
of  the  stream 

t  =  time. 

In  aircraft  applications  equation  (9.2)  will  almost  invariably  hold  and 
there  is  no  restriction  on  the  use  of  equation  (9.1)  other  than  the  basic  one 
that  the  turbulence  may  be  assumed  to  be  homogeneous  and  isotropic. 
Thus  all  turbulence  can  be  quoted  in  terms  of  length  rather  than  time. 
This  simplifies  the  presentation  considerably  and  is  used  throughout  the 
Manual. 

9.3.2.  Transformation  from  Three-dimensional  Energy  to  the  One-dimensional 
Energy  Components 

The  total  turbulence  energy  per  unit  mass  is  jer*,  where  o*  is  the  mean 
square  of  the  turbulence  velocity.  As  all  measurements  will  be  given  in 
terms  of  turbulence  velocity,  rather  than  turbulence  energy,  a*  will  usually 
be  quoted  in  preference  to  Jcr*.  A  function  is  required  for  the  distribution 
of  the  energy  over  different  inverse  wavelengths.  The  function  S{k)  is 
chosen  so  that  twice  the  energy  per  unit  mass  in  the  range  of  inverse  wave¬ 
lengths  kto  k  -\-  dki% 

S{k)  6k  (9.3) 

With  this  definition  S{k)  will  be  twice  the  density  with  respect  to  inverse 
wavelength  of  the  energy  per  unit  mass.  The  component  of  twice  the 
energy  per  unit  mass  between  Kj  and  Kj  will  be  given  by 

=  (’^(A)  Ak  (9.4) 

and  the  total  will  be 

00 

=  j5(/t)  dA:  (9.5) 

0 
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(Oxyz)  are  taken  as  coordinate  axes  with  Ox  in  the  direction  of  the  stream.* 
The  three>dimensional  turbulence  is  given  by  equation  (9.4)  in  terms  of 
inverse  wavelengths  along  the  direction  Ox.  Ox  could  be  chosen  in  any 
direction  in  homogeneous  isotropic  turbulence  without  changing  the 
values.  The  turbulence  could  also  be  defined  in  terms  of  the  three  com¬ 
ponents  S^{k),  S^{k),  Sy,{k)  along  the  three  axes  {Oxyz).  Because  of  sym¬ 
metry  all  components  at  right  angles  to  the  stream  direction  Ox  must  be 
the  same  and  in  particular  S^{k)  =  S„{k).  For  those  cases  where  the  stream 
direction  Ox  is  horizontal  it  is  customary  to  make  the  axis  Oz  the  vertical  one 
thus  making  S„{k)  the  vertical  component.  The  third  component  S^{k)  is 
in  the  direction  of  the  stream  and  will  have  a  different  form  from  the  other 
two  which  arc  at  right  angles  to  the  stream.  This  difference  between 
the  components  does  not  imply  any  preferential  direction  to  the  turbulence 
itself  as  Ox  could  have  been  given  any  direction. 

The  relationship  between  S{k)  and  S„{k)  was  examined  by  Heisenberg 
(1948a)  and  shown  for  homogeneous  isotropic  turbulence  to  be 

00 

5  J {S{k)  (A:*  -  xf)/A:»}  d*  (9.6) 

The  relationship  between  and  is  governed  by  the  condition  of 

continuity  for  incompressible  fluids  and  it  is  deduced  in  paragraph  9.3.3  to 
be 

S„{k)^iS.,{k)  -ik^S„{k)  (9.7) 

9.3.3.  Algebraic  Functions  for  Calculation  Purposes 

The  distribution  of  turbulence  energy  is  defined  completely  by  equations 
(9.6)  and  (9.7).  However,  estimates  of  the  energy  from  direct  measurements 
of  the  velocity  require  extensive  manipulation  of  the  basic  data.  These 
calculations  are  made  easier  by  first  estimating  functions  that  are  transforms 
of  S„{k)  and  S^{k)  and  then  transforming  these  functions  to  Sy^{k)  and  S^{k). 
These  transformations  are  essential  also  for  the  mathematical  analysis  that 
produces  equation  (9.7). 

The  total  energy  in  the  directions  Ox  and  Oz  are  the  summations  over 
all  inverse  wavelengths.  Thus 


QO 


<^U  =  f-Su(A:)  dA 

(9.8) 

J 

0 

CO 

al,=js^{k)dk 

(9.9) 

u 


*  The  term  stream  is  used  because  of  the  validity  of  equation  (9.1)  Ut  although  for 
the  case  of  instantaneous  measurements  along  a  straight  line  it  would  strictly  be  a  direction 
of  measurement  and  not  a  stream. 
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where  oj  =  the  mean  square  of  the  turbulence  velocity  in  the  direction 
Ox 

ah  =  the  mean  square,  of  the  turbulence  velocity*  in  the  direction 
Oz 

Two  new  functions are  introduced  and  are  defined  as  the  Fourier 
transforms  of  S„(k),  S„,{k)  as  follows: 

00 

cos  (27r*r)  dX:  (9.10) 

0 

CO 

oiMr)  =  cos  (27rA:r)  d^:  (9. 1 1) 

0 

The  properties  of  Fourier  transforms  are  such  that 

CD 

S„{k)  =  4aijf„{r)  cos  {inkr)  dr  (9-12) 

D 

00 

S^{k)  =  4a®  J/u,(r)  cos  {27Tkr)  dr  (9.13) 

0 

These  functions  f„(r)  and  are  usually  called  the  longitudinal  and 

lateral  autocorrelation  functions.  The  mathematical  analysis  of  turbulence 
by  von  Karmdn  and  Howarth  (1938)  was  made  on  autocorrelation  functions 
which  were  defined  as 

Air)  =  ^)“.  r)/«*(;0  (9.14) 

Air)  =  u;(;r)  .  w{x  +  r)lw^  (9- 1 5) 

where  u{x),  wix)  are  the  components  of  the  turbulence  velocity  in  directions 
X,  z  at  a  point  x  along  the  Ox  axis  and 

T 

u{x)  .  u{x  -f  r)  =  lim  -=,  u{x)  .  u{x  +  r)  dx 

T-.0O  •*  J 

U 

Thus  u*(x)  and  a;*(x)  are  the  mean  squares  of  the  turbulence  velocity  in 
directions  Ox  and  Oz  and  are  identical  to  oj  and  trj,.  G.  I.  Taylor  (1938) 
introduced  the  transforms  of  Air)  ®f>d  Air)  as  defined  in  equations  (9.14) 
and  (9.15)  and  established  equations  (9.12)  and  (9.13)  for  the  energy 
density  per  unit  mass  of  air.  It  is  usually  more  accurate  with  measured  data 
starting  with  the  distributions  of  k(x)  and  w{_x),  to  calculate  first  Air)  and 

*  In  isotropic  turbulence  orj  =  a%  but  separate  symbols  arc  used  as  the  formulae  that 
ensue  are  not  subject  to  much  error  if  there  is  a  small  difference  between  them. 
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f„{r)  by  equations  (9.14)  and  (9.15)  and  then  determine  S„{k)  and  S„{k)  by 
equations  (9.12)  and  (9.13)  rather  than  calculate  S^{k)  and  S„{k)  direct 
from  u(x)  and  w(x). 

Von  Kdrman  and  Howarth  (1938)  showed  that  the  continuity  equation 
for  incompressible  flow  gave 

A(r)  =/u(r)  +  (r/2)  ^^/„(r)  (9.16) 

By  combining  equations  (9.12),  (9.13)  and  (9.16)  the  following  relationship 
between  S„(k)  and  S„(k)  can  be  obtained 

•S.(A)  =  J-S'„(A)  -  W^5„(X:)  (9.17) 


This  formula  was  quoted  in  equation  (9.7). 

9.3.4.  Scale  of  Turbulence 

When  analytical  functions  are  used  to  describe  the  energy  density  they 
will  include  a  parameter  that  has  the  dimension  of  length  and  will  be 
proportional  to  the  scale  of  turbulence.  The  actual  value  given  to  the 
scale  could  be  chosen  to  be  the  value  of  Xjk  where  kS{k)  is  a  maximum  or 
it  could  be  chosen  to  be  the  value  of  1  jk  where  there  is  an  equal  amount  of 
energy  above  and  below,  or  it  could  be  chosen  purely  for  analytical  con¬ 
venience.  In  fact  the  last  alternative  is  usually  made.  The  scale  of  tur¬ 
bulence  L  is  defined  as 

GO 

Z.=J/„(r)dr  (9.18) 

u 

By  virtue  of  the  relationship  of  equation  (9.16)  this  is  identical  to 

CO 

^  =  2j/«,(r)dr  (9.19) 

n 

This  definition  of  scale  of  turbulence  is  used  throughout  this  Manual. 

9.3.5.  Distribution  of  Velocities  of  Turbulence 

The  property  of  turbulence  that  has  been  defined  is  the  energy  density 
at  all  wavelengths  along  the  length  of  the  stream.  At  every  point  on  the 
stream  there  will  be  a  combination  of  all  the  densities.  It  is  assumed  that 
the  energy  densities  at  different  wavelengths  will  be  combined  in  a  random 
fashion  but  this  of  itself  does  not  define  the  frequency  with  which  different 
velocities  will  occur.  There  are  only  two  possibilities,  either  the  distribution 
must  be  assumed  or  it  must  be  measured.  Measurements  are  not  very 
satisfactory  as  the  extreme  values  occur  very  rarely  and  it  would  be  necessary 
to  have  turbulence  that  maintained  its  properties  for  a  long  time.  A  Normal 
distribution  is  usually  taken  for  the  distribution  of  velocities,  in  any  of  the 
component  directions,  along  the  length  of  the  stream.  The  root  mean 
square  of  the  distribution  is  the  standard  deviation  and  this  is  made  equal 
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to  the  root  mean  square  of  the  velocity  as  deduced  from  the  energy  measure¬ 
ments.  Rice  (1944)  has  shown  that  the  number  of  times  that  different 
velocities  are  crossed  is  also  a  Normal  distribution  and  is  given  by 


=  A'o  e*P  (— 

00 

0  ' 


(9.20) 


where  =  number  of  crossings  in  one  direction  of  velocity  w  per  unit 
distance 


A?o  =  number  of  zero  crossings  in  one  direction  per  unit  distance. 


9.3.6.  Two-dimensional  Lateral  Turbulence  Energy 
I  In  general  the  main  air  stream  will  have  a  velocity  parallel  to  the  surface 
1  of  the  aircraft  and  the  turbulence  loads  will  be  produced  by  the  energy 

I  from  the  lateral  component  of  the  turbulence  velocity.  When  the  scale  of 

the  turbulence  is  large  compared  with  the  aircraft  surface  that  is  being 
loaded  the  turbulence  velocity  may  be  assumed  to  be  the  same  at  any 
instant  over  the  whole  surface.  The  one-dimensional  energy  density  for 
lateral  turbulence  S„{k)  is  then  applicable.  The  mean  square  of  the  lateral 
turbulence  velocity  oj,  is  given  by  equation  (9.9) .  The  scale  of  the  turbulence 
L  is  given  by  equation  (9.19)  where  y„(r)  is  defined  in  terms  of  S^{k)  by 
equation  (9.11).  The  number  of  times  per  unit  distance  that  a  velocity  w 
:  is  exceeded  is  given  by  equation  (9.20). 

(When  the  scale  of  turbulence  is  not  large  compared  with  the  dimensions 
of  the  aircraft  surface  equations  (9.9),  (9.11),  (9.19),  (9.20)  need  replacing 
by  appropriate  formulae  for  two-dimensional  lateral  turbulence.  In  the 
one-dimensional  case  the  distance  r  is  in  the  direction  x  only.  In  the  two- 
I  dimensional  case  it  will  be  assumed  to  have  components  (tir,)  in  the  direc- 

{  tions  (xy).  Likewise  k  will  be  replaced  by  its  components  (^i^*).  If  there  is 

the  same  scale  of  turbulence  in  all  directions  equation  (9. 1 9)  shows  that  the 
autocorrelation  functions  remain  the  same  for  any  direction.  Thus 
will  remain  the  same  for  two-dimensional  turbulence  and  it  is  required  to 
find  S^{kik2).  This  two-dimensional  energy  density  function  will  be  given 
!  by  an  equation  similar*  to  that  of  equation  (9. 1 3)  as 
00  00 

^^(A:,,  A:^)  =  oj, J  jeos  (27rA:iri  +  27TA:jrg)/„v'i|~+^dridrj  (9-21) 

—  00  —  00 

By  making  the  transformation 

i  ri  =  r  cos  (0  —  e) 

3  Tj  =  r  sin  (6  —  c) 

I  k\  +  kl  =  k^ 

I  tan  e  =  k2lki 

*  In  the  Cwo^imensional  case  the  integration  is  over  the  whole  plane  and  the  coefficient 
outside  the  integrals  becomes  instead  of  4cJ^. 
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this  reduces  to 

00  2ir 

=  al,j  J*cos  (27rA:r  sin  0)y*,o(r)r  d0  dr  (9.22) 

0  0 
2n 

Watson  (1944)  shows  that  cos  (z  sin  6)  d0  =  27ryo(z),  where  y®  is  a  Bessel 

0 

function.  Thus  equation  (9,22)  becomes 

00 

SJk„  k,)  =  2naij  M2nkr)rMr)  dr  (9.23) 

0 

The  function  S„{k)  is  now  a  Hankel  transform  of /„(r)  and  as  in  the  Fourier 
transform  for  the  one-dimensional  case  there  is  a  corresponding  inverse 
relationship 

00 

olMr)  =j  Jo(27rkr)kS„(k)  dk  (9.24) 

0 

9.4  SPECIFIC  ANALYTICAL  DISTRIBUTIONS  OF 
TURBULENCE  ENERGY 

The  equations  that  have  been  given  in  paragraph  9.3  are  general  ones  for 
any  form  of  turbulence.  Functions  arc  needed  to  express  measured  turbu¬ 
lence.  As  the  functions  express  the  data  from  which  the  loads  on  the  aircraft 
arc  determined  it  is  an  advantage  if  they  can  be  given  cither  in  closed  form 
or  in  terms  of  tabulated  functions.  Even  in  these  circumstances  the  calcula¬ 
tions  would  be  extensive  and  it  is  doubtful  if  calculations  of  load  from  an 
energy  density  distribution  in  tabular  form  could  be  undertaken  in  any  but 
the  simplest  structures,  e.g.  a  single  panel. 

To  some  extent  the  functions  have  to  be  chosen  by  trial,  making  a  com¬ 
promise  between  the  feasibility  of  the  functions  themselves  and  the  feasibility 
of  doing  the  integrations  of  the  various  equations  that  ensue.  I  am  indebted 
to  Mr.  N.  I.  Bullen  who  has  informed  me  of  the  following  family  for  longitu¬ 
dinal  autocorrelation  functions  that  are  simple  to  manipulate. 

Mr)  -  [(r/fl)"/2"->(n  -  1)  l]K„{rla)  (9.25) 

where  a  and  n  arc  parameters  governing  the  shape  and  scale  of  the  expression 
are  Bessel  functions  with  imaginary  argument 
(n  —  1 ) !  arc  gamma  functions  when  n  is  not  a  positive  integer. 
Substituting  equation  (9.25)  in  equations  (9.18)  and  (9.16)  gives  the  scale  of 
turbulence  as 

L  =  [V^{n  -  i)  !/(n  -  1)  !]a  (9.26) 

and  the  lateral  autocorrelation  function  as 

Mr)  =  [(r/a)-/2-(n  -  1)  !][2JC„(r/<i)  -  {rla)K„.,{rla)]  (9.27) 
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The  energy  density  functions  for  longitudinal  turbulence  velocities  and 
lateral  turbulence  velocities  in  one  and  two  dimensions  are  obtained  from 
equations  (9.12),  (9.13)  and  (9.23).  The  solutions  reduce  to 

S^(k)  =  40;Z,/(1  +  47r*a*/t*)"+*  (9.28) 

S„(k)  =  2<riL[l  +  8n*a*k\n  +  1)]/(1  +  4rr*a*A:*)»+»/2  (9.29) 

‘S«(W  =  32o*n(n  +  l)7rV(A:*  +  AS)/[1  +  An*a*{k\  +  Aj)]-+*  (9.30) 

where  a  =  [(n  —  1)  IjV iT(n  —  J)  !]Z, 

The  three-dimensional  energy  function  S{k)  that  satisfies  equations  (9.5) 
and  (9.6) 

Sik)  =  4(2/1  -f  3)(2«  +  l)a;L(27r<i*)V(l  +  4,r*«***)-+«/*l 

=  3al  I  ^  \ 

9.4.1.  Dtyden's  Model  («  =  J) 

Equations  (9.28)  to  (9.30)  give  the  energy  density  distributions  in  terms 
of  the  scale  of  turbulence  L  and  a  shape  parameter  n.  By  assigning  values  to 
n  a  range  of  shapes  can  be  obtained.  If  n  is  made  equal  to  J  the  distribution 
for  lateral  turbulence  becomes  identical  to  the  empirical  formula  proposed 
by  Dryden  (1938).  Putting  n  =  ^  in  equation  (9.26)  gives  L  =  a  and 
equations  (9.28)  to  (9.31)  become 

5;(A:)  =  4(t;L/[1  -f  (27r*Z)*] 

S„{k)  =  2o*Z.[l  4-  3(2/r/tZ,)*]/[l  +  (27rAZ.)*]* 

•S«,(^i,  A:,)  =  24o*L«,r*(A:?  +  *|)/[1  +  4,r»Z.*(Af  -f  Af)]*/* 

S{k)  =  32alL{27TkLYI\\  +  (27rA:Z,)*]»l 
ff*  =  3orJ  / 

The  associated  autocorrelation  functions  are 
/„(r)  =  exp  {-rIL) 

M’’)  =  (1  -  irfL)  exp  (-r/L) 

9.4.2.  von  Kdrmdn's  Model  {n  =  J) 

By  putting  n  =  i  the  distribution  for  three-dimensional  turbulence 
becomes  identical  to  the  empirical  formula  proposed  by  von  Kdrm^n  (1948). 
Putting  /I  =  I  in  equation  (9.26)  gives 

«=[(-!)!/ 

=  1-339  L  (9.38) 

and  equations  (9.28)  to  (9.31)  become 

SuW  =  4olZ,/[l  -+-  {27r(l-339L)A:}‘]®/*  (9.39) 

S„{k)  =  2o*L[l  +  (8/3){27r(l-339Z,)*}*]/[l  +  {2jr(l-339L)*:}*]"'« 

(9.40) 


(9.32) 

(9.33) 

(9.34) 

(9.35) 

(9.36) 

(9.37) 
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=  (128/9)0*  7r*(l-339Z.)«(A:I  +  AJ)/ 

[1  +  47r*(l-339Z,)*(*J  +  (9.41) 

Sik)  =  (220/9)  o;L{27r(l-339Z,)A}«/[l  +  {27r(l-339Z,)A;}*]i^/« 

o*  =  3at 

The  associated  autocorrelation  functions  are 

Air)  =  2«(r/o)*Xi(r/<i)/(-f)  !  (9.43) 

/.(r)  =  2Hr|anK^{r|a)  -  i(r/o)/:_,(r/<i)]/(-i) !  (9.44) 

The  turbulence  models  for  any  value  of  n  will  have  S{k)  proportional  to  k* 
for  low  values  of  k  and  are  all  subject  to  the  same  limitations.  At  high  values 
of  k,  S{k)  will  be  proportional  to  Theoretical  reasons  were  given 

in  paragraph  9.2  to  justify  a  relationship  of  S{k)  proportional  to  k~^  at  high 
values  of  k.  This  corresponds  to  n  =  ^,  the  von  Kdrmdn  model,  and  this 
distribution  should  have  the  widest  application. 
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CHAPTER  10 


AIRCRAFT  LOADS  IN  ATMOSPHERIC 
TURBULENCE 

10.1  INTRODUCTION 

When  an  aircraft  passes  through  atmospheric  turbulence  it  receives  some 
of  the  turbulence  energy.  The  lateral  components  of  the  turbulence  velocity, 
i.e.  normal  to  the  flight  path,  produce  changes  in  incidence  of  the  aircraft 
which  in  turn  produce  loads  on  the  aircraft.  If  the  turbulence  were  known 
precisely  the  aircraft  loads  could  be  predicted  from  the  turbulence  data 
provided  the  aerodynamic  properties  of  the  aircraft  were  also  known.  In 
practice  most  of  the  data  on  loads  due  to  atmospheric  turbulence  are  from 
measurements  of  the  normal  accelerations  experienced  by  aircraft  in  turbu¬ 
lence.  In  this  case  the  data  from  one  type  of  aircraft  can  be  used  for  another 
type  if  the  accelerations  can  be  transformed  into  turbulence  data  and  then 
transformed  back  into  accelerations  for  the  second  type.  Normal  accelera¬ 
tion  data  from  different  aircraft  can  be  used  to  build  up  a  turbulence  model 
for  the  energy  component  normal  to  the  wing  surfaces.  This  will  be  pre¬ 
dominantly  vertical  and  is  therefore  usually  referred  to  as  vertical  turbulence. 
All  comparisons  with  direct  measurements  of  turbulence  are  made  for  the 
vertical  component.  When  the  agreement  is  good  the  direct  measurements 
of  the  other  comptonents  can  be  used  with  confidence. 

For  the  loading  conditions  that  depend  only  on  vertical  turbulence,  errors 
in  the  transfer  functions  from  normal  acceleration  to  gust  velocity  will 
immediately  produce  errors  in  the  turbulence  model.  However,  the  errors 
in  the  normal  accelerations  predicted  for  other  aircraft  will  be  those  due 
to  the  transfer  functions  of  the  two  aircraft.  In  the  trivial  case  of  using  the 
data  to  predict  normal  accelerations  for  the  same  aircraft  on  which  the 
measurements  were  made  the  resulting  error  will  be  zero,  and  for  aircraft 
with  fairly  similar  configurations  and  size  it  should  be  small.  For  the  data 
to  have  maximum  value  the  transfer  functions  should  be  estimated  as 
accurately  as  possible  so  that  the  data  can  be  extrapolated  to  aircraft  types 
appreciably  different  from  those  on  which  the  measurements  were  made. 

The  atmospheric  turbulence  is  defined  in  Chapter  2  in  two  parts,  first 
there  is  the  total  energy  per  unit  mass  of  air  and  its  distribution  at  all 
wavelengths,  secondly  there  is  the  distribution  of  the  turbulence  velocities, 
in  terms  of  the  root-mean-square  value,  along  the  length  of  the  flight  path. 
In  describing  turbulence  attention  has  been  mainly  given  to  the  energy 
distribution  with  the  distribution  of  the  turbulence  velocity  in  a  secondary 
role.  In  describing  the  turbulence  model  that  is  equivalent  to  the  normal 
accelerations  the  distribution  of  the  turbulence  velocity  is  the  more  important. 
When  the  distribution  along  the  length  of  the  flight  path  is  Normal,  and  the 
rate  of  change  of  velocity  independent  of  the  velocity,  the  distribution  of  the 
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Dumber  of  times  a  velocity  is  exceeded  will  also  be  Normal.  In  the  ideal 
case  of  Normal  distribution  the  same  result  would  be  obmined  by  either 
method;  however,  for  load  assessment  the  crossings  are  more  directly 
applicable.  When  the  distribution  is  not  Normal  the  correlation  breaks 
down  unless  the  distribution  is  a  combination  of  Normal  distributions  with 
the  same  number  of  zero  crossings  for  each  distribution.  Whilst  for  many 
purposes  it  is  assumed  that  the  distribution  is  such  a  combination  the  error 
is  kept  to  a  minimum  by  measuring  the  numbers  of  crossings  rather  than 
deducing  them  from  measurements  of  the  time  at  different  levels. 

Even  if  there  were  perfect  correlation  between  aircraft  normal  accelera¬ 
tions  and  turbulence  velocities  the  model  of  turbulence  would  differ  appre¬ 
ciably  from  that  of  the  atmosphere  due  to  the  discrimination  exercised  by  the 
pilot  on  his  own  initiative,  on  information  received  from  instruments  and 
from  other  people.  It  is  diflicult  to  assess  the  extent  of  this  discrimination ,  in 
terms  of  the  turbulence  avoided,  either  for  the  measurements  that  have  been 
made  or  for  particular  forms  of  flying  postulated  for  new  designs.  At  one 
extreme  there  is  the  turbulence  at  low  altitudes,  near  the  landing  airfield, 
that  is  only  avoided  on  the  very  rare  occasions  that  the  aircraft  is  diverted. 
At  the  other  extreme  a  single  cumulo-nimbus  cloud  that  protrudes  above  a 
cumulus  layer  can  be  avoided  in  almost  all  cases  by  an  aircraft  flying  above 
the  cumulus  layer. 


10.2  THE  GUST  RESPONSE  FACTOR 

The  movement  of  the  air  in  the  atmosphere  has  been  described  in  Chapter  2. 
It  was  shown  that  there  are  two  distinct  types  of  vertical  movement,  a 
quasi-steady  flow  and  a  continuous  turbulence. 

The  quasi-steady  flow  may  be  due  to  flow  of  air  over  hills  or  due  to  the 
overall  effects  of  convection.  The  overall  velocities  in  a  thunderstorm  can 
be  large  and  were  shown  diagrammatically  in  Fig.  2.3.  For  such  a  single 
profile  of  vertical  velocity  along  the  flight  path  it  is  appropriate  to  call  it  a 
single  gust  of  that  shape.  This  gust  is  then  the  applied  load  on  all  aircraft. 
The  subsequent  motion  of  an  aircraft  will  depend  on  its  aerodynamic  form, 
mass,  speed  and  the  consequential  action  of  the  pilot.  If  a  particular 
aircraft  is  flown  repeatedly  in  the  same  manner  through  the  same  gust  its 
complete  motion  will  be  repeated.  Thus  the  motion  of  the  aircraft  can  be 
used  to  predict  the  shape  of  the  gust.  In  practice  the  single  gusts  never  occur 
in  isolation  and  it  is  almost  impossible  to  assess  the  various  contributions  to 
the  aircraft  motion.  For  example  the  single  gust  of  a  thunderstorm  will  have 
continuous  turbulence  of  varying  intensity  superimposed  upon  it  and  the 
aircraft  motion  will  be  mainly  due  to  this  continuous  turbulence.  Little 
is  known  about  the  actual  dimensions  of  the  gust  but  it  is  probably  better  to 
estimate  them  from  direct  measurements  of  typical  storms,  rather  than  from 
the  aircraft  motion,  and  then  to  assume  that  the  remainder  of  the  motion  is 
due  to  the  continuous  turbulence. 

In  continuous  turbulence  the  air  velocity  at  every  point  is  continuously 
changing  and  there  is  a  steadily  varying  effective  gust  pattern.  It  was  shown 
theoretically  in  Chapter  9  that  this  motion  can  be  described  statistically  and 
the  statistics  of  certain  examples  of  the  atmosphere  were  given  in  Chapter  2. 
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The  motion  of  the  aircraft  can  also  be  described  statistically.  For  this  motion 
to  be  used  to  describe  the  atmosphere  it  b  necessary  to  introduce  a  Gust 
Response  Factor  to  transform  from  one  to  the  other.  The  aircraft  response, 
either  measured  or  predicted,  will  be  functionally  related  to  the  atmos¬ 
pheric  turbulence  by  equation  (10.1),  through  |  TV(A:)|*  with  the  assumption 
that  the  respionse  of  the  aircraft  at  any  wavelength  is  produced  entirely  by 
the  turbulence  energy  at  the  same  wavelength.  Thus 

=  |7’,(A)|*.5„(A)  (10.1) 

where  Sr(k)  =  aircraft  resp>onsc  density  with  respect  to  inverse  wavelength  k 
S„(k)  =  twice  the  vertical  component  of  the  turbulence  energy 
density  per  unit  mass 

Tr{k)  =  the  frequency  response  function  relating  the  required 
aireraft  response  to  a  steady  sinusoidal  turbulence  at  inverse 
wavelength  k 

A  choice  has  to  be  made  of  a  parameter  that  will  be  suitable  for  determining 
the  atmospheric  load  due  to  turbulence.  It  will  usually  be  the  normal 
acceleration  at  a  point  on  the  structure  near  to  the  aircraft  centre  of  gravity. 
The  total  response  will  be  given  in  two  parts  in  the  same  way  that  the 
turbulence  energy  was  given  in  two  parts  by  equations  (9.9)  and  (9.20), 
i.e.  a  measure  of  the  magnitude  by  its  r.m.s.  value  and  the  number  of  times 
the  response  crosses  each  level. 

The  magnitude  of  the  response  is  given  by 

CO 

<T*=j5,(/t)  dA;  (10.2) 

0 

where  <r,  =  the  root  mean  square  of  the  response. 

The  number  of  zero  crossings  in  each  direction  per  unit  distance  is  given 
by 

CO 

^0  =  (l/ffr)  [J**5,(*)  d*]  (10.3) 

0 

For  the  cases  where  it  may  be  assumed  that  the  patch  of  turbulence  has  a 
Normal  distribution  of  crossings  of  velocity,  the  distribution  of  the  aircraft 
response  will  also  be  Normal  and 

Nr=  N„expi-r^l2a*,)  (10.4) 

where  =  number  of  crossings  in  each  direction  of  response  r  per  unit 
distance. 

The  equations  (10.2),  (10.3),  (10.4)  describe  the  particular  response  of 
the  aircraft  to  the  atmospheric  turbulence.  The  factor  by  which  a„,  the 
root  mean  square  of  the  turbulence  velocity,  has  to  be  multiplied  to  obtain 
O’,  is  the  response  factor  of  the  aircraft.  This  same  factor  can  be  used  to 
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obtain  the  value  of  w  that  has  the  same  number  of  crossings  as  the  response  r. 
But  there  still  remains  the  number  of  zero  crossings,  and  equation  (10.3) 
shows  that  this  depends  on  k*S,(k)  as  well  as  a,.  Thus  the  number  of  zero 
crossings  depends  on  the  response  that  is  being  measured. 

This  number  varies  so  much  with  the  type  of  response  that  is  being 
measured  that  there  is  little  practical  significance  in  its  relationship  to  the 
atmospheric  turbulence.  The  number  of  zero  crossings  of  the  actual  atmos* 
phcric  turbulence  velocity  is  extremely  large  due  to  the  components  at  very 
low  wavelengths.  For  any  aircraft  response,  whether  it  be  normal  accelera¬ 
tion  or  any  other  structural  response,  the  very  low  wavelengths  will  be 
filtered  out  so  thoroughly  that  they  produce  a  negligible  number  of  zero 
crossings.  The  number  of  zero  crossings  (Ng)  of  the  aircraft  response  is  the 
characteristic  inverse  wavelength  of  that  particular  response.  In  the  extreme 
case  of  the  frequency  response  factor,  T,(k)  of  equation  (10. 1) ,  being  at  only 
one  inverse  wavelength,  the  associated  .V,  would  be  that  inverse  wavelength. 

10.2.1.  Response  Factor  of  the  Normal  Acceleration  at  the  Centre  of  Gravity  of  the 

Aircraft 

The  value  to  be  given  to  Nq  changes  with  the  particular  response  that  is 
examined  but  a  simplification  can  be  made  by  regarding  the  normal  accelera¬ 
tion  of  the  aircraft  centre  of  gravity  as  the  basic  response  and  referring  all 
other  responses  to  it.  The  loads  from  atmospheric  turbulence  are  then 
defined  by  the  normal  accelerations  occurring  at  an  average  of  per  unit 
distance  and  the  magnitude  is  given  as  the  relative  frequency  of  occurrence 
of  different  accelerations.  In  order  to  keep  the  information  more  general 
the  accelerations  should  be  divided  by  the  response  factor  so  that  the 
magnitudes  are  given  as  turbulence  velocities. 

Equations  (10.1)  and  (10.2)  may  be  re-written  for  the  relationship  between 
C.G.  acceleration  and  turbulence  as  follows : 

■S«(*)  =  |7’,(A:)|*.5„(A:)  (10.5) 

00 

<^;=J>ya(A)dA;  (10.6) 

0 

where  the  general  subscript  “r”  in  Sa{k),  Tf{k),  is  replaced  by  “a”  to 
denote  C.G.  accelerations.  General  formulae  can  be  obtained  for  the 
response  factor  by  giving  the  functions  T„{k),  S^{k)  algebraic  form.  In 
Chapter  9  algebraic  forms  are  proposed  for  S„{k).  J.  Hall  (1962)  gives  the 
following  simple  formula  for  Ta{k)  for  the  case  in  which  pitching  and  the 
effect  of  finite  span  on  the  lift  due  to  atmospheric  turbulence  are  neglected. 

|7’.(*)r  =  [(/>5Kj.mg/21F)»{f*/(«'  +  f*)}]  X 

+  -Sfl*)  +  (5./«i)/(l  +  -S?!*)]  (10.7) 

where  p  =  density  of  the  air  slugs/ft* 

Pq  =  density  of  the  air  at  ground  level  slugs/ft* 
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S  =  wing  area  ft* 

Fji  =  aircraft  velocity  ft/sec 
m  =  lift  slope  per  radian 
g  =  acceleration  of  gravity  ft/sec* 

W  =  weight  of  aircraft  lb 
S  =  2vkL 

L  =  scale  of  turbulence  ft 
a  =  L\cn, 

c  =  wing  mean  chord 
jUj  =  aircraft  mass  parameter  2  WjpScmg 
A  =  aspect  ratio 
M  =  Mach  Number 

a,  =  (0-26  +  2/^)/(l  +  0-83  Af  +  0-95  Af*) 
a*  =  (2  +  2IA)l(l  +  0-83A/  +  0-95A/*) 

=  («i  +  3a*)/(4a,  +  4a,) 

■6*/“*  =  («2  +  3ai)/(4a,  +  4a,) 

5,  =  {cmicii 

■S',  =  {cjL)j<Xt 

The  first  factor  is  the  acceleration  that  would  occur  if  the  lateral  velocity 
produced  lift  instantaneously.  The  second  factor  is  the  coefficient  for  the 
unsteady  lift  functions.  The  scale  of  turbulence  L  is  introduced  for  con¬ 
venience  later  when  Ta{k)  is  substituted  in  equation  (10.5);  L  could  be 
cancelled  out  completely  in  equation  (10.7). 

Combining  equations  (10.5),  (10.6)  and  (10.7)  gives 

(T„  =  K{pSVrmgl2  W)  <T„,  (10.8) 

where  K  —  the  Gust  Response  Factor  and 
00 

K*  =J[|*/(«*  +  f*)]  [(5, /«!)/(!  +  5?^*)  +  (R*/aI)/ 

(I  +  -Ssf*]  [5„(A)/27rL(7L]  df  (10.9) 

Equation  (10.8)  makes  it  possible  to  deduce  the  magnitude  of  the  turbulence 
from  the  magnitude  of  the  normal  acceleration  at  the  centre  of  gravity  of 
the  aircraft. 
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For  the  Drydcn  model  of  turbulence  quoted  in  equation  (9.33) 

S^{k)l27rLai  =  (I/tt)  (1  +  3f*)/(l  +  |«)* '  (10.10) 

For  the  von  Kirmin  model  quoted  in  equation  (9.40) 

S„(k)l2nLal,  =  (I/tt)  {1  +  (8/3)  (l-339f)*}/{l  +  (l-339f)*}ii/6  (IQ.H) 

Values  of  K  are  obtained  by  substituting  equations  (10.10)  and  (10.11)  in 
equation  (10.9)  and  integrating.  Numerical  integration  is  used  for  the  von 
Kdrmdn  model  but  integration  in  closed  form  for  the  Dryden  model  is  as 
follows : 

=  (5,/2af)  {2  -  1/(1  +a)  +  1/(1  +  5i)}/(l  +«)(!+  S,)  (1  +  aS,) 

+  (fi,/2aj)  {2  -  1/(1  +  a)  +  1/(1  +  5.)}/(l  4-  a)  (1  +  S,)  (1  +  aS^) 

(10.12) 

The  simplification  of  neglecting  the  effect  of  finite  span  on  the  lift  due  to 
atmospheric  turbulence  in  determining  equation  (10.7)  makes  it  possible 
to  give  general  values  for  gust  response  factors  for  the  aircraft  C.G.  These 
are  shown  in  Fig.  10.1  for  a  range  of  values  of  c/igjL  and  infinite  aspect 
ratio.  The  variation  with  aspect  ratio  is  small. 

Unfortunately  the  simplification  of  neglecting  the  effect  of  finite  span  on 
the  lift  due  to  atmospheric  turbulence  produces  serious  changes  in  the  value 
of  N„,  the  number  of  zero  crossings,  given  by  equation  (10.3).  Thus  general 
values  cannot  be  given  for  and  specific  values  have  to  be  calculated  for 
each  aircraft  and  the  value  of  |7’„(A:)|*  given  by  equation  (10.7)  has  to  be 
multiplied  by  1/(1  +  0-36f/Z,),  where  b  =  the  span  of  the  aircraft. 

10.2.2.  Use  of  Accelerometers  on  Aircraft  to  Determine  Atmospheric  Turbulence 
In  practice  the  normal  acceleration  of  an  aircraft  has  to  be  measured  at  a 
point  on  the  structure  and,  due  to  the  flexibility  of  the  structure,  this  point 
will  move  relative  to  the  centre  of  gravity,  and  the  normal  acceleration  will 
be  the  algebraic  sum  of  that  at  the  centre  of  gravity  and  that  due  to  the 
structural  distortion.  An  approximation  to  the  C.G.  acceleration  is  achieved 
by  placing  the  accelerometer  as  near  as  possible  to  the  C.G.  and  filtering  the 
structural  distortion  in  some  way.  All  modes  other  than  the  fundamental 
one  can  be  filtered  by  a  cut-off  in  the  response  of  the  accelerometer.  The 
fundamental  mode  will  increase  the  number  of  crossings  of  all  levels  of 
acceleration  and  also  the  r.m.s.  value.  The  number  of  crossings  can  be 
greatly  reduced  if  they  are  made  for  a  threshold  of  finite  width,  of  accelera¬ 
tion,  at  each  level.  J.  Taylor  (1953)  showed,  for  aircraft  of  the  general  type 
used  for  the  measurements  described  in  this  chapter,  that  provided  the 
width  exceeded  0-1^  the  number  of  counts  would  remain  the  same  for  all 
widths  up  to  counts  being  made  only  when  the  datum  1^  was  crossed.  Thus 
the  number  of  zero  crossings  estimated  from  an  extrapolation  from  all  other 
levels  will  be  independent  of  the  width  of  the  threshold  and  it  may  be  con¬ 
cluded  that  it  is  a  good  approximation  to  the  number  of  zero  crossings  of  the 
C.G.  However  the  r.m.s.  value  will  exceed  the  r.m.s.  value  of  the  C.G. 
J.  Taylor  (1953)  suggested  a  dynamic  overshoot  of  15  per  cent  and  Press  and 
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Steiner  (1958)  suggested  25  per  cent  as  simple  corrections  for  all  flight  con¬ 
ditions.  There  is  wide  variation  for  different  aircraft  and  for  different  heights 
but  as  a  rough  correction  to  compare  aircraft  acceleration  measurements  with 
direct  velocity  measurements  an  overshoot  factor  of  1’20  will  be  assumed. 

Most  of  the  aircraft  that  have  been  used  to  measure  turbulence  have 
values  of  cfi,  in  the  range  400-600  and  for  a  scale  of  turbulence  L  of  1000  ft 


0-1  o-s  o-s  1-0  i-o 

Fig.  10. 1.  Gitsl  response  factors  for  motion  of  aircraft  C.G.  in  terms  of  cfifL. 
Pitching  neglected  and  also  the  effect  of  finite  span  on  lift  due  to  atmospheric  turbulence, 
c  =  wing  mean  chord,  ft,  =  mass  parameter,  L  =  scale  of  turbulerue. 


or  more  (i.e.  cptJL  less  than  about  0-5)  the  gust  response  factor  will  change 
rapidly.  Thus  errors  in  the  assumed  L  will  produce  an  appreciable  error 
in  predicting  the  total  r.m.s.  vertical  velocity  of  the  turbulence.  This  is  less 
important  in  predicting  atmospheric  loads  on  the  aircraft  as  the  aircraft 
respond  little  to  the  smaller  inverse  wavelengths  and  thus  the  turbulence 
energy  density  at  higher  inverse  wavelengths  is  of  more  significance  than  the 
total  turbulence  energy.  Furthermore  the  errors  in  predicting  loads  in  other 
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aircraft  in  the  same  range  for  c/i,  of  400-600  will  be  small  even  if  the  scale 
of  turbulence  that  was  assumed  was  vastly  different  from  its  true  value;  this 
is  because  approximately  the  same  gust  response  factor  is  used  to  transform 
gpists  to  accelerations  that  had  been  used  originally  to  transform  accelerations 
to  gusts.  The  discrepancies  arise  when  the  data  are  used  for  aircraft  with 
different  values  of  cfi,.  The  discrepancies  will  not  be  much  for  lower 
cfigi  but  they  might  become  serious  for  larger  ones. 

As  an  illustration  of  the  effect  of  assuming  the  wrong  scale  of  turbulence 
when  the  energy  density  at  high  inverse  wavelengths  is  known  Fig.  10.2 


Fig.  10.2.  Error  in  normal  acceleration  calculated  for  a  scale  of  turbulence  half  the  real 
value  but  with  no  change  in  the  turbulence  energy  density  at  high  inverse  wavelengths, 
c  =  wing  mean  chord,  ft,  =  mass  parameter,  L  —  scale  of  turbulence. 


shows  the  error  in  acceleration  that  would  result  if  the  assumed  scale. of 
turbulence  was  half  the  true  value.  At  very  low  values  of  ept,  the  error  is 
small  and  if  c/L  also  is  small  the  error  is  of  the  second  order  of  smallness.  As 
c(t,  increases  the  error  increases  until  at  very  high  values  the  acceleration  is 
proportional  to  the  total  energy  of  the  turbulence  rather  than  the  energy 
density  at  high  inverse  wavelengths.  At  a  value  of  c/ig/L  =  ^  the  two  have 
about  equal  importance. 

The  number  of  zero  crossings  for  all  the  aircraft  on  which  Bullen  (1963) 
quotes  measurements  are  discussed  in  paragraph  10.5  and  the  values  for  the 
Dryden  model  of  turbulence  are  quoted  in  Table  10.5.  For  each  aircraft 
NgV pglp  will  be  nearly  constant  for  all  heights.  The  range  of  p^jp  for 
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the  different  aircraft- is  8*4  to  12-9  with  a  mean  for  all  the  flying  of  9-9. 
Thus  the  operational  data  refer  to  aircraft  with  an  average  N^Vp^/p  of  9-9 
and  the  variation  between  the  aircraft  is  so  small  that  the  error  introduced 
by  not  weighting  the  data  according  to  the  of  each  aircraft  is  negligible. 
The  value  of  JVj  will  be  slightly  greater  when  calculated  for  the  more 
representative  von  Karman  model  of  turbulence.  The  number  does  not 
vary  much  with  scale  of  turbulence  for  either  model  of  turbulence. 

This  simplification  of  treating  all  the  aircraft  as  having  the  same  Nq  at 
each  height  means  that  as  far  as  these  measurements  are  concerned  the 
number  of  gusts  is  not  dependent  on  the  aircraft  encountering  them  and 
therefore  is  the  same  as  a  series  of  discrete  gusts.  Each  gust  has  to  be  multi¬ 
plied  by  the  appropriate  gust  response  factor  for  the  aircraft  that  encoun¬ 
tered  it.  When  the  original  data  were  obtained  a  gust  alleviation  factor  was 
used  for  each  gust.  An  estimate  of  the  true  gust  velocities  will  now  be  made 
by  replacing  these  gust  alleviation  factors  by  the  gust  response  factor  for  a  von 
Karman  model  of  turbulence.  For  U.S.  data  the  alleviation  factor  is  that 
given  by  Pratt  and  W.  G.  Walker  (1954) 

K„  =  0-88^,/(5-3  +  p,)  (10.13) 

For  U.K.  data  the  alleviation  factor  is  that  given  by  Zbrozek  (1953)  for  a 
ramp-shaped  gust  rising  to  its  maximum  value  in  100  ft. 

Selected  curves  of  alleviation  factors  are  shown  in  Fig.  10.3  against 
cpgjL  so  that  their  general  shape  can  be  compared  with  the  gust  response 
factors  of  Fig.  10.1.  To  facilitate  this  comparison  the  gust  response  factors 
for  several  scales  of  turbulence  are  also  shown. 

10.3  COMPARISON  OF  ACCELEROMETER  MEASUREMENTS 
AND  DIRECT  MEASUREMENTS  OF  VERTICAL  TURBULENCE 
VELOCITY  ON  AIRCRAFT 

K.  D.  Saunders  (1961)  made  a  series  of  flight  tests  on  the  B-66B  in  which  the 
normal  acceleration  was  measured  at  a  point  near  the  aircraft  centre  of 
gravity.  During  each  flight  the  air  velocity  normal  to  the  line  of  flight  was 
also  measured  at  a  probe  at  the  nose  of  the  aircraft.  In  25  flights  over  flat 
terrain  at  different  heights  the  scale  of  the  turbulence  was  estimated  and  the 
results  are  quoted  in  Table  2.6.  By  assuming  the  gust  response  factor  appro¬ 
priate  to  the  scale  of  turbulence,  the  turbulence  velocity  can  be  estimated 
from  the  measurements  of  the  normal  acceleration  of  the  aircraft.  There 
were  also  39  flights  in  groups  of  three  at  200  ft,  600  ft,  1000  ft  when  the  scale 
of  turbulence  was  not  measured.  A  comparison  of  the  predicted  turbulence 
velocity  can  be  made  at  each  height  by  assuming  the  same  average  scale  of 
turbulence  measured  at  each  height  in  the  25  other  flights. 

Table  10.1  compares  the  r.m.s.  vertical  velocity  measured  directly  with 
the  r.m.s.  vertical  velocities  deduced  from  normal  acceleration  measurements 
for  the  25  flights  over  flat  terrain.  The  conversion  from  normal  accelera¬ 
tion  of  the  aircraft  to  vertical  velocity  of  the  turbulence  is  made  in  the 
three  following  ways :  firstly  using  the  alleviation  factor  of  equation  ( 1 0. 1 3) 
and  then  using  the  gust  response  factor  of  equation  (10.9)  combined  succes¬ 
sively  with  equations  (10.10)  and  (10.11)  with  a  dynamic  overshoot  factor 
of  1-2,  at  the  position  of  the  accelerometer,  due  to  the  flexibility  of  the 
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Structure.  Table  10.2  makes  a  similar  comparison  for  the  13x3  group  of 
flights  at  different  heights.  The  agreement  between  the  turbulence  velocity 
predicted  directly,  and  by  means  of  the  gust  response  factor  is  closer  than 


O  I  O  t  O'l  I'O  t  o 


I^ig.  10.3.  Comparison  of  gust  response  and  alleviation  factors. 

Pratt  factor  for  all  scales  of  turbulence  and  aspect  ratios.  Von  Kdrmdn  factor  for  all 
scales  of  turbulence  and  aspect  ratio  infinite.  Variation  with  aspect  ratio  is  small  and 
the  curves  for  .<4  =  5  would  be  almost  identical  with  those  shown.  Zbrozek  factor  varies 
with  scale  of  turbulence  and  with  aspect  ratio.  At  finite  aspect  ratios  the  factor  would  be 
greater  than  those  shown  and  for  greater  mean  chords  the  factor  would  be  less. 

A  =  aspect  ratio,  c  =  wing  mean  chord,  fc,  =  rrutss  parameter,  L  =  scale  of  turbulerue. 

would  have  been  expected,  as  an  arbitrary  dynamic  factor  of  1'2  was 
included.  The  relative  agreement  at  different  heights  as  brought  out 
in  Table  10.2  is  more  significant  and  gives  confidence  in  the  accuracy 
of  using  accelerometer  readings  to  predict  turbulence  velocity  when  a 
good  estimate  can  be  made  of  the  scale  of  turbulence.  The  accuracy 
of  the  data  is  not  sufficient  to  discriminate  between  the  Dryden  and  the  von 
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Table  10.1.  Comparison  of  R.M.S.  Vertical  Velocity  Measured  Directly 
with  that  Deduced  from  Normal  Acceleration  Measurements 


Rm 

no. 

Height 

ft 

Scale  of 
turbulence 

ft 

r.m.s.  vertical  velocity  ftjsec  E.A.S. 

Direct 

measure^ 

ment 

( 

Using 

alleviation 

factor 

equation 

(10.13) 

Using  {gust  response 
factor  X  1’2) 

Equations 
(10.9)  and 
(10.10) 

Equations 
(10.9)  and 
(10.11) 

1 

200 

277 

1-45 

1-67 

1-37 

144 

4 

600 

359 

1-71 

2-19 

1-85 

1-92 

6 

200 

220 

1-89 

1-36 

110 

115 

7 

600 

834 

209 

1-93 

1-86 

1-88 

9 

200 

414 

1-95 

2-40 

2-06 

213 

10 

400 

640 

3-67 

3-54 

3-23 

3-32 

12 

600 

675 

3-51 

308 

2-84 

2-91 

13 

200 

480 

3-72 

3-64 

3-04 

3-14 

14 

600 

511 

3-27 

4- 15 

3-66 

3-77 

17 

200 

374 

3-23 

401 

3-40 

3-53 

18 

1000 

402 

2  04 

2-56 

2-19 

2-27 

19 

200 

223 

2-45 

3-77 

305 

3-20 

22 

1000 

739 

2-21 

2-34 

2-20 

2-24 

24 

600 

570 

2-88 

3-37 

3-02 

3-10 

25 

200 

410 

319 

4-24 

3-64 

3-76 

26 

600 

413 

2-64 

312 

268 

2-77 

27 

600 

510 

2-71 

3-21 

2-82 

2-92 

30 

600 

383 

4- 76 

5-30 

4-51 

4'67 

31 

200 

153 

314 

4-52 

3-56 

3-70 

32 

200 

167 

316 

4-48 

3-56 

3-71 

34 

600 

649 

512 

4-57 

4- 19 

4-30 

35 

200 

349 

3-35 

4-21 

3-55 

3-68 

36 

1000 

1327 

405 

3-66 

402 

3-98 

40  ' 

200 

252 

2-71 

3-56 

2-91 

304 

42 

200 

499  ; 

4-68  1 

3-66 

3-22 

3-32 

Average  1 

1 

1 

473 

3-02  1 

3-38 

2-94 

303 

Kartnan  models  of  turbulence  but  the  study  of  turbulence  indicates  that  the 
von  Karman  model  should  be  more  representative.  Throughout  the  remain¬ 
der  of  this  chapter  only  the  gust  response  factor  corresponding  to  the  von 
Karman  model  will  be  used.  The  numerical  values  of  r.m.s.  vertical  velocity 
for  the  1 3  groups  at  heights  of  200  ft,  600  ft  and  1000  ft  arc  combined  with 
32  other  groups  at  heights  of  200  ft,  400  ft  and  600  ft  in  paragraph  10.4.1  to 
make  an  estimate  of  the  variation  with  height  up  to  1000  ft. 

Generally  with  accelerometer  measurements  reliance  has  to  be  placed  on 
counting  peaks  rather  than  measuring  r.m.s.  values.  The  peaks  were 
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measured  for  the  series  of  25  flights  for  both  the  turbulence  velocity  and  for 
the  normal  acceleration.  These  are  shown  in  Fig.  10.4.  In  both  cases  the 
number  of  peaks  greater  than  a  given  value  varies  exponentially  with  the 
value,  except  for  very  low  values  when  the  actual  number  of  peaks  is  a  little 
less  than  the  exponential  distribution.  Both  dbtributions  can  be  represented 

by 

N/No  =  exp  (-1-41  wla^)  (10.14) 

•  DIAECT  MEASUAEMENTS 

X  DEDUCED  FAOM  MEAIUAEMENTS  OF  NOAMAL 
ACCELEAATION  ASSUMING  VON  kXamXn^ 

MODEL  OF  TUADULENCE  AND  DYNAMIC 
OVE ASHOT  FACTOA  OF  I'E. 


Fig.  10.4.  Comparison  of  the  number  of  gusts  greater  than  given  values  as  measured 
directly  and  deduced  from  measurements  of  normal  accelerations. 

where  w  are  the  velocities  from  direct  measurements  or  form  the  normal 
acceleration  measurements 
a„  are  the  average  of  the  r.m.s.  values  for  each  flight. 

The  25  flights  are  the  same  as  those  used  for  Fig.  2.10.  The  distributions 
of  crossings  in  Fig.  2.10  showed  that  for  the  individual  flights  they  were 
more  nearly  exponential  than  Norma).  So  it  would  be  expected  that  when 
all  the  flights  were  combined  together  that  the  number  of  high  peaks  would 
be  greater  than  that  expected  from  a  Normal  distribution  for  each  flight. 
It  is  fortuitous  that  the  value  of  Ng  is  the  same  for  direct  measurements  of 
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velocity  and  for  that  deduced  from  normal  acceleration  measurements  as  it 
has  been  shown  in  paragraph  10.2  that  the  number  of  zero  crossings  that 
occur  will  depend  on  the  response  that  is  being  measured.  Furthermore 
the  values  of  Ng  in  equations  (10.14)  are  the  extrapolated  values  and  are 
not  the  same  as  the  measured  ones. 

10.4  SPECIFIC  TURBULENCE  CONDITIONS 

For  the  case  of  turbulence  up  to  1000  ft  agreement  was  reached  between 
direct  measurements  of  turbulence  velocity  and  estimates  based  on  measure¬ 
ments  of  the  normal  acceleration  at  a  point  on  the  structure  near  to  the 
centre  of  gravity  of  the  aircraft.  By  assuming  that  agreement  should  be 
achieved  for  turbulence  at  greater  heights  separate  results  by  the  two  methods 
can  be  grouped  to  give  a  better  estimate  of  atmospheric  turbulence  than 
could  be  achieved  from  either  group  by  itself. 

For  the  most  part  the  measurements  of  acceleration  do  not  include  any 
estimate  of  the  scale  of  the  turbulence.  Moreover  nearly  all  the  aircraft  that 
have  been  used  have  a  value  of  c/ig  less  than  600  and  the  values  of  the  normal 
accelerations  are  rather  insensitive  to  the  scale  of  turbulence  above  1000  ft 
for  the  same  value  of  energy  density  at  a  high  inverse  wavelength.  As  far  as 
the  normal  accelerations  are  concerned  the  relative  magnitudes  for  different 
values  of  cfig  below  600  will  not  vary  much  with  the  scale  of  turbulence  that 
is  assumed  for  the  gust  response  factors  for  scales  above  1000  ft.  For  a  scale 
of  turbulence  below  1000  ft  such  as  is  the  case  up  to  a  height  of  1000  ft  the 
normal  accelerations  do  change  appreciably  with  the  scale:  this  is  apparent 
in  the  results  given  in  Tables  10.1  and  10.2  for  the  B-66B. 

Some  formula  for  the  scale  of  turbulence  at  different  heights  had  to  be 
assumed.  There  is  good  evidence  that  the  scale  is  roughly  equal  to  the 
height  up  to  1000  ft  but  there  is  little  direct  evidence  at  heights  above  that. 
Such  evidence  as  there  is  suggests  that  the  scale  will  be  more  than  1000  ft  at 
greater  heights.  Thus  it  cannot  be  expected  that  the  normal  acceleration 
measurements  that  have  been  made  will  show  up  any  differences  between 
the  aircraft  such  as  would  verify  the  formula  assumed.  However,  an  indica¬ 
tion  of  the  accuracy  can  be  obtained  by  comparing  the  total  turbulence 
energy  deduced  from  the  normal  accelerations  with  direct  measurements  of 
the  total  turbulence  energy.  In  addition  the  total  measurements  of  accelera¬ 
tion  will  give  the  distribution  of  energy  at  different  heights  associated  with 
the  assumed  formula  for  scale  of  turbulence.  This  can  be  compared  in  a 
general  way  with  overall  meteorological  data. 

In  considering  specific  forms  of  atmospheric  turbulence  twice  the  turbu¬ 
lence  energy  per  unit  volume  will  be  regarded  as  the  basic  unit.  This  will 
be  expressed  in  terms  of  the  density  of  the  air  at  ground  level  so  that  it 
becomes  (p/po)  which  equals  {Vpjpo  .  <!«,)*,  i.e.  the  mean  square  of  the 
turbulence  equivalent  velocity.  Equivalent  velocities  not  only  provide  a 
suitable  basis  for  the  study  of  the  physical  characteristics  of  turbulence  but 
are  almost  invariably  used  to  express  aircraft  loads. 

The  scale  of  turbulence  has  to  be  decided  empirically.  The  earth’s 
boundary  layer  in  unstable  air  is  about  1000  ft  and  measurements  in  this 
region  have  shown  that  the  scale  of  turbulence  is  about  equal  to  the  height. 
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Outside  the  boundary  layer  the  majority  of  the  turbulence  is  of  the  con¬ 
vective  type  in  which  the  turbulence  is  carried  up  by  thermals.  There  is, 
in  addition,  clear  air  turbulence  in  the  vicinity  of  jet  streams  but  these  occur 
very  infrequently  and  attention  is  focused  entirely  bn  convective  turbulence 
in  the  estimate  of  the  scale  of  turbulence.  If  the  turbulence  activity  covers 
an  area  with  linear  dimensions  large  compared  with  the  scale  of  turbulence 
it  seems  to  be  not  unreasonable  to  assume  that  to  a  first  approximation  the 
area  at  all  heights  of  the  turbulence  activity  will  be  substantially  the  same 
and  the  turbulence  will  move  upwards  in  a  cylinder.  Ludlam’s  (1963) 
description  of  the  main  movement  in  a  thunderstorm  is  given  in  Chapter  2 
as  being  precisely  that.  However,  due  to  the  variation  of  the  density  of  the 
air  with  height,  the  dimensions  of  any  volume  of  turbulence  will  increase 
as  it  rises  in  the  cylinder  and  will  be  inversely  proportional  to  the  density 
of  the  air  at  the  height  concerned.  It  seems  therefore  that  it  might  be 
assumed  that  the  scale  of  turbulence  varies  inversely  as  the  air  density.  In 
the  present  treatment  it  will  be  assumed  empirically  that  the  scale  of  turbu¬ 
lence  equals  1000  Polpft  at  all  heights  above  1000  ft.  Using  this  scale  of 
turbulence,  which  is  equal  to  the  height  below  1000  ft  and  equal  to  1000  pjp 
above  1000  ft,  the  turbulence  energy  per  unit  volume  will  be  examined  for 
examples  of  the  three  following  specific  turbulence  conditions 

(i)  clear  air  turbulence  up  to  1000  ft 

(ii)  turbulence  in  and  near  cumulus  clouds 

(iii)  turbulence  in  thunderstorms. 

10.4.1.  Clear  Air  Turbulence  up  to  1000 ft 
Extensive  direct  measurements  of  air  velocity  fluctuations  at  heights  up 
to  1000  ft  were  described  in  Chapter  2.  It  was  shown  in  paragraph  10.3 
that  deductions  of  the  air  velocity  fluctuations  from  normal  acceleration 
measurements  gave  the  same  results  as  those  from  direct  measurements  of 
velocity. 

In  one  respect  clear  air  turbulence  below  1000  ft  is  more  easily  investi¬ 
gated  than  other  forms  of  turbulence  as  it  is  present  most  of  the  time.  Thus 
whenever  visibility  is  good  enough  for  flying  at  these  heights  it  may  be 
assumed  that  flights  may  be  made  to  examine  the  turbulence.  Bullcn  (1961) 
gives  results  from  flights  in  quick  succession  in  groups  of  three  at  200  ft, 
400  ft  and  600  ft  in  North  Africa  and  K.  D.  Saunders  (1961)  gives  results 
from  flights  in  quick  succession  in  groups  of  three  at  200  ft,  400  ft,  600  ft 
and  at  200  ft,  600  ft,  1000  ft  in  America.  K.  D.  Saunders  gives  direct 
measurements  of  the  turbulence  velocities  and  the  deductions  from  normal 
acceleration  measurements  on  the  aircraft,  but  Bullen  gives  normal  accelera¬ 
tions  only.  These  experiments  give  a  good  indication  of  the  character  of  the 
turbulence. 

At  such  low  heights  the  air  stream  carrying  the  turbulence  flows  roughly 
parallel  to  the  ground  surface.  The  measured  vertical  velocities  will  be  the 
I  combination  of  the  turbulence  velocities  and  the  vertical  components  of  the 
stream  velocity.  It  was  shown  in  Chapter  2  that  the  scale  of  turbulence 
passing  a  fixed  point  is  approximately  equal  to  the  height  in  flat  terrain  but 
the  scale  of  turbulence  measured  along  a  horizontal  line  by  an  aircraft  is 


219 


MANUAL  ON  AIRCRAFT  LOADS 

rather  more  than  the  height.  This  difference  is  more  marked  over  hilly 
terrain  but  even  over  flat  terrain  it  is  large  at  200  ft.  In  forming  an  opinion 
on  this  clear  air  turbulence  below  1000  ft  some  attempt  has  to  be  made  to 
remove  qualitatively  the  apparent  contribution  of  the  stream  flow.  The 
turbulence  itself  is  the  same  whether  the  measuring  point  is  moving  or 
stationary  but  the  apparent  change  due  to  the  stream  flow  is  different.  The 
characteristics  of  the  stream  flow  do  not  satisfy  the  conditions  of  randomness, 
essential  to  the  theory  of  turbulence.  However,  the  deviation  of  the  stream 
from  uniform  flow  in  a  straight  line  can  be  regarded  as  a  perturbation  to 
the  turbulence  provided  the  energy  is  not  too  great  a  proportion  of  the  total 
energy.  The  maximum  equivalent  scale  of  turbulence  induced  by  the  stream 
deviations  seem  to  be  about  1000  ft,  even  over  hilly  terrain,  and  over  flat 
terrain  the  stream  deviations  seem  to  be  completely  negligible  compared  with 
the  turbulence  at  heights  above  600  ft.  The  lowest  flights  were  made  at 
200  ft,  where  the  average  equivalent  measured  scale  was  3 1 4  ft.  It  is  doubtful 
if  turbulence  theory  could  be  applied  for  aircraft  flight  below  200  ft. 

Table  2.5  shows  14  groups  of  3  flights  at  heights  of  200  ft,  600  ft,  1000  ft. 
All  these  flights  had  an  r.m.s.  vertical  velocity  greater  than  3  ft/sec  at  600  ft. 
It  also  shows  32  groups  of  3  flights  at  200  ft,  400  ft,  600  ft  which  are  made 
up  of  23  groups  with  the  r.m.s.  vertical  velocity  at  600  ft  below  3  ft/sec  and 
9  groups  with  it  above.  The  9  groups  above  3  ft/sec  showed  a  tendency,  the 
same  as  did  the  other  14  groups  above  3  ft/sec,  for  the  r.m.s.  value  to  be 
greater  at  600  ft  than  at  200  ft.  The  23  groups  below  3  ft/sec  had  the  same 
r.m.s.  vertical  velocity  at  200  ft,  400  ft  and  at  600  ft.  The  variation  in  tur¬ 
bulence  intensity  with  height  is  shown  in  Fig.  10.5.  The  curves  that  are 
drawn  are  made  to  have  a  constant  r.m.s.  velocity  ((T„)  at  heights  above 
300  ft  and  a  constant  energy  density  at  high  inverse  wavelengths  (i.e. 
constant  a^jL\)  below  300  ft.  Simultaneous  measurements  on  towers  given 
by  Anon  A.S.T.I.A.  (1959a)  show  a  marked  drop  in  r.m.s.  vertical  velocity 
from  300  ft  to  75  ft.  The  drop  seems  to  be  rather  less  rapid  than  constant 
energy  density  but  the  accuracy  of  the  information  docs  not  warrant  a  more 
elaborate  formula  than  the  one  quoted  above  for  Fig.  10.5.  The  r.m.s. 
vertical  velocities  deduced  from  normal  acceleration  measurements  on  the 
aircraft  during  the  same  flights  agree  very  closely  with  the  direct  measure¬ 
ments  if  a  dynamic  overshoot  of  1-20  is  assumed  for  r.m.s.  values  below 
3ft/scc  and  1-13  above  3  ft/scc.  Bullen’s  (1961)  results  for  the  average 
intensity  over  flat  desert  in  May,  June,  July  and  November,  December, 
January,  have  been  transposed  to  r.m.s.  vertical  velocities;  his  alleviation 
factor  has  been  replaced  by  a  gust  response  factor  with  a  scale  of  turbulence 
equal  to  the  height  and  a  dynamic  overahoot  factor  of  1  -20.  The  purpmse  of 
the  diagram  is  to  demonstrate  the  variation  with  height  rather  than  give  an 
absolute  value  of  the  intensity.  It  will  be  seen  that  all  the  data  from  K.  D. 
Saunders  (1961)  and  Bullcn  (1961)  support  the  contention  that  the  turbu¬ 
lence  increases  in  intensity  up  to  a  height  of  a  few  hundred  feet.  K.  D. 
Saunders’  data  strongly  suggest  that  the  intensity  then  remains  sensibly 
constant  up  to  1000  ft. 

Whilst  it  seems  reasonable  to  assume  that  the  atmospheric  turbulence  in 
clear  air  from  200  ft  to  1000  ft  is  reasonably  constant  it  has  to  be  remembered 
that  the  earth’s  surface  may  influence  the  air  stream  directions  and  so  impiose 
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loads  on  the  aircraft.  An  indication  of  the  effect  can  be  obtained  from  an 
analysis  of  the  measurements  over  hilly  terrain  by  K.  D.  Saunders.  It  is 
assumed  that  the  air  motion  relative  to  the  aircraft  is  in  two  parts,  atmos¬ 
pheric  turbulence  with  a  scale  equal  to  the  height  and  the  stream  direction 
changing  along  the  flight  path.  The  normal  accelerations  of  the  aircraft  are 
transformed  to  turbulence  velocities,  on  the  basb  of  a  gust  response  factor 
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Fig.  10.5.  Variation  of  intensitj>  of  clear  air  turbulence  with  height  up  to  1000_/1 

above  flat  terrain. 

appropriate  to  the  atmospheric  turbulence  alone.  These  derived  turbulence 
velocities  will  differ  from  the  direct  measurements  of  air  velocity,  which  give 
the  equivalent  turbulence  intensity  for  the  turbulence  and  stream  effects 
combined.  Up  to  a  height  of  600  ft  the  velocities,  deduced  from  the  normal 
accelerations  of  the  aircraft  with  the  same  dynamic  overshoot  factor  of  I  -2 
that  was  measured  over  the  flat  terrain,  arc  18  per  cent  lower  than  thc'velo- 
cities  measured  directly.  The  direct  measurements  over  hills  were  shown  in 
Chapter  2  to  have  an  average  r.m.s.  velocity  of  3-79  ft/scc  compared  with 
2'73  ft/scc  over  fiat  ground.  Thus  the  direct  measurements  of  turbulence 
r.m.s.  velocity  over  hills  are  I  -40  times  the  measurements  over  flat  terrain. 
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The  estimated  velocities  over  hills  from  measurements  of  normal  acceleration 
of  the  aircraft,  being  1 8  per  cent  less  than  the  direct  measurements  of  velocity , 
are  therefore  1  •  1 5  (i.e.  0-82  X  1  '40)  times  the  measurements  over  flat  terrain. 
This  15  per  cent  estimated  increase  in  turbulence  velocity  from  measure¬ 
ments  of  normal  acceleration  is  based  on  the  gust  response  factor  being  the 
same  for  the  stream  effects  as  for  the  turbulence.  The  stream  effects,  which 
includes  the  pilot’s  actions,  will  be  predominantly  at  longer  wavelengths 
than  the  main  turbulence  wavelengths  and  will  be  more  alleviated.  Data 
are  not  available  to  show  whether  the  alleviation  was  sufficient  to  account 
for  the  difference  between  the  two  sets  of  measurements.  At  1000  ft  where 
the  ground  effects  should  be  considerably  attenuated  the  actual  measure¬ 
ments  of  normal  acceleration  gave  the  same  r.m.s.  turbulence  velocities 
as  those  measured  directly;  it  is  emphasized,  though,  that  this  b  somewhat 
fortuitous  as  there  were  only  6  flights,  which  are  much  fewer  than  in  the 
remainder  of  the  analysis. 

The  best  estimate  of  the  r.m.s.  vertical  velocity  of  turbulence  over  flat 
terrain  was  given  in  Chapter  2  for  any  single  flight  as  a  mean  of  2'73  ft/sec 
with  a  standard  deviation  of  !•!  ft/sec.  Over  hilly  terrain  the  turbulence 
will  be  superimpiosed  on  stream  motions  of  varying  directions  which  must 
be  treated  separately.  In  the  direct  measurements  of  air  velocity  on  the 
B-66B  there  was  a  40  per  cent  increase  in  apparent  r.m.s.  value  but  the  air¬ 
craft  normal  accelerations  increased  by  only  15  per  cent.  No  evidence  is 
available  to  show  the  influence  on  other  aircraft  but  it  may  be  presumed 
that  the  increase  in  the  normal  acceleration  would  be  greater  for  aircraft 
with  lai^er  values  of  mass  parameter  times  mean  chord. 

10.4.2.  Turbulence  In  and  Near  Cumulus  Clouds 

At  all  heights  below  1000  ft  it  could  be  assumed  that  the  air  density  was 
the  same  as  that  at  ground  level.  Cumulus  clouds  reach  heights  of  more 
than  15,000  ft  and  the  air  density  changes  are  important.  Crane  and  Chilton 
(1956)  quote  a  flight  at  1 700  ft  in  clear  air  in  the  vicinity  of  a  storm  centre. 
J.  Taylor  (1953)  quotes  a  series  of  ten  flights  and  a  re-examination  of  the 
original  data  from  which  the  paper  was  prepared  shows  that  it  included  two 
moderately  turbulent  passages  through  cumulus  at  3000  ft.  Houbolt,  Steiner 
and  Pratt  (1962)  quote  9  traverses  through  cumulus  clouds  at  15,000  ft. 
In  addition  to  these  aircraft  measurements  Gorclic,  Kostarev  and  Chernikov 
(1958)  quote  r.m.s.  vertical  velocities  in  cumulus  at  10,000  ft  measured  along 
a  vertical  radar  beam.  For  comparbon  purposes  all  the  velocities  are  given 
as  equivalent  velocities  (i.e.  true  velocity  times  V pjp^  where  p  is  the  air 
density  and  p^  the  air  density  at  ground  level)  and  wherever  a  scale  of  turbu¬ 
lence  b  required  it  is  assumed  to  be  1000  p^jp  ft. 

Houbolt  et  al.  quote  turbulence  energy  in  wavelengths  10  to  5000  ft.  By 
assuming  a  scale  of  turbulence  these  can  be  transformed  into  total  energy. 
In  nine  flights  at  15,000  ft  they  found  a  range  of  4-3  to  11-5  ft/sec  E.A.S.  for 
the  r.m.s.  verticjil  velocity.  This  would  be  approximately  equal  to  a  mean 
of  7-6  ft/sec  E.A.S.  with  a  standard  deviation  of  30  per  cent  of  the  mean. 
J.  Taylor  measured  crossings  of  normal  acceleration  and  counted  them  at 
one-minute  intervab.  The  flying  was  done  in  4  min  runs  alternately  at 
120  knots  E.A.S.  and  180  knots  E.A.S.  with  one  minute  without  recording 


222 


AIRCRAFT  LOADS  IN  ATMOSPHERIC  TURBULENCE 

between  each  run.  The  r.m.s.  vertical  velocity  was  calculated  for  each 
minute  on  the  assumption  that  the  Viking  aircraft,  that  was  used,  had  8 
crossings  of  the  datum  1^  acceleration,  in  each  direction,  per  mile  and  that 
over  1  min  the  distribution  of  crossings  of  different  levels  was  Normal.  The 
calculated  r.m.s.  vertical  velocities  were  not  significantly  different  whether 
they  were  based  on  0-1^  or  0-2g  increment  at  180  knots  E.A.S.  or  on  a  0*lg 
increment  at  120  knots  E.A.S.  During  10  flights,  each  of  approximately 
100  min  at  3000  ft,  two  storms  in  cumulus  clouds  were  encountered  each 
extending  to  a  flight  distance  of  about  60  miles.  One  had  a  mean  r.m.s. 
vertical  velocity  of  4-6  ft/sec  E.A.S.  and  the  other  4-9  ft/sec  E.A.S.  Both 
had  standard  deviations,  for  the  velocities  averaged  over  3  J  miles,  of  20  per 
cent  and  the  maximum  r.m.s.  vertical  velocity  over  a  distance  of  3J  miles 
was  7  ft/sec  E.A.S.  Crane  and  Chilton  measured  the  turbulence  energy  at 
all  wavelengths  in  one  flight  of  170  miles  at  1700  ft  and  obtained  an  r.m.s. 
vertical  velocity  of  4-9  ft/sec  E.A.S.  for  the  complete  flight.  Gorelic  et  al. 
used  vertical  radar  beams  to  measure  the  r.m.s.  vertical  velocity  in  cumulus 
at  about  10,000  ft.  These  differ  in  two  respects  from  the  aircraft  measure¬ 
ments.  The  effective  path  is  vertical  instead  of  horizontal  and  the  effective 
speed  along  the  path  the  speed  of  light  instead  of  the  speed  of  the  aircraft. 
They  found  a  range  from  1-7  to  4-8  ft/sec  E.A.S.  over  a  number  of  clouds 
and  a  range  of  3-2— 4-3  ft/sec  E.A.S.  over  one  storm.  The  number  of  readings 
is  not  quoted  but  the  mean  and  scatter  seem  to  be  of  the  same  order  as  those 
encountered  by  J.  Taylor  and  Crane  and  Chilton.  It  would  be  expected 
that  the  radar  measurements  would  be  a  little  lower  as  the  total  extent  in  a 
vertical  direction  of  the  turbulence  would  be  too  little  to  include  all  the 
longer  wavelengths  and  in  any  case  the  radar  measurements  would  be 
limited  to  scales  of  turbulence  of  about  500  ft. 

J.  Taylor’s  measurements  are  of  the  number  of  crossings  of  selected  normal 
accelerations  and  give  an  opportunity  of  comparing  the  distribution  of 
crossings  with  the  distribution  of  r.m.s.  values.  The  combined  counts  for 
the  two  storms  are  shown  in  Fig.  10.6.  The  distribution  of  counts  greater 
than  a  stated  value  of  vertical  velocity  is  close  to  an  exponential  distribution 
and  is  given  by 

Nj2N„  =  exp  (-1-38  wja^)  (10.15) 

where  NI2Nq  is  used  instead  of  NjNg  because  the  number  of  up  and  down 
velocities  are  added  together.  The  coefficient  1  -38  is  nearly  the  same  as  the 
1'41  given  for  the  B-66B  in  paragraph  10.3.  Once  again  the  distribution 
shows  that  the  distribution  of  crossings  for  a  constant  r.m.s.  value  is  more 
nearly  exponential  than  Normal.  The  constancy  of  the  coefficient  is  to  a 
large  degree  due  to  both  examples  including  turbulence  with  relatively 
little  scatter:  the  standard  deviation  for  the  Viking  is  20  per  cent  and  that 
for  the  B-66B  30  per  cent. 

Little  error  will  occur  if  turbulence  in  a  small  patch  of  cumulus  is  assumed 
to  be  homogeneous  and  isotropic.  However,  the  distribution  of  crossings  is 
not  known.  This  introduces  a  difficulty  if  a  complete  storm  is  examined. 
The  two  storms  from  J.  Taylor  (1953)  include  continuous  turbulence  for  the 
duration  of  the  measurements.  Eiach  of  the  24  patches  3^  miles  long  can  be 
represented  reasonably  well  by  a  Normal  distribution  of  crossings  with 
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8  per  mile  zero  crossings  in  each  direction:  the  number  of  crossings  of  a 
velocity  of  8  ft/scc  E.A.S.  and.  more  in  each  patch  arc  rather  few  but  such 
as  there  arc  tend  to  be  more  than  would  be  expected  from  Normal  dis¬ 
tributions.  When  the  counts  from  all  the  patches  are  added  together  the 
distribution  is  close  to  exponential  from  5  to  20  ft/sec  (the  highest  velocity 
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Fig.  10.6.  The  number  of  gusts  greater  than  different  levels  in  cumulus  at  3000 ft. 
Measurements  made  on  Viking  in  120  miles  flying.  r.m.s.  vertical  velocity  in  lengths 
of  3-5  miles  had  an  average  of  4-78  ft\sec  with  a  standard  deviation  of  20  per  cent. 


recorded  in  the  total  length  of  120  miles).  A  Normal  distribution  that  fits 
the  number  of  crossings  at  3-70  ft/sec  and  7-4  ft/sec  gives  a  r.m.s.  velocity 
of  4’75  ft/sec  and  8-0  zero  crossings  compared  with  an  average  of  4-78  ft/scc 
for  the  individual  patches  with  8-0  zero  crossings  for  each.  This  agreement 
in  zero  crossings  will  be  lost  when  flights  in  the  absence  of  cumulus  turbu¬ 
lence  are  added.  Also  it  cannot  be  assumed  that  the  extrapolated  value  of 
A7g  from  the  exponential  distribution  will  always  be  2^  times  the  actual  zero 
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crossings  that  occurs  in  this  one  example  but  it  will  be  assumed  that  in  any 
particular,  storm  the  ratio  of  the  extrapolated  JVJ,  to  the  actual  will  be  the 
same  for  all  aircraft. 

10.4.3.  Turbulence  in  Thunderstorms 

Tolefson  (1956)  gives  an  extensive  survey  of  thunderstorms  by  means  of 
counts  of  peak  normal  accelerations.  At  the  levels  that  he  measured  there 
would  be  a  negligible  difference  between  the  number  of  peaks  exceeding  a 
given  level  and  the  number  of  crossings,  in  one  direction,  of  that  level. 
Houbolt,  Steiner  and  Pratt  (1962)  quote  15  traverses  through  thunderstorms 
and  for  one  traverse  give  the  turbulence  energy  density  at  wavelengths 
10-5000  ft  and  the  projjortion  of  time  above  different  velocities. 

In  the  survey  by  Tolefson  (1956)  a  P-61  was  flown  12,616  miles  and  a 
C-35  905  miles.  The  alleviation  factors  used  by  Tolefson  arc  replaced  by 
gust  response  factors  to  estimate  the  real  velocities  of  the  turbulence.  Table 
10.3  gives  the  parameters  used  in  the  original  calculations  and  those  required 


Table  10.3.  Values  used  for  Calculations 


Altitude 

in 

1000 /< 

Mass 

para¬ 

meter 

Mean 

chord 

ft 

Response  factors 

K 

K, 

A',/ 1-2  A- 

No 

NoVpolp 

1941-42  investigations  by 

C-35 

5-10 

18-7 

9-25 

0-429 

0-686 

1-30 

16-6 

18-6 

10-15 

23-6 

9-25 

0-449 

0-718 

1-31 

14-7 

17-9 

15-20 

27-5 

925 

0-455 

0-738 

1-35 

13-6 

17-9 

20-25 

32- 1 

9-25 

0-460 

0-755 

1-37 

12-5 

17-9 

25-30 

37-7 

9-25 

0-463 

0-771 

1-39 

11-4 

17-8 

30-34 

440 

9-25 

0-466 

0-785 

1-41 

10-6 

18-0 

1946-47  investigations  by 

P-61 

5-6 

26-4  : 

10-5 

0-510 

0-733 

1  1-20 

1  12-2 

13-2 

10-1 1 

30-0 

10-5 

0-514 

0-748 

'  1-21 

11-4 

13-3 

15-16 

34-6  ' 

10-5 

0-518 

0-763 

1-23 

10-5 

13-3 

20-21 

411  1 

10-5 

0-526 

0-779 

1-24 

9-6 

13-3 

25-26 

1 

48-6 

10-5 

0-531 

0-793 

1-25 

8-8 

13-3 

for  the  conversion.  The  gust  response  factor  K  is  based  on  von  Kdrman’s 
model  of  turbulence  and  a  scale  of  turbulence  of  1000  p^jp.  The  sixth 
column  is  the  ratio  of  the  alleviation  factor  K,  to  the  gust  response  factor 
K  times  a  dynamic  overshoot  factor  of  1  -2  and  is  the  conversion  factor  from 
the  gust  velocities  given  by  Tolefson  to  the  present  ones.  is  the  calculated 
number  of  zero  crossings.  Purely  for  simplicity  of  the  calculations  these  have 
been  done  for  the  Dryden  model  of  turbulence  instead  of  the  von  Kdrmdn 
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model.  The  relative  values  will  be  approximately  the  same  for  the  two  models 
but  the  absolute  values  will  be  different.  In  either  case  there  may  be 
considerable  error  in  the  absolute  value  and  until  much  more  information 
is  available  on  measured  values  only  relative  values  of  N„  are  significant. 


Fig.  10.7.  The  frequency  of  occurrence  of  gusts  of  different  velocity  in  thunderstorms. 

Measurements  made  in  12,616  miles  /lying  in  thunderstorms  at  heights  from  5000  to 

26,000  ft. 


The  number  of  gusts  greater  than  different  values  is  shown  in  Fig.  10.7 
for  the  12,616  miles  flown  by  the  P-61  in  thunderstorms.  The  distribution 
is  represented  closely,  over  the  whole  range  of  velocities  measured,  by 

=  exp  (-k)/6-72)  (10.16) 

where  =  5-5. 

The  distributions  at  different  heights,  taken  separately,  can  also  be  repre¬ 
sented  well  by  exponential  distributions.  The  plotted  experimental  points 
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for  the  different  heights,  up  to  velocities  of  55  ft/sec  E.A.S.,  lie  as  close  to  a 
straight  line  as  those  shown  in  Fig.  10.7.  The  values  of  Nq  and  exponential 
decay  with  gust  velocity  are  shown  in  Table  10.4.  The  measured  values  of 

Table  10.4.  Variation  of  Turbulence  Intensity  with  Height  in  Thunderstorms 


Height 

in 

1000 ft 

Ho.  of 
miles 
recorded 

No.  of  miles  per  gust  greater 
than  stated  value  and  given 
by  the  formula 

NjlN^  =  exp  {—wlw^) 

wt  Ng 

ftjsec  E.A.S.  number  per  mile 

5-6 

1750 

6-20  6-3 

10-11 

2905 

6-41  6-7 

15-16 

3328 

7-03  5-5 

20-21 

2630 

6-72  5-4 

25-26 

2003 

6-72  4-0 

12,616 

6-72  5-5 

Nq  show  the  same  tendency  as  the  calculated  ones  to  reduce  with  height 
and  are  close  to  50  per  cent  of  the  calculated  ones  at  each  height. 

The  thunderstorms  surveyed  by  the  C-35  were  for  a  total  of  only  905  miles. 
The  results  show  the  same  trends  as  those  given  in  Table  10.4  but  the  values 
of  Wa  and  for  the  whole  905  miles  taken  together  are  =  8-60,  —  1 0-0. 
The  intensity  of  the  turbulence  is  rather  more  than  the  average  of  the 
more  extensive  recordings  on  the  P-61  and  the  measured  A^o  **  about  70  per 
cent  of  the  calculated  value  compared  with  50  per  cent  for  the  P-61. 

No  measurements  were  taken  in  this  survey  of  the  r.m.s.  velocity.  A 
rough  approximation  can  be  obtained  by  assuming  that  the  factor  1-4, 
found  in  the  survey  of  low-level  turbulence  in  clear  air  and  in  the  flights  in 
cumulus  and  given  in  equations  (10.14)  and  (10.15),  applies.  The  variation 
in  r.m.o.  velocity  with  height  is  shown  in  Fig.  10.8.  A  curve  is  drawn  to  show 
an  increase  in  turbulence  energy  per  unit  volume  up  to  1 5,000  ft  and  there¬ 
after  constant.  Some  speculation  is  needed  to  give  values  at  40,000  ft.  How¬ 
ever,  the  1 5  flights  by  Houbolt  et  al.  ( 1 962)  confirm  that  high  intensity  thun¬ 
derstorms  can  be  encountered  at  40,000  ft.  They  quote  the  turbulence  energy 
in  wavelengths  1000-5000  ft.  By  assuming  a  scale  of  turbulence  of  1000  pjp  ft 
this  can  be  transformed  into  total  energy.  The  1 5  flights  had  a  range  from 
6-6  to  1 7-2  ft/sec  E.A.S.  for  the  r.m.s.  vertical  velocity.  This  would  be 
approximately  equal  to  a  mean  of  1 1-9  ft/sec  E.A.S.  with  a  standard  devia¬ 
tion  of  27  per  cent  of  the  mean.  In  one  traverse,  in  which  the  intensity  was 
about  20  per  cent  above  the  average,  the  scale  of  turbulence  was  estimated. 
It  is  quoted  as  5600  ft,  which  is  not  much  different  from  the  empirical  value 
of  4100  ft  used  in  the  present  analysis.  For  this  traverse  the  proportion  of 
time  above  different  levels  was  measured.  As  with  other  forms  of  turbulence 
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the  proportion  for  the  higher  velocities  is  greater  than  would  be  expected 
for  a  Normal  distribution.  Thus  the  same  difficulty  again  arises  in  deciding 
the  relationship  between  the  extrapolated  value  of  from  the  exponential 
distribution  and  the  actual  number  of  zero  crossings. 

10.5  ATMOSPHERIC  LOADS  ENCOUNTERED  BY  AIRCRAFT  ON 
NORMAL  OPERATIONAL  DUTIES 

Typical  samples  of  the  three  types  of  atmospheric  turbulence,  most  fre¬ 
quently  met  by  aircraft,  were  quoted  in  paragraph  10.4.  There  is  a  fourth 
type  of  turbulence  which  occurs  in  the  vicinity  of  jet  streams  and  therefore 


n.M.S.  vertical  velocity  FT./SEC.  E.A.t 
Fig.  10.8.  The  variation  with  height  of  r.m.s.  vertical  velocity  m  thunderstorms. 

occurs  less  frequently  and  is  less  amenable  to  a  detailed  survey.  It  would  be 
impracticable  to  fly  aircraft  solely  to  establish  the  average  values  for  the 
various  types  of  turbulence.  The  flying  time  required  would  involve  a 
prohibitive  cost  and  there  are  many  patches  of  turbulence  that  cannot  be 
catalogued  with  certainty  into  one  particular  category.  Even  if  the  average 
values  could  be  obtained  for  the  atmosphere  itself  and,  in  addition,  the 
proportion  of  time  in  each  was  known,  extensive  information  on  the  flying 
procedures  would  be  required  to  establish  the  atmospheric  loads  on  aircraft. 
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The  apparent  atmosphere,  deduced  from  aircraft  encounters,  will  differ 
appreciably  from  the  real  atmosphere  in  several  respects.  Low  flying  will 
be  mainly  in  the  vicinity  of  aerodromes :  the  height  and  the  direction  of  the 
cruise  is  subject  to  considerable  adjustment  to  avoid  turbulence,  the  amount 
depending  on  the  operation:  the  climb  and  descent  will  not  be  adjusted 
much  for  atmospheric  conditions  except  that  they  will  generally  start  or 
terminate  at  an  aerodrome:  the  density  of  air  traffic  will  depend  on  the 
geographical  position,  the  time  of  day,  the  season  and  on  restrictions  placed 
on  take-off  and  landing.  Generally  it  may  be  stated  that  the  apparent 
atmosphere  is  the  one  required  and  the  best  assessment  of  this  can  be  made 
from  operational  flying.  The  present  data  are  based  almost  entirely  on 
civil  aircraft  operations  and  although  very  extensive  it  is  doubtful  if  a 
correction  could  be  made  with  much  accuracy  to  give  the  apparent  atmos¬ 
phere  for  military  aircraft  or  for  civil  aircraft  that  had  little  choice  of  route 
or  height. 

Bullen  (1963)  quotes  measurements  from  5-3  million  flying  miles  on  a 
variety  of  aircraft.  Details  of  the  aircraft  and  their  operating  conditions  are 
given  in  Table  10.5.  It  is-shown  in  Table  10.5  that  for  the  aircraft  used  in 
the  experiment  the  average  number  (iVj)  of  gusts  in  each  direction  per  mile, 
when  in  turbulence,  is  9-9  V pjp^.  The  original  data  were  given  for  an 
alleviation  factor  K,  for  each  gust.  Table  10.5  shows  that  the  gust  response 
factor  has  an  average  of  A^,/l-21  below  25,000  ft  and  the  difference  between 
aircraft  is  not  great;  nearly  all  the  data  above  25,000  ft  are  from  Cfomet  1 
and  2,  which  have  a  gust  response  factor  of  A',/1-44  and  A',/1-48  respectively 
at  those  heights.  The  frequency  of  occurrence  of  gusts  of  different  velocities 
and  at  different  heights  is  given  in  Fig.  10.9;  the  data  from  the  Comet  2 
are  omitted  as  this  aircraft  was  the  only  one  that  used  cloud  collision  warning 
radar.  The  original  data  were  transposed  to  true  velocity  (E.A.S.)  by 
assuming  an  average  gust  response  factor  of  K,l\-2\  below  25,000  ft  and 
K,j\  -44  above.  The  frequency  of  occurrence  of  gusts  is  given  as  the  number 
of  gusts  per  mile  for  an  aircraft  with  =  9-9  V p/po-  It  is  done  this  way 
so  that  the  diag;ram  may  be  used  directly  for  aircraft  of  similar  type  to  those 
used  in  the  experiments.  The  absolute  value  of  is  uncertain  and  the 
information  can  be  used  for  other  aircraft  only  by  calculating  from  the 
same  formula.  The  distribution  of  gusts  does  not  seem  to  vary  much  with 
height  so  that  the  results  from  all  heights  may  be  added  together.  This 
distribution  is  ako  shown  in  the  diagram ;  the  curve  that  is  drawn  is  calcu¬ 
lated  from  the  following  formula 

down-gusts  N  =  pN„  [0-984  exp  (  — k;/2-87) 

+  0-016  exp  (-h;/5-74)] 

up-gusts  N  =  pN^  [0-984  exp  (  — tti/3- 10) 

+  0-016  exp  (-w/6-20)] 

where  N  =  number  of  gusts  per  mile  with  velocities  greater  than  w  ft/sec 
E.A.S. 

pJV,  =  0-58  for  the  particular  projjortion  of  flying  at  different  heights 
that  happened  to  be  used. 


(10.17) 
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O  10,000  20,000  30,000  40,000 

HEIGHT  -^EET. 

Fig.  10,10,  Variation  in  total  number  of  gusts  with  height. 


Fig.  10.11.  Comparison  of  U.S.A.  and  U.K.  data  on  relative  frequent  of  occurretue 
of  gusts  of  different  magnitude. 

U.S.A.  data  based  on  measurements  from  4-8  million  miles  of flying  by  W.  G.  Walker 
and  Copp  (1959)  and  0-5  million  by  Copp  and  Fetrur  (1959). 

U.K.  data  based  on  measurements  from  4-9  million  miles  of  flying  by  Sullen  (1963). 
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The  formula  (10.17)  may  be  used  to  give  the  number  of  gusts  at  any  height 
if  the  appropriate  pN^  is  known.  The  values  on  the  curves  at  a  velocity  of 
12  ft /sec  E.A.S.  are  used  to  estimate  pN^  for  each  height  and  these  are 
shown  in  Fig.  10.10. 

W.  G.  Walker  and  C!opp  (1959)  quote  measurements  from  4-8  million 
miles  of  flying  on  civil  airlines.  They  added  the  number  of  up-gusts  and 
down-gusts  at  each  velocity  so  that  a  comparison  is  only  possible  by  first 
adding  those  from  Bullen  (1963).  The  two  distributions  are  shown  in 
Fig.  10.11  for  the  same  number  of  gusts*  of  12  ft/sec  E.A.S.  It  will  be 
seen  that  both  sets  of  experimental  points  fit  the  same  curve. 

10.3.1.  Avoidance  of  Turbulence 

I  Bullen  (1963)  splits  the  data  up  into  climb  and  descent  and  into  cruise 
so  that  Fig.  10.10  can  be  presented  in  more  detail.  Estimates  of  pN^  are 
based  on  the  number  of  gusts  exceeding  12  ft/sec  E.A.S.  and  are  shown  in 
Fig.  10. 12.  The  cruise  condition  of  each  of  the  aircraft  is  compared  with  the 
combined  climb  and  descent  for  all  the  aircraft.  The  climb  and  descent 
data  are  from  all  the  aircraft  combined  and  are  therefore  approximately 
appropriate  for  an  aircraft  with  =  9-9  V p/p#.  The  cruise  data  are  from 
each  aircraft  separately  and  have  been  amended  to  make  them  also  appro- 
;  priate  for  an  aircraft  with  A#  =  9-9  V p/p^.  It  will  be  seen  that  the  number 
of  gusts  encountered  per  mile  is  less  in  the  cruise  than  in  the  climb  and 
descent.  This  is  due  to  the  deliberate  avoidance  of  turbulence. 

The  formula  (10.17)  for  the  distribution  of  gusts,  each  consist  of  two  expo¬ 
nentials.  It  would  seem  likely  that  they  are  due  to  different  forms  of  turbu¬ 
lence  and  a  comparison  with  the  results  of  paragraph  10.'4  on  measurements 
in  specific  turbulence  conditions  confirms  this  conjecture. 

The  exponential  distribution  of  gusts  in  12,616  miles  of  thunderstorms 
gave  a  variation  of  exp  (— a)/6-72),  which  is  8  per  cent  more  severe  than  the 
second  exponential,  exp  (— iti/6-20)  of  the  up-gusts  of  equation  (10.17). 
The  exponential  distribution  in  the  typical  examples  of  cumulus  of  J. 
Taylor  and  Crane  and  Chilton  are  exp  (— »/3-45)  and  exp  (— k»/3'55),  the 
average  of  which  is  13  per  cent  more  severe  than  the  first  exponential 
exp  (— it//3-10)  of  the  up-gusts  of  equation  (10.17).  This  agreement  strongly 
suggests  that  the  two  exponentials  of  equation  (10.17)  are  mainly  for  flights 
in  cumulus  and  in  thunderstorms.  The  numerical  value  achieved  on  the 
operational  flights  and  given  in  equation  (10.17)  is  more  reliable  than  the 
3  typical  flights  in  cumulus  but  the  amount  of  flying  in  thunderstorms  is 
much  the  same  in  the  controlled  experiment  in  thunderstorms  and  in  the 
whole  of  the  5  million  miles  of  operational  flying.  On  the  other  hand  the 
operational  flying  will  be  on  the  fringes  of  the  storms,  rather  than  through 
the  centre,  wherever  piossible  and  an  8  per  cent  reduction  in  intensity  seems 
not  unreasonable. 

The  thunderstorm  survey  indicated  a  drop  of  intensity  below  about 
13,000  ft  and  meteorological  considerations  would  suggest  that  the  intensity 
is  rarely  fully  developed  below  5000  ft.  Thus  there  seems  to  be  a  justification 

*  The  conversion  factor  from  alleviation  factor  to  gust  response  factor  is  I '12  for  W.  G. 
Walker  and  Copp’s  data  compared  with  1'2I  for  Bullen’s. 
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for  regarding  the  larger  exponential  of  equation  (10.17)  as  rather  severe 
below  5000  ft.  On  the  other  hand  the  operational  measurements  have  a 
greater  proportion  of  large  gusts  at  heights  below  5000  ft.  This  is  presumably 
due  to  the  relative  difficulty  of  avoiding  turbulence  at  low  levels  by  change 
of  route.  These  two  effects  seem  roughly  to  cancel  out  and  the  equations 
(10.17)  can  be  used  at  all  heights.  Below  1000  ft  the  controlled  experiments 
in  clear  air  turbulence  show  that  turbulence  with  an  average  distribution 
exp  (—w/l-95)  is  present  at  all  times  and  in  addition  there  are  ground 
effects.  Whilst  it  may  be  assumed  that  the  fully  developed  thunderstorm 
turbulence  is  rarely  present  there  is  little  information  on  the  ground  effects. 
The  operational  measurements  actually  give  rather  more  high  velocities 
than  at  higher  altitudes  and  until  further  data  are  available  the  best  estimate 
seems  to  be  to  assume  the  same  distribution  (10.17)  holds  at  all  heights  but 
with  Ng  exp  ( — a;/l'95)  in  addition  to  cover  clear  air  turbulence. 

The  distribution  of  large  gusts  shows  a  preponderance  at  low  altitudes 
and,  even  allowing  qualitatively  for  the  fact  that  thunderstorms  will  reach 
different  heights,  it  seems  that  a  large  proportion  are  avoided  at  high  alti¬ 
tudes  and  few  &re  avoided  below  10,000  ft.  Thus  any  advantage  that  were 
sought  for  radi>r  detection  of  turbulence  would  have  to  be  the  avoidance  of 
storms  that  woiild  not  have  been  avoided  by  pilots  without  the  radar  aid. 

10.5.2.  Seasonal  Variations 

A  small  counting  accelerometer,  which  is  referred  to  as  a  fatigue  load 
meter,  is  carried  on  a  large  number  of  British  aircraft.  These  include 
Viscounts  of  the  British  European  Airways  fleet  and  the  Trans  Australian 
Airways  fleet.  R.  H.  Taylor  (1962)  has  analysed  the  records  of  163,000 
flying  hours  by  B.E.A.  for  4  years  from  mid  1957  and  41,000  flying  hours  by 
T.A.A.  for  3  years  from  mid  1957. 

In  all  cases  the  number  of  occurrences  of  increments  of  0'25g,  O  SSj-, 
0-95g  up  and  down  from  straight  and  level  flight  were  tabulated.  The  totals 
on  a  monthly  basis  are  given  in  Tables  10.6  and  10.7  for  B.E.A.  and  T.A.A. 
respectively.  These  occurrences  of  normal  acceleration  are  mainly  due  to 
atmospheric  turbulence  but  some  of  them  are  due  to  manoeuvres.  The 
average  frequency  of  occurrence  of  manoeuvres  on  a  large  amount  of  flying 
by  civil  aircraft  was  shown  in  Fig.  5.6.  These  values  for  the  amount  of 
flying  done  by  the  Vbcounts  are  shown  in  Tables  10.6  and  10.7.  Thus 
the  number  of  accelerations  due  to  gusts  will  be  the  total  less  those  due  to 
manoeuvres. 

By  assuming  a  distribution  for  the  frequency  of  occurrence  of  gusts  of 
different  intensities  it  is  possible  to  estimate  the  average  conversion  factor 
from  normal  acceleration  to  gust  velocity.  In  paragraph  10.5  it  is  suggested 
that  the  frequency  of  occurrence  of  gusts  may  be  represented  by  the  sum  of 
two  exponential  distributions,  one  that  is  predominantly  in  cumulus  cloud 
conditions  and  one  that  is  predominantly  in  thunderstorms.  In  the  distri¬ 
bution  of  equation  (10.17)  the  two  exponents  differ  by  a  factor  of  2,  the 
down-gusts  are  92  per  cent  of  the  size  of  up-gusts  for  the  same  frequency  of 
occurrence  and  the  number  of  gusts  in  thunderstorm  conditions  arc 
1  -6  per  cent  of  the  total.  By  assuming  that  the  two  exponents  arc  always  in 
the  ratio  of  two  to  one,  two  parameters,  the  total  number  of  gusts  per  mile 
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Table  10.7.  Number  of  Occurrences  of  Normal  Accelerations  at  the  Aircraft  C.G.  of  Viscounts  on  Trans  Australian 

Airways  Service  1957-1960 


1986  89,114  162,447  ^  5107  j  214  1  i  39  i  1184  3926 
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in  each  direction  and  the  proportion  of  gusts  that  are  associated  with 
thunderstorm  conditions,  are  required  to  give  the  distribution  for  either 
u[>-gusts  or  down-gusts.  A  further  parameter  is  needed  to  convert  the  data 
from  normal  accelerations  into  data  for  gust  velocities. 

The  measurements  of  normal  accelerations  given  in  Tables  10.6  and 
10.7  are  at  3  levels  above  and  3  levels  below  Ig  (i.e.  straight  and  level 
flight).  If  there  were  no  relationship  between  the  numbers  of  up  and  down 
gusts  there  would  be  just  sufficient  information  to  give  the  gust  distributions. 
As  there  is  a  relationship  there  is  redundant  information  and  a  best  estimate 


Table  10.8.  Total  Number  of  Gusts,  Estimated  from  the  Frequency  of  Occurrence  of 
Normal  Accelerations  in  Table  10.6  for  Viscounts  on  British  European  Airways 

Ser  .ce 


The  assumptions  made  are; 

(i)  An  increment  of  corresponds  to  a  gust  velocity  of  44-8  ft/sec  E.A.S. 

(ii)  The  average  speed  is  270  statute  miles  per  hour. 

(iii)  The  number  of  gusts  per  mile  greater  than  w  ft/sec  E.A.S.  is  given  by 
pN^  [(1  —  x)  exp  (  — tt)/2'79)  +  x  exp  (  — tt;/5-58)]  for  down-gusts 
pN„  [(1  —  x)  exp  (— u)/3-10)  +  X  exp  (-  a;/6-20)]  for  up  gusts. 

(iv)  The  values  of  pN^  ■*  determined  from  the  frequency  of  occurrence  of 
increments  of  normal  acceleration  of  0-25g  and  0'55^  but  the  conversion  from 
acceleration  to  gust  velocity  of  assumption  (i)  was  previously  chosen  so  that 
the  values  of pN^  and  x  for  the  total  flying  gave  a  good  estimate  of  the  frequency 
of  occurrence  of  increments  of  normal  acceleration  of  0-95g. 
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in  equation  (10.17) 
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has  to  be  made.  In  addition,  the  number  of  increments  of  0-95^  is  small  and 
can  only  be  used  practically  when  grouped  together. 

In  the  first  place  the  totals  for  Table  10.6  are  taken  to  estimate  one  gust 
distribution  for  the  up-gusts  and  one  gust  distribution  for  the  down-gusts. 
Similar  totals  are  obtained  from  Table  10.7.  The  relative  size  of  the  down- 
gust  and  up-gust  is  estimated  for  both  groups  and  the  average  of  the  two 
groups  shows  that  down-gusts  are  90  per  cent  of  the  size  of  the  up-gusts  for 
the  same  frequency  of  occurrence.  This  average  value  is  assumed  to  hold 
generally.  The  totals  for  Tables  10.6  and  10.7  are  next  taken  separately  to 

Table  10.9.  Total  Number  of  Gusts,  Estimated  from  the  Frequency  of  Occurrence  of 
Normal  Accelerations  in  Table  10.7  for  Viscounts  on  Trans  Australian  Airways 

Service 

The  assumptions  made  are : 

(i)  An  increment  of  Ig  corresponds  to  a  gust  velocity  of  41-2  ft/sec  E.A.S. 

(ii)  The  average  speed  is  270  statute  miles  per  hour. 

(iii)  The  number  of  gusts  per  mile  greater  than  w  ft/sec  E.A.S.  is  given  by 
pNa  [(I  —  x)  exp  (— a)/2'79)  +  x  exp  {— ie/5-58)]  for  down-gusts 
pN^  [(1  —  x)  exp  (—m/3-10)  -f  exp  (  —  m/6-20)]  for  up-gusts 

(iv)  The  values  of  pN„  and  x  are  determined  from  the  frequency  of  occurrence  of 
increments  of  normal  acceleration  of  0-25g  and  O-SSg  but  the  conversion  from 
acceleration  to  gust  velocity  of  assumption  (i)  was  previously  chosen  so 
that  the  values  of  pN^  and  x  for  the  total  flying  gave  a  good  estimate  of  the 
frequency  of  occurrence  of  l.icrements  of  normal  acceleration  of  0-95^. 
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estimate  the  conversion  factor  from  normal  acceleration  of  the  aircraft  to 
vertical  velocity  of  gusts.  A  different  conversion  factor  can  be  calculated 
for  up-gusts  and  for  down-gusts.  The  average  of  the  two  is  then  assumed  to 
hold  for  the  individual  months. 

In  examining  the  variation  between  months  only  the  numbers  of  gusts  at 


Fig.  10. l.S.  Sea.smial  variation  in  frequency  of  occurrence  of  gusts  encountered  by 

Viscounts. 


increments  of  ±0-25g  and  r(-:0-55j;  are  used.  The  up-gusts  and  down-gusts 
are  taken  separately  and  the  following  parameters  are  calculated 

(i)  the  total  number  of  gusts  per  mile  [pNf) 

(ii)  the  proportion  of  gusts  that  are  associated  with  thunderstorm  condi¬ 
tions  {x). 

The  calculated  values  of  /»Aq  and  x  are  given  in  Tables  10.8  and  10.9. 

The  total  number  of  gusts  per  mile  is  rather  less  than  the  average  of  the 
flying  from  a  variety  of  aircraft  as  given  in  equation  (10.17).  This  is  not 
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surprising  as  it  depends  markedly  on  the  average  flight  plan  of  the  particular 
aircraft.  The  difference  between  European  and  Australian  flying  is  probably 
mainly  due  to  the  longer  flights  in  Europe,  1  -8  hr  compared  with  1  -5  hr,  with 
correspondingly  greater  time  at  higher  altitudes.  In  the  absence  of  a  detailed 
average  flight  plan  the  numerical  value  of  the  total  number  of  gusls  cannot 
be  used  but  the  variation  with  the  seasons  can.  The  monthly  variation  of 
the  total  number  of  gusts  is  shown  in  Fig.  10.13.  The  frequency  of  occurrence 
is  a  maximum  in  the  spring  and  a  minimum  in  the  autumn  in  both  Europe 
and  Australia  but  the  difference  between  the  two  extremes  is  greater  in 
Australia. 

The  overall  proportion  of  thunderstorm  type  of  condition  is  roughly  the 
same  in  Europe  and  in  Australia  and  each  is  close  to  the  average  given  in 
equation  (10.17).  There  is,  however,  a  seasonal  variation  and  thunder¬ 
storms  occur  most  frequently  in  mid-summer  and  mid-winter.  In  Australia 
the  summer  activity  is  by  far  the  more  pronounced.  In  Europe  the  variation 
is  not  very  marked  but  the  mid-winter  tends  to  be  the  more  frequent.  The 
accuracy  of  predicting  the  proportion  of  thunderstorms  to  the  total  is  not 
high  but  it  does  give  an  indication  of  the  relative  frequency  of  occurrence  of 
large  and  small  gusts.  The  number  of  occurrences  of  0-95g  increments, 
predicted  from  those  of  0-25^  and  0-55^  for  each  month,  agree  reasonably 
weU  with  the  measured  values  having  regard  to  the  fact  that  the  numbers 
involved  are  rather  small. 
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CHAPTER  1  1 


BUFFETING  TURBULENCE 

11.1  INTRODUCTION 

The  passage  of  any  part  of  an  aircraft  through  the  air  produces  turbulence 
in  its  wake.  Any  turbulence  so  produced  that  influences  the  structural 
loads  on  the  aircraft  itself,  or  on  other  aircraft,  is  referred  to  as  buffeting. 
This  buffeting  turbulence  is  influenced  in  varying  degrees  by  the  aircraft 
structure.  The  turbulence  that  is  least  influenced  by  structural  parts  is  the 
complete  wake  of  one  aircraft  that  is  encountered  by  another  aircraft.  In 
buffeting  of  an  aircraft  due  to  itself  it  is  most  difficult,  in  general,  to  break 
down  the  combined  motion  of  the  air  and  the  aircraft  structure  into  air 
turbulence  and  the  resultant  structural  loads.  This  reaches  an  extreme  when 
the  buffeting  turbulence  is  generated  by  the  structural  part  that  is  most 
affected  structurally,  e.g.  control  surface  and  bomb-bay  buffeting. 

It  is  possible  to  describe  the  turbulent  wake  of  an  aircraft  at  distances  of 
thousands  of  feet  behind  it  in  terms  that  are  independent  of  the  following 
aircraft.  As  the  distance  between  the  aircraft  is  reduced  the  interaction 
becomes  appreciable  and  when  the  aircraft  are  very  close  to  each  other  such 
as  during  refuelling  the  data  are  insutticient  to  determine  the  loads  on  the 
following  aircraft  in  terms  of  a  wake  and  a  transfer  function.  A  limiting 
case  of  one  aerofoil  surface  following  in  the  vicinity  of  the  wake  of  another 
surface  is  that  of  a  tailplane.  In  some  ways  this  is  more  amenable  to  separa¬ 
tion  into  a  buffeting  turbulence  and  a  transfer  function  to  give  the  structural 
loads,  .as  the  two  aerofoils  are  structurally  connected  through  the  fuselage. 

■  Wings  ficquently  produce  buffeting  turbulence  of  such  magnitude  that 
the  wing  itself  is  said  to  be  buffeting.  The  turbulence  at  particular  points  of  the 
wing  can  be  described  but  it  ^ill  be  so  closely  associated  with  the  aero¬ 
dynamic  and  structural  features  of  the  wing  itself  that  it  is  hardly  amenable 
to  extrapolation  to  other  aircraft.  Dive  brakes  and  open  cavities,  such  as 
bomb-bays,  also  produce  buffeting  turbulence  but  in  these  cases  the  forms 
for  different  aircraft  are  sufficiently  near  that  some  general  features  can  be 
described. 


11.2  FLIGHT  IN  THE  WAKE  OF  OTHER  AIRCRAFT 

The  wake  behind  an  aircraft  consists  essentially  of  the  following  three 
components : 

(i)  Turbulence  from  the  engines. 

(ii)  Turbulence  from  the  boundary  layer  surrounding  the  airframe 
surface. 

(iii)  Trailing  vortices. 
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Andrews  (1954)  investigated  each  of  these  three  components  separately 
for  the  wake  behind  a  Meteor  aircraft.  He  showed  that  the  turbulence  in 
the  neighbourhood  of  the  jets  from  the  engines  decayed  rapidly  and  was 
negligible  about  250  ft  behind  the  jet  exit  at  10,000  ft.  The  turbulence 
produced  behind  the  fuselage  and  other  drag  producing  bodies  was  much 
less  than  that  behind  the  jets  of  the  engines  and  decayed  more  rapidly. 
Thus  the  disturbances  at  large  distances  beyond  a  turbo-jet  aircraft  will  be 
predominantly  due  to  the  trailing  vortices.  It  may  be  expected  that  this 
would  apply  to  propeller  driven  aircraft  also.  Even  for  aircraft  undergoing 
refuelling  the  trailing  vortices  are  likely  to  produce  more  loads  than  the 
turbulence. 

1 1 .2. 1 .  Trailing  Vortices 

Classical  aerodynamic  theory  predicts  that  a  wing  lifting  surface  will 
shed  a  vortex  sheet  from  its  trailing  edge.  This  sheet  rapidly  rolls  up  into 
two  vortices  near  the  wing  tips  which  then  pass  downstream  as  tr  iling 
vortices.  For  an  elliptic  spanwise  wing  loading  the  circulation  for  each  of 
the  vortices  is 

K  =  4WlTTpbU  (11.1) 

where  K  —  the  circulation  (ft“/sec) 
fV  =  the  aircraft  weight  (lb) 
p  =  the  air  density  (slugs/ft®) 
b  —  the  wing  span  (ft) 

U  —  the  aircraft  true  velocity  (ft/sec) 

and  the  centres  of  the  vortices  are  at  a  distance  nb/S  from  the  centre  line  of 
the  aircraft.  Kaden  (1931)  made  a  theoretical  investigation  of  the  pheno¬ 
mena  and  estimated  that,  for  elliptic  spanwise  wing  loading,  each  trailing 
vortex  is  essentially  rolled  up  at  a  distance  0-280  AbjC/^  behind  the  wing 

where  A  =  the  wing  aspect  ratio 
b  =  the  wing  span 
=  the  lift  coefficient 

The  time  corresponding  to  this  distance  is  0-280  AblljCj^  which,  by  using 
equation  (11.1),  can  be  given  as 

/rt„/(7ri/4)2  =  0-289  (11.2) 

where  —  the  time  the  aircraft  has  flown  past  any  point  before  the  trailing 
vortices  are  essentially  rolled  up. 

As  the  trailing  vortices  pass  further  downstream  they  will  decay.  Various 
writers  including  Lamb  (1932)  have  shown  that  for  practical  purposes  the 
decay  of  turbulent  flow  may  be  represented  in  a  similar  manner  to  that  used 
for  laminar  flow  by  replacing  the  air  viscosity  by  an  empirical  eddy  viscosity. 
Squires  (1954)  suggests  that  the  eddy  viscosity  may  be  assumed  to  be 
proportional  to  K.  Thus  the  laminar  viscosity  v  should  be  replaced  by 
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(f  +  aK)  where  a  is  a  constant.  Practical  values  of  aK  are  so  much  greater 
than  V  that  v  may  be  neglected  in  studying  the  decay  of  the  vortices. 

A  rigorous  solution  is  possible  if  it  is  assumed  that 

(i)  the  vortices  start  as  line  vortices  immediately  behind  the  wing, 

(ii)  the  flow  in  each  of  the  two  vortices  is  independent. 

Assumption  (i)  cannot  hold  whilst  the  vortex  sheet  behind  the  wing  is  rolling 
up  into  two  trailing  vortices,  but  the  time  taken  is  so  short  (equation  (1 1.2)) 
that  for  most  purposes  it  may  be  ignored.  However,  the  diameter  of  the 
rolled  up  vortex  may  be  somewhat  different  from  that  given  by  the  rigorous 
solution.  An  adjustment  could  be  made  for  the  time  of  the  rolling  up  process, 
either  by  assuming  a  much  higher  viscosity  than  subsequently  or  by  assuming 
a  longer  time,  whilst  retaining  the  two  basic  assumptions  for  the  rigorous 
solution.  In  the  analysis  that  follows  no  adjustment  is  made  as  there  is 
insufficient  evidence  to  suggest  the  amount. 

The  solution  given  by  Lamb  (1932)  for  each  trailing  vortex  is 

C  =  (KI4vaKt)  exp  (  —r^j^aKt)  (11.3) 

=  {Kft-n-r)  [1  -  exp  {-r^^aXt)]  (1 1.4) 

where  ^  =  the  circulation  at  a  radius  r 

Wr  =  the  circumferential  velocity  at  a  radius  r 
t  =  time 

The  velocity  of  the  air  at  any  point  will  be  the  sum  of  the  velocities  due  to 
the  two  vortices.  Measurements  of  the  vertical  velocity  along  a  straight  line 
through  the  two  axes  of  the  vortices  can  be  used  to  estimate  the  eddy  viscosity 
of  an  aircraft  wake.  On  traversing  a  wake  the  vertical  velocity  will  increase 
to  a  maximum  followed  by  either  one  or  two  minima  (peak  downward 
velocity)  between  the  two  axes  and  a  final  maximum  before  leaving  the  wake. 
Kraft  (1955)  made  measurements  of  the  wake  of  a  small  propeller-driven 
fighter  aircraft  span  37*3  ft  by  flying  another  aircraft  as  near  as  possible 
at  right  angles  to  the  wake  and  through  the  axes  of  the  trailing  vortices.  For 
each  traverse  it  is  possible  to  determine  the  value  of  the  constant  a  that 
would  give  the  same  diflTerence  between  the  maximum  and  minimum  vertical 
velocities  measured.  These  ranges  of  velocity  have  been  estimated  from 
Kraft’s  original  paper  and  are  given  in  Fig.  11.1.  Rose  and  Dee  ( 1 963)  have 
made  measurements  of  the  range  of  vertical  velocity  of  a  number  of  traverses 
in  the  wake  of  a  Comet  3B.  These  are  also  shown  in  Fig.  11.1.  In  order  that 
curves  for  different  values  of  a  may  be  shown  the  velocities  and  times  are 
given  in  the  non-dimensional  forms  (wmax  —  “'niin)('”'A/4)/A  and  A</(7r6/4)^. 

Qualifications  to  these  data  are  essential  before  they  can  be  used  generally. 
In  both  sets  of  flight  tests  an  attempt  was  made  to  assess  the  persistence  of 
trailing  vortices  on  calm  days.  Any  atmospheric  turbulence  that  might  have 
been  present  would  reduce  the  persistence  and  the  equivalent  eddy  viscosity 
would  be  correspondingly  increased.  Unfortunately  in  addition  the  actual 
flights  would  not  be  precisely  through  the  axes  of  the  vortices  and  this  error 
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must  always  produce  an  apparent  eddy  viscosity  that  is  also  too  high.  The 
experimental  points  in  Fig.  11.1  that  are  most  likely  to  be  in  serious  error 
due  to  the  flights  not  being  precisely  through  the  axes  of  the  vortices  are 
those  for  the  shorter  times  when  the  size  of  the  vortices  is  smaller :  this  is 
especially  so  for  the  wakes  of  the  small  fighter. 


Fig.  11.1.  Range  of  vertical  velocity  across  trailing  vortices  of  an  aircraft. 
Measurements  on  Comet  ZB  by  Rose  and  Dee  ( 1 963)  anrf  on  o  propeller-driven  fighter  by 
Kraft  (1955)  are  compared  with  calculations  based  on  two  vortices  at  distances  nb /S 
from  the  aircraft  centre-line  each  with  a  circumferential  velocity  to,  at  a  radius  r  given  by 

Wr  =  {Kllnr)  [1  —  exp  {  —  r*j'baKt)'\ 
where  K  =  the  circulation;  aK  =  eddy  viscosity;  t  =  time. 

The  theory,  on  which  the  curves  for  different  values  of  a  have  been  based, 
will  break  down  when  the  motions  of  the  two  vortices  can  no  longer  be 
assumed  to  be  independent.  When  mixing  is  appieeiable  it  is  likely  that  the 
effective  eddy  viscosity  will  increase  rapidly  and  the  vortices  will  eollapse. 
Some  empiricism  is  necessary,  but  it  seems  reasonable  to  suppose  that  the 
mixing  will  depend  on  the  proximity  of  the  minima  vertical  velocities  of  the 
two  vortices.  The  minima  will  approach  each  other  as  the  vortices  travel 
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downstream  and,  even  on  the  theory  that  the  motions  of  the  vortices  are  j 

independent,  they  will  coincide  when  ; 

A'//(7rA/4)2  =  l/167ra  (11.5) 

Kerr  and  Dec  (i959b)  estimated  the  intensity  of  the  vortices  of  a  4  piston-  | 

engined  bomber  (Lincoln)  by  flying  a  small  2  piston-engined  transport  ' 

(Devon)  through  them  at  a  slight  angle  to  the  direction  of  the  axes  and 
flnding  tne  .maximum  aileron  angle  that  was  necessary  to  compensate  for 
the  change  in  vertical  velocity  along  the  span  of  the  Devon.  It  was  found  i 

that  the  vortices  from  the  Lincoln  persisted  for  about  1 20  sec  with  the  flaps 
down  at  1 10  knots  E.A.S.  and  200  sec  with  the  flaps  up  at  130  knots  E.A.S.  , 

In  both  conditions  the  rate  of  decay  was  rapid  just  before  final  collapse  of  j 

the  vortices.  In  the  clean  condition  the  vortices  were  so  intense  that  full  ! 

aileron  was  required  on  the  Devon  flying  behind  the  Lincoln  up  to  1 60  sec  ; 

after  the  vortices  had  been  initiated  by  the  Lincoln.  There  was  a  rapid  decay 
for  all  longer  separation  times.  In  the  flaps  down  condition  full  aileron  was 
required  on  the  Devon  up  to  a  separation  of  60  sec.  The  necessary  aileron 
angles  decreased  slowly  between  60  and  100  sec  separation  but  between 
100  sec  and  120  sec  the  decay  is  of  the  order  of  ten  times  more  rapid. 

A  rough  estimate  has  been  made  of  the  persistence  of  vortices  of  a  number 
of  aircraft.  These  are  compared  with  the  times  given  by  equation  (11.5)  in 
T,  ible  11.1.  The  value  of  eddy  viscosity  cannot  be  estimated  very  accurately 
and  it  is  assumed  somewliat  arbitrarily  from  Fig.  11.1,  on  the  assumption 
that  all  experimental  errors  will  give  higher  values  for  eddy  viscosity,  that 
0-0002  A  is  a  reasonably  representative  value. 

It  should  be  appreciated  that  the  comparison  of  measured  and  calculated 
times  in  Table  11.1  is  based  on  a  small  amount  of  data.  The  time  at  which 
final  decay  occurs  is  probably  related  to  the  time  given  in  equation  (1 1.5) 
but  no  evidence  is  available  on  the  relationship.  However,  the  measured 
values  of  the  estimated  duration  are  from  about  30  to  50  per  cent  of  the 
calculated  values,  with  no  marked  differences  between  aircraft.  As  all 
experimental  errors  will  tend  to  produce  measured  times  that  are  low  it 
seems  reasonable  on  present  evidence  to  use  equation  (11.5)  as  an  upper 
limit  for  the  duration  of  the  trailing  vortices. 

There  are  several  conditions  that  will  reduce  the  duration  of  trailing 
vortices.  Whenever  atmospheric  turbulence  is  present  it  will  reduce  the 
time.  Near  the  ground  there  will  be  a  further  reduction  due  to  friction  of 
the  vortex  system  with  the  ground.  Also  the  aircraft  generating  the  vortices 
will  normally  be  flying  with  flaps  down  and  the  effective  axes  of  the  vortices 
will  be  closer  together  and  will  therefore  begin  to  mix  sooner. 

11.2.2.  Refuelling 

When  an  aircraft  is  being  refuelled  in  the  air  it  must  fly  close  to  the  tanker 
and  is  therefore  in  the  vicinity  of  its  wake.  The  separation  time  is  of  the 
same  order  as  that  required  for  the  trailing  vortices  to  become  essentially 
rolled  up.  The  idealized  solution  (equation  (11.4))  for  circumferential 
velocity  gives  the  radius  at  which  the  velocity  is  a  maximum  as 

r,/{7ri/4)  -  V[>-26  X  ‘iaKtj{7Tbl‘iyi  (11.6) 
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Table  11.1.  Persistence  of  Trailing  Vortices  from  Aircraft  without  Flaps  Down 


! 

1 

j  Time 

Reference 

1 

! 

Aircraft 

1  Speed 
knots 
E.A.S. 

Height 

ft 

Span 

bft 

Circu¬ 

lation 

KftV 

sec 

Calculated 

by 

equation 

(11.5) 

with 

a  =  0-0002 

sec 

1 

( 

Max. 

measured 

sec 

Kerr  and  Dee 
(1959b) 

Lincoln 

130 

6000 

120 

1470 

1 

1  608 

1  200 

i 

Kraft  (1955) 

Propeller- 

driven 

lighter 

130 

10,000 

37-3 

669 

127 

1  60 

Andrews, 

D.  R.  (1954) 

Meteor 

248 

15,000 

37-3 

702 

120 

17* 

Andrews, 

D.  R.  (1954) 

Meteor 

188 

32,000 

37-3 

1247 

68 

17* 

Rose  and  Dee 
(1963) 

Comet  3B 

155 

5000 

115 

1930 

414 

115 

Rose  and  Dee 
(1963) 

Comet  3B 

117 

5000 

115 

2550 

314 

90 

Rose  and  Dee 
(1963) 

Vulean 

200 

3000 

99 

1870 

324 

115 

Rose  and  Dee 
(1963) 

Vulcan 

175 

10,000 

99 

2400 

254 

105 

*  The  trailing  vortices  were  strong  after  17  sec  but  no  measurements  were  made  at 
greater  times. 


This  reduces,  for  a  time  for  roll-up  given  by  equation  (11.2)  and  for  the 
typical  value  of  a  =  0-0002,  to 

r<,/(7rA/4)  =  0-017  (11.7) 

The  experimental  evidence  given  in  paragraph  11.2.1  indicates  that 
a  —  0-0002  is  a  typical  value  for  long  separation  times,  but  this  is  not  strictly 
applicable  to  the  rolling  up  process.  A  higher  value  of  a  should  presumably 
be  used  in  equation  (11.6)  to  obtain  an  estimate  of  r^.  The  tankers  used  for 
refuelling  will  have  a  span  of  the  order  of  150  ft  so  equation  (1 1.7)  gives  a 
value  of  2  ft,  which  is  probably  rather  lower  than  would  be  found  in  practice. 
Thus  the  depth  of  the  wake  due  to  the  trailing  vortices  is  of  the  order  of  4  ft 
or  a  little  more. 

The  rest  of  the  wake  is  either  turbulence  from  the  jets  of  the  engines  or 
turbulence  from  the  boundary  layer.  Both  types  of  turbulence  can  be  con¬ 
sidered  as  homogeneous  isotropic  turbulence  with  perturbations.  In  this  way 
the  scale  of  the  turbulence  may  be  defined  in  the  manner  described  in 


250 


BUFFETING  TURBULENCE 


Chapter  9.  It  is  shown  in  Chapter  1 2  that  the  scale  of  the  turbulence  in  the 

immediate  vicinity  of  the  jets  from  the  engines  is  about  V xDj5,  where  D  is 
the  exit  diameter  of  the  Jet  and  x  is  the  distance  downstream.  This  gives  a 
scale  of  turbulence  of  about  4  ft.  There  is  less  direct  evidence  of  the  scale  of 
turbulence  in  the  wing  or  fuselage  boundary  layer  but  a  rough  indication  of 
the  order  of  the  scale  should  be  obtained  by  replacing  the  diameter  of  the  jet 
by  the  diameter  of  the  fuselage.  This  should  give  a  scale  of  turbulence  of 
about  12  ft. 

Thus  the  salient  dimensions  of  the  three  components  of  the  wake,  trailing 
vortices,  turbulence  from  the  engines,  turbulence  from  the  airframe  are  all 
of  the  order  of  5-12  ft.  It  seems,  therefore,  that  as  far  as  the  aircraft  that  is 
being  refuelled  is  concerned  the  scale  of  the  turbulence  in  the  wake  is  so 
small  that  it  will  be  greatly  alleviated  by  the  aircraft  gust  response  factor. 
However,  the  loads  due  to  flying  in  and  out  of  the  wake  may  be  quite 
large. 

Wallace  (1961)  points  out  that  “most  of  the  loads  during  refuelling  are 
caused,  at  least  on  the  B-52,  by  pilot  input  rather  than  by  a  turbulent  effect 
from  tanker  wash.  The  pilot  is  constantly  manoeuvring,  trying  to  keep  the 
large,  flexible  airplane  in  position”.  The  analysis  given  above  suggests 
that  the  turbulent  effect  of  the  tanker  wash  should  not  be  significant  for  any 
except  small  aircraft.  It  is  proposed,  therefore,  to  treat  loads  during  refuelling 
as  one  would  those  of  manoeuvres.  Data  are  available  on  normal  accelera¬ 
tions  experienced  during  refuelling  on  the  B-52  from  Wallace  (1961)  and 
Kelly  and  Broom  (1962)  and  on  the  B-47E  from  Durkee  (1961).  Figure  1 1.2 
gives  the  frequency  of  occurrence  of  these  normal  accelerations.  The  data 
from  the  B-52  are  from  237-8  flying  hours  of  refuelling  compared  with  only 
9-4  flying  hours  on  the  B-47E.  The  curves  shown  for  the  B-47E  are  plotted 
for  each  frequency  of  occurrence  at  75  per  cent  of  the  increment  of  accelera¬ 
tion  of  the  B-52.  In  both  cases  the  curves  are  the  same  at  low  increments 
for  up  and  down  accelerations  but  at  high  increments  the  down  accelerations 
occur  more  frequently  than  the  up  accelerations.  The  flights  on  the  B-52 
cover  the  range  of  marks  B-52B  to  B-52G  at  a  variety  of  bases.  There  does 
not  seem  to  be  any  significant  difference  in  the  measurements  due  to  height, 
speed  or  all-up  weight  and  consequently  all  the  data  are  grouped  together 
in  the  one  diagram. 


11.3  WAKE  OF  DIVE  BRAKES 

Dive  brakes  are  incorporated  in  aircraft  to  increase  the  total  drag.  This  is 
achieved  by  deliberately  introducing  turbulence  into  the  airstream  round 
the  aircraft.  Fail,  Owen  and  Eyre  (1955)  have  examined  the  air  flow  round 
flat  plates  and  the  measurements  on  the  turbulence  is  of  general  value  in 
studying  any  buffeting  turbulence.  Thcii  work  on  flat  plates  in  isolation 
shows  up  the  characteristics  of  turbulence  in  the  absence  of  other  bodies. 
Some  experiments  on  plates  attached  to  a  solid  fuselage  shape  indicate  the 
interaction  of  two  aerodynamic  forms  in  the  absence  of  appreciable  struc¬ 
tural  flexibility. 

A  square  flat  plate  5  in.  X  5  in.  was  tested  in  a  wind  tunnel  at  airspeeds 
of  the  order  of  100  ft/sec.  The  airflow  was  examined  in  a  plane  about  15  in. 


251 


MANUAL  ON  AIRCRAFT  LOADS 


downstream  of  the  plate  for  different  angles  of  incidence  of  the  plate  to  the 
airstream.  In  the  present  analysis  attention  is  confined  to  incidences  that 
are  sufficiently  high  to  produce  a  turbulent  flow  behind  the  plate.  A  survey 
was  made  of  the  mean  square  of  the  fluctuating  velocity  in  the  direction  of  the 
stream,  i.e.  twice  the  longitudinal  component  of  the  energy  of  turbulence 
per  unit  mass.  A  point  was  then  chosen  in  the  neighbourhood  of  maximum 


Fig.  1 1.2.  Normal  accelerations  on  aircraft  whilst  being  refuelled  in  flight. 

energy  and  the  distribution  of  this  energy  at  different  wavelengths  was 
determined.  For  convenience  of  presentation  the  fluctuating  velocity  is 
given  as  a  proportion  of  the  stream  velocity.  The  concept  of  energy  at 
different  wavelengths  is  the  same  as  that  used  for  atmospheric  turbulence 
moving  in  a  stream  past  a  given  point.  Distances  are  measured  as  the  length 
of  stream  passing  the  point.  Provided  the  change  in  turbulence  with 
distance  is  not  too  great  compared  with  its  scale  there  should  be  little  error 
in  regarding  the  turbulence  at  the  point  in  the  plane  of  measurement  as 
isotropic  and  homogeneous.  This  is  equivalent  to  a  stream  extending  for  a 
great  distance  each  side  of  the  point  without  change  of  character.  Of  course 
the  equivalent  stream  will  be  different  for  each  measuring  point. 

In  order  to  define  the  turbulence  by  means  of  a  few  parameters  only,  it  will 
be  given  in  two  parts,  one  the  equivalent  homogeneous  isotropic  turbulence 
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and  the  other  the  additional  turbulence  necessary  to  produce  the  total.  The 
homogeneous  isotropic  turbulence  will  be  estimated  on  the  assumption  that 
it  may  be  represented  by  the  formulae  of  Chapter  9  for  the  von  Karman 
model  (equations  (9.38)  to  (9.42)).  All  the  measurements  by  Fail,  Owen 
and  Eyre  ( 1 955)  were  of  the  longitudinal  component  of  turbulence  energy 
density.  The  corresponding  equation  for  von  Karman’s  model  is 

=  4  aiLI[l  +  {27r  (l-339L)A}2]5/«  (9.39) 

(repeated) 


where  <r„  =  r.m.s.  longitudinal  velocity 
L  =  scale  of  turbulence  ft 

k  =  inverse  wavelength  cycles/ft 

S„(k)  =  longitudinal  component  of  energy  density  with  respect  to 
inverse  wavelength. 

Figure  11.3  shows  the  distribution  of  energy  of  turbulence  for  different 
angles  of  incidence  of  the  plate.  The  calculated  distribution  that  is  shown 
is  that  given  in  equation  (9.39)  with  the  measured  total  r.m.s.  longitudinal 
velocity  used  for  a„  and  the  scale  of  turbulence  L  selected  by  inspection  to 
give  the  best  fit  between  the  calculated  and  experimental  curves.  It  was 
shown  in  Chapter  2  by  means  of  equation  (2.5)  that  the  total  energy  is  the 
area  under  the  curve  kSu{k)  and  the  axis  log,  k.  In  the  practical  measure¬ 
ments  the  energy  will  be  within  a  band  of  wavelengths  dependent  on  the 
limitations  of  the  instruments  used,  whereas  the  calculated  curve  is  the 
energy  from  zero  to  infinite  wavelengths.  On  the  other  hand  the  practical 
measurements  will  include  all  turbulence,  not  merely  that  that  may  be 
regarded  as  homogeneous  and  isotropic  turbulence.  It  is  evident  from 
Fig.  11.3  that  the  measured  turbulence  at  each  incidence  consists  of  two 
parts,  (i)  energy  at  a  single  wavelength  and  (ii)  a  continuously  varying 
energy  density  at  all  wavelengths  measured.  Fail,  Owen  and  Eyre  (1955) 
observed  that  the  energy  at  a  single  wavelength  was  produced  by  a  regular 
shedding  of  vortices.  In  the  present  analysis  it  is  assumed  that  all  very  sharp 
peaks  in  the  original  curves  were  due  to  energy  at  single  frequencies  and  a 
rough  assessment  of  the  amount  of  this  energy  is  10  per  cent  for  90°  incidence, 
20  per  cent  for  60°  and  small  for  40°.  No  measurements  were  made  at 
different  positions  and  an  assessment  of  the  rate  of  breakdown  of  the  vortices 
is  not  possible.  The  data  are  not  extensive  and  so  the  general  agreement  of 
shape  at  both  high  and  low  inverse  wavelengths  may  not  be  of  wide  applica¬ 
tion  to  other  buffeting;  it  should  be  appreciated  in  making  the  comparison 
that  in  the  calculated  curves  a  change  in  increases  all  the  amplitudes  in 
the  same  proportion  and  a  change  in  the  only  other  parameter  L  moves  the 
curves,  as  drawn,  bodily  to  right  or  left  w'ithout  change  of  shape.  The  scale 
of  turbulence  is  of  the  same  order  as  the  dimensions  of  the  plate  exposed 
to  the  air  stream. 

The  distribution  of  energy  of  turbulence  downstream  of  a  similar  plate 
hinged  to  a  body  of  typical  fuselage  shape  with  maximum  diameter  7  in.  is 
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r THERE  IS  ROUGHLY  lO  */• 
OF  THE  TURIULENCE 
ENERGY  AT  THIS 
SINGLE  WAVELENGTH. 
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{Part  1) 

Fig.  11.3.  Distribution  of  energy  of  turbulence  per  unit  mass  of  air  {i5'„(A:)}  at  different 
wavelengths  behind  a  5  X  5  in.  flat  plate. 

Measurements  by  Fail,  Owen  and  Eyre  (1955)  of  longitudinal  component  of  energy  are 

compared  with 

Sfk)  =  4o2Z./[l  +  {27r(l-339Z,)i)*]‘/» 

where  (T„  measured  r.m.s.  longitudinal  velocity;  U„  =  stream  velocity;  L  is  chosen 
by  inspection  to  give  the  best  fit  between  the  calculated  and  experimental  curves.  The  dis¬ 
tribution  was  determined  at  a  point  near  to  the  position  of  maximum  turbulence  in  a  plane 
1 5-3  in.  downstream  for  incidences  of  40°  and  60°  and  1 1  in.  downstream  for  an 

incidence  of9Q°. 
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shown  in  Fig.  11.4.  The  general  characteristics  of  the  distribution  remain 
the  same.  About  10  per  cent  of  the  energy  due  to  a  regular  shedding  of 
vortices  and  the  scale  of  the  turbulence  is  a  little  higher  than  that  for  a  plate 
isolated  from  a  body.  Figure  1 1 .5  shows  the  distribution  of  energy  when  the 
flat  plate  is  replaced  by  a  cascade  of  1 1  vanes  forming  a  plate  of  3-54  in.  x 
3-54  in.  with  an  effective  thickness  of  about  ^  in.  With  this  configuration 
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Fig.  1 1.4.  Distribution  of  energy  of  turbulence  per  unit  mass  of  air  {J5„(A:)}  at  different 
wavelengths  behind  a  5  x  5  in.  flat  plate  below  a  fuselage-type  body  with  maximum 

diameter  7  in. 

Measurements  by  Fail,  Owen  and  Eyre  (1955)  of  longitudinal  component  of  energy  are 
compared  with 

Sflk)  =  4(7*7./[1  4  {277(1  •339Z.)/t)»]»/« 

where  (r„  =  r.m.s.  longitudinal  velocity;  Uq  stream  velocity;  value  of  (T„  was  not 
measured  so  cr„  and  L  were  chosen  by  inspection  to  give  the  best  jit  between  the  calculated 
and  experimental  curves. 

The  distribution  was  determined  at  a  point  9-8  in.  below  centre-line  of  body  and  15  in. 
downstream  of  the  hinge  attaching  the  plate  to  the  body. 

the  energy  due  to  sliedding  of  vortices  is  not  apparent  at  the  position  of  the 
measurements  and  the  measured  distribution  is  roughly  the  same  as  the 
r.a  ciliated  one.  The  scale  of  the  turbulence  is  rather  less  than  that  of 
thi;  flat  plate  attached  to  the  body. 

11.4  TURBULENCE  NEAR  CAVITIE.S  SUCH  AS  BOMB-BAYS 

The  presence  of  a  cavity,  such  as  a  bomb-bay,  in  a  fuselage  interferes  with 
the  air  flow  over  the  fuselage  and  turbulence  is  set  up  in  and  around  the 
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cavity.  Quantitative  measurements  have  been  made  only  on  the  surface  of 
the  body.  As  the  primary  interest  has  been  to  determine  the  loads  on  the 
structure  the  measurements  have  mainly  been  of  pressure  and  the  data 
have  been  used  to  predict  the  air  motion.  One  of  the  consequences  of  this 
procedure  is  that  the  formulae  of  Chapter  9  cannot  be  compared  directly 
with  the  experimental  results. 

Rossiter  (1962)  has  made  a  systematic  study  of  rectangular  holes  in  flat 
plates  and  given  a  few  comparisons  with  representative  models  of  typical 
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Fig.  1 1 .5.  Distribution  of  energy  of  turbulence  per  unit  mass  of  air  {J>S„(^)}  at  different 
wavelengths  behind  a  cascade  of  1 1  vanes  forming  a  plate  3-54  X  3-54  in.  below  a 
fuselage-type  body  with  maximum  diameter  7  in. 

Measurements  by  Fail,  Owen  and  Eyre  (1955)  of  longitudinal  component  of  erurgg  are 
compared  with 

S„(k)  =  4af/./[l  +  {27r(l-339L)A)»]5/« 


where  (i„  measured  r.m.s.  longitudinal  velocity;  U„  =  stream  velocity;  L  is  chosen 
by  inspection  to  give  the  best  Jit  between  the  calculated  and  experimental  curves. 

The  distribution  was  determined  15  in.  downstream  of  the  hinge  at  a  point  on  the  centre 
line  of  the  plate  and  body  near  to  the  position  of  maximum  turbulence. 


aircraft  designs.  Measurements  were  made  along  the  centre  line  of  the  cavity 
on  the  roof,  the  front  and  rear  walls  and  a  short  distance  downstream.  The 
distribution  of  the  mean  square  of  the  pressure  at  different  wavelengths  was 
determined  at  each  point.  The  analyser  that  was  used  determines  the  mean 
square  of  the  pressure  over  a  band  of  inverse  wavelengths  and  the  width  of 
the  band  is  a  constant  fraction  f  of  the  mid  inverse  wavelength  k  of  the 
band.  Thus  for  small  values  of  e  it  may  be  assumed  that  the  density  of  the 
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mean  square  pressure  is  constant  over  the  bandwidth  and  that  the  measure¬ 
ment  is 

ek .  S^{k) 

where  S^{k)  is  the  density  of  the  mean  square  pressure  at  inverse  wave¬ 
length  k. 

The  measurements  are  quoted  in  non-dimensional  form  as 

VkTsMJi^ 

where  qjy  is  the  tunnel  kinetic  pressure. 

At  each  point  Sj,{k)  is  a  function  of  k  but  it  will  not  be  the  same  function 
as  S„(k).  No  attempt  is  made  in  the  present  analysis  to  determine  the 
relationship  of  S„(k)  and  Sj,{k)  even  in  the  flow  region  at  a  distance  from  the 
surfaces  of  the  fuselage  and  cavity.  Thus  there  is  no  theoretical  formula  for 

S^k). 

Rossiter  (1962)  found  that  the  distribution  of  k  .  Sf{k)  was  of  two  parts, 

(i)  a  continuously  varying  density  of  (pressure)^  at  all  the  inverse  wave¬ 
lengths  measured, 

(ii)  a  number  of  pressure  levels  at  discrete  inverse  wavelengths. 

Rossiter  deduced  the  following  empirical  formula  to  give  the  inverse  wave¬ 
lengths  at  which  discrete  pressures  occur. 

A:  =  (m  -  y,)/(4/y,  +  4M)  (11.8) 

where  m  =  1,  2,  3  .  .  . 

Lc  =  length  of  the  cavity 
M  =  Mach  number 

yi>  y*  =  constants  that  depend  on  the  cavity. 

For  deep  cavities,  i.e.  depth  at  least  J  length,  yi  =  0-25  and  for  shallower 
ones  j/j  is  greater.  Average  values,  over  a  speed  range  M  —  0-4  to  1-2,  for 
rectangular  cavities  in  flat  plates  are  given  in  Table  11.2. 

Table  1 1 .2.  Values  of  Constant  in  Equation  (11.8) 
for  Rectangular  Cavities  in  Flat  Plates 


Ratio  of  length 
to  depth 

Yi 

1 

0-25 

2 

0-25 

4 

0-25 

6 

0-38 

8 

0-54 

10 

0-58 
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The  values  of  are  approximately  0‘6  for  all  ratios  of  length  to  depth. 
This  value  must  be  regarded  as  empirical  as  the  flow  within  the  cavity  is 
quite  different  for  the  deep  and  shallow  cavities.  The  dominant  frequencies 
that  were  present  depended  on  the  Mach  Number  but  integer  values  of 
m  from  1  to  4  were  found  for  most  of  the  cavities.  Unfortunately  these  data 
and  other  data  by  Norton  ( 1 952)  are  not  sufficient  to  make  general  estimates 
of  the  magnitude  of  these  pressures. 

The  shape  of  the  distributions  of  the  continuously  varying  density  are 
fairly  similar  at  all  points  measured  along  the  centre  line  of  the  cavity.  It  is 
difficult  to  make  general  conclusions.  Until  further  data  become  available 
it  may  be  inferred  from  Rossiter  (1962)  and  Owen  (1958)  that  at  least  up 
to  A1  =  1  -2  the  pressure  fluctuations  are  most  intense  near  the  rear  wall  of 
the  cavity  and  decrease  rapidly  downstream :  that  the  density  with  respect  to 
inverse  wavelength  of  (pressures)*  is  proportional  to  the  external  stream 
kinetic  pressure.  The  value  of  kS^{k)lq^  has  a  maximum  of  about  10~*  for 
deep  cavities  (i.e.  length  less  than  twice  depth)  and  about  2  X  10“®  for 
shallow  cavities.  This  maximum  occurs  roughly  at  an  inverse  wavelength 
of  l/lODj  for  the  shallow  cavities  and  at  l/L^  for  the  deep  cavities,  where 
D„  Lc  are  the  depth  and  length  of  the  cavities.  For  lower  inverse  wavelengths 
Sj,{k)  is  approximately  constant  and  for  the  higher  ones  S^{k)  is  approxi¬ 
mately  proportional  to 


11.5  WING  BUFFETING 

The  turbulence  of  a  wing  that  initiates  buffeting  of  the  wing  itself  is  more 
complex  than  any  of  those  forms  of  turbulence  that  have  been  considered  so 
far.  The  available  data  are  all  concerned  with  the  combined  effect  of  the 
aerodynamic  and  structural  characteristics  of  wings.  T.  B.  Owen  ( 1 958)  and 
Pearcey  (1958)  each  regard  the  onset  of  buffeting  as  the  stage  at  which  the 
turbulence  influences  appreciably  the  circulation  round  the  wing.  T.  B. 
Owen  (1958)  concentrates  on  measurements  of  the  mean  square  pressure  at 
different  inverse  wavelengths  and  notes  that  this  onset  of  buffeting  is  associ¬ 
ated  with  a  sudden  rise  of  mean  square  pressure  at  low  inverse  wavelengths 
with  gradually  increasing  incidence.  He  arbitrarily  chooses  the  pressure 
fluctuations  at  an  inverse  wavelength  of  51,  where  /  is  a  representative 
aerodynamic  length,  as  a  basis  for  comparing  the  onset  of  buffeting ;  he 
states  that  the  frequency  associated  with  this  wavelength  and  buffeting  speed 
of  full-scale  aircraft  is  roughly  equal  to  the  natural  frequency  of  the  wing 
structure.  Pearcey  notes  th.at  this  onset  of  buffeting  is  conveniently  marked 
by  a  distinct  divergence  in  the  variation  of  mean  static  pressure  at  the 
trailing  edge. 

Both  methods  have  a  limited  application  in  that  they  depend  on  measure¬ 
ments  at  isolated  points  and  in  addition  do  not  give  a  quantitative  estimate 
of  the  magnitude  of  the  turbulence.  More  data  are  essential  before  an  assess¬ 
ment  can  be  made  of  their  full  usefulness.  Pearcey  and  Holder  (1962) 
suggest  that  work  in  progress  by  C.  L.  Bore  might  help  to  make  quantitative 
estimates  on  the  basis  that  the  magnitude  of  the  buffeting  loads  are  related 
to  the  mean  divergence  of  the  trailing  edge  pressure.  Fail  (1962)  gives  a 
number  of  measurements  of  mean  square  pressures,  including  those  of 
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T.  B.  Owen  (1958).  This  method  can  be  applied  to  ah  assessment  of  the 
local  pressures  and  is  applicable  to  cases  such  as  the  local  effects  on  panels 
beneath  a  steady  vortex  flow.  The  estimates  should  be  amenable  to  quanti¬ 
tative  assessment  for  these  local  areas. 
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CHAPTER  12 


NOISE  TURBULENCE 

12.1  INTRODUCTION 

Loads  are  developed  in  the  aircraft  structure  in  the  neighbourhood  of  the 
jets  from  the  engines.  The  air  is  expelled  from  the  jet  pipe  at  a  velocity 
relative  to  the  neighbouring  air.  In  the  jet  itself  the  energy  of  the  turbulence 
is  high  and  the  resulting  local  loads  that  would  be  imposed  on  a  structure 
would  be  high  also.  At  the  boundary  of  the  jet  there  is  a  region  where  there 
is  extensive  mixing  of  this  highly  turbulent  air  of  the  jet  and  the  surrounding 
air.  In  the  jet  itself  the  turbulence  is  carried  downstream  at  the  stream 
velocity  and  is  estimated  from  measurements  of  the  turbulence  velocity.  In 
the  mixing  region  measurements  are  available  of  the  velocities  and  pressures 
of  the  turbulence.  With  increasing  distance  from  the  jet  the  stream  velocity 
reduces  and  the  pressure  disturbances  are  transmitted  as  sound.  The 
subsequent  loading  on  a  structure  is  affected  by  the  presence  of  the  structure. 
The  turbulence  velocities  are  modified  by  the  structure  and  the  sound 
pressures  are  reflected  by  the  surface  of  the  structure. 

The  problem  of  defining  jet  noise  loads  can  be  reduced  to  that  of  defining 
the  distribution  of  turbulence  velocities  or  pressures  in  the  near  field  of 
typical  or  idealized  jet  engines  in  the  absence  of  any  other  objects,  then 
estimating  its  interaction  with  the  structure  and  finally  determining  the 
load  on  the  structure.  This  last  step  is  so  closely  concerned  with  the  actual 
design  that  it  need  only  be  considered  in  the  present  context  to  the  extent 
needed  to  obtain  a  better  understanding  of  the  earlier  steps.  Attention  will 
actually  be  concentrated  mainly  on  the  distribution  of  pressure  fluctuations  in 
the  near  field  of  jet  engines  when  uninfluenced  by  the  aircraft  structure. 
It  should  be  emphasized,  however,  that  the  interaction  between  the  jet 
noise  and  the  structure  is  highly  complex  and  at  present  theoretical  bases 
for  calculation  are  very  limited.  It  is  possible  that  a  fully  satisfactory  theory 
might  require  more  details  on  the  jet  noise  than  is  currently  available.  On 
present  knowledge  the  important  parameters  that  influence  the  loads  are 
the  overall  mean  square  pressure,  its  distribution  over  different  frequencies 
and  the  correlation  between  pressures  at  neighbouring  points.  The  dimen¬ 
sions  over  which  the  correlation  is  of  interest  depend  on  the  form  of  structure 
that  might  be  encountered.  It  is  shown  in  paragraph  12.3  for  the  region  of 
the  jet  boundary  that  the  wavelength,  at  which  an  octave  band  of  pressure  or 
velocity  fluctuations  is  a  maximum,  is  about  1-03  DV Z  where  D  is  the  jet 
exit  diameter  and  Z  is  the  ratio  of  distance  downstream  of  the  jet  exit  to  the 
jet  exit  diameter.  So  for  a  typical  jet  engine  of  about  2  ft  diameter  the  wave¬ 
length  of  peak  intensity  will  be  2  ft  at  one  diameter  distance  rising  to  8  ft  at 
9  diameters  distance  from  the  jet  exit.  At  a  jet  velocity  of  1800  ft/sec  these 
correspond  to  900  c/sec  and  225  c/sec.  These  frequencies  are  of  the  same 
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order  as  the  natural  frequencies  of  panels  commonly  used  in  aircraft  struc¬ 
tures. 

Turbulence  of  the  same  order  of  scale  also  occurs  in  the  boundary  layers 
surrounding  an  aircraft  surface.  Much  less  data  are  available  on  this  form 
of  turbulence  but  two  small  sets  of  flight  data  are  available  that  make  it 
possible  to  compare  the  intensity  of  turbulence  in  the  boundary  layer  and  in 
the  near  field  of  a  jet  engine. 

12.2  TURBULENCE  IN  A  SUBSONIC  AIR  JET 

Measurements  have  been  made  by  Laurence  (1956)  of  the  turbulence 
velocities  of  a  small  subsonic  jet.  The  jet  exit  diameter  was  3-5  in.  A  range 
of  velocities  was  investigated  and  it  is  possible  to  form  general  opinions  on 


Fig.  12.1.  Scale  of  turbulence  in  a  subsonic  jet  at  various  distances  downstream. 
Measurements  {Laurence,  1956)  at  a  distance  from  the  jet  centre  line  equal  to  half  the 
e.xit  diameter  are  compared  with 

L  =  0194  VfD 

where  L  =  scale  of  turbulence 

X  =  distance  downstream  of  jet  exit 
Jet  velocity  =  342 ftjsec 

D  =  jet  exit  diameter  =  3-5  in.  {i.e.  0-292  ft) 

the  turbulence  in  jets  from  a  series  of  the  tests  at  342  ft/sec.  All  available 
measurements  in  the  near  field  of  jet  engines  are  of  pressure  fluctuations  along 
or  outside  the  jet  boundary.  A  direct  comparison  of  these  subsonic  jet 
measurements  and  the  jet  engine  pressure  measurements  is  not  possible. 
However  measurements  at  a  radial  distance  from  the  jet  axis  for  a  range 
of  distances  downstream  should  give  an  indication  of  the  conditions  arising 
in  the  vicinity  of  the  jet  boundary.  The  longitudinal  velocity  u  was  measured, 
the  density  of  twice  the  turbulence  energy  per  unit  mass  S,j{k)  (i.e.  mean 
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square  longitudinal  turbulence  velocity)  was  estimated  and  also  the  scale 
of  turbulence  L  using  the  formula  (9.18).  These  calculated  values  of  scale 
of  longitudinal  turbulence  are  given  in  Fig.  12.1,  and  the  distribution  of 
mean  square  longitudinal  velocity  at  different  inverse  wavelengths  k  is 
given  in  Fig.  12.2. 


id"*  I  lo  lo"*  I  lo 

INVERSE  WAVELENGTH  ft.  CYCLES/  FT. 


Fig.  12.2.  Distribution  of  mean  square  longitudinal  velocity  S„{k)  at  different  inverse 
wavelengths  k  in  a  subsonic  jet. 

Measurements  {Laurence,  1956)  made  at  various  distances  downstream  and  at  a  distance 
from  the  jet  centre  line  equal  to  half  the  exit  diameter  are  compared  with 
S„{k)  =  4L(t5/[1  +  {27t(1-339/,)A}*]‘‘/» 
where  a„  =  measured  total  r.m.s.  longitudinal  velocity 
L  —  measured  scale  of  turbulence 

Z  —  distance  downstream  of  jet  exit  in  units  of  jet  exit  diameter 
Jet  exit  diameter  ~  3'5  in.;  jet  velocity  =  342 ftjsec 
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The  measurements  of  the  scale  of  turbulence  are  compared  with 

Z,  =  0194V^  (12.1) 

where  x  =  distance  downstream  of  jet  exit  ft 
and  the  measurements  of  SJJi)  are  compared  with 

SJ^k)  =  4Z,(j*/[l  +  {277  (1-339  L)*{*]5/6  (9.39) 

(repeated) 

where  =  measured  total  r.m.s.  longitudinal  velocity  ft/sec 

Z,  =  measured  scale  of  turbulence  ft 
(as  given  in  Fig.  12.1) 

for  the  range  of  positions  downstream. 

The  value  of  the  coefficient  in  equation  (12.1)  of  0-194  was  chosen  so  that 
the  maximum  value  of  kSJJi),  for  SJ^k)  given  by  equation  (9.39),  would 
occur  at 

kD  0-75/VZ  (12.2) 

where  Z  =  x/Z) 

The  agreement  between  the  calculated  and  measured  scale  of  turbulence 
is  good.  However,  the  other  measurements  by  Laurence  (1956)  shov/ 
considerable  variation  across  the  jet  and  also  he  suggests  that  beyond  Z  =  8 
there  may  be  a  different  form  of  turbulence  along  the  line  at  a  radial  dis¬ 
tance  \D  from  the  jet  axis.  For  the  purpose  for  which  it  is  now  being  used, 
i.e.  to  indicate  the  conditions  along  the  jet  boundary,  it  seems  inappropriate 
to  consider  positions  for  Z  much  greater  than  8  as  they  will  be  rather  far 
from  the  jet  boundary  and  will  be  more  representative  of  the  jet  stream  than 
of  the  mixing  zone. 

The  measurements  that  are  quoted  in  Fig.  12.2  are  for  Su{k)/a^.  Thus 
any  errors  that  might  be  present  in  the  estimates  of  ctJ  will  result  in  an  error 
in  S„{k)/a^  at  all  values  of  k.  Also  if  the  turbulence  consisted  in  part  only  of 
the  form,  given  by  equation  (9.39),  there  would  be  a  difference  at  all  values 
of  k.  There  is  a  moderate  scatter,  between  the  different  positions,  in  the 
overall  measured  values  ofS^ik)  but  at  high  values  of  k,  S^{k)  varies  approxi¬ 
mately  with  k~^/^  as  does  the  calculated  curve.  There  is  a  considerable 
difference  at  low  values  of  k  between  the  measured  and  calculated  values 
particularly  near  the  jet  exit  where  turbulence  is  being  fed  into  the  stream. 
The  measured  values  of  (j*  are  also  in  agreement  with  the  concept  that 
turbulence  energy  is  being  fed  into  the  stream  near  the  jet  exit.  At  distances 
beyond  4D  the  turbulence  energy  per  unit  mass  begins  to  reduce  gradually. 


12.3  PRESSURES  IN  THE  NEAR  FIELD  OF  A  JET  ENGINE 

Investigations  have  been  made  of  the  near  field  of  jet  engines  by  Howes  el  al. 
(1957)  and  by  Wolfe  (1957).  In  both  cases  pressure  measurements  only 
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were  made.  As  in  the  measurements  of  pressure,  quoted  in  paragraph  1 1 .4 
for  turbulence  near  bomb-bay  cavities,  the  analysers  determine  the  mean 
square  pressure  over  a  band  of  inverse  wavelengths  and  the  width  of  the 
band  is  a  constant  fraction  e  of  the  mid-inverse  wavelength  k  of  the  band. 
In  all  the  results  quoted  the  pressures  were  for  either  J  octave  bands  (i.e.  e 
approximately  0-246)  or  the  whole  band  of  the  pressures  measured.  The 
mean  square  pressures  are  all  quoted  in  decibels,  this  being  the  normal 
scale  for  investigations  of  sound  pressures.  Thus  the  overall  mean  square 
pressure  is  10  logjg  (o'p/2  X  10“*)®  decibels,  where  a„  =  root  mean  square 
pressure  in  dynes/cm®.  The  measurements  of  J  octave  bands  are  in  decibels 
and  as  e  is  small  they  will  be  equal  to 

Bk  .  S^{k) 

where  Sj,(k)  b  the  density  of  the  mean  square  pressure  at  inverse  wave¬ 
length  k. 

As  the  relationship  between  S^{k)  and  Sp{k)  has  not  been  obtained  the  dis¬ 
tribution  for  Sp(k)  cannot  be  compared  with  a  theoretical  formula  even  in 
the  turbulent  jet  stream. 

The  contours  of  the  overall  mean  square  pressure  in  the  near  field  of  a 
jet  engine,  and  outboard  of  the  jet  boundary,  are  given  in  Fig.  12.3.  The 
coordinates  of  the  field  are  distance  downstream  of  the  jet  exit  and  radial 
distance  from  the  jet  axis  and  in  both  cases  the  distances  are  given  in  units  of 
jet  exit  diameter.  There  is  good  agreement  between  the  shapes  of  the  con¬ 
tours  from  Jet  engine  A  and  those  from  Jet  engine  B.  Jet  A  has  a  slightly 
higher  exit  diameter  and  exit  velocity  and  the  resultant  pressures  are  some¬ 
what  h  igher  especially  near  the  jet  boundary.  However,  it  is  suggested  that  the 
measurements  for  Jet  A,  which  are  over  a  larger  field  than  those  for  Jet  B, 
may  be  regarded  as  typical  for  any  jet  engine  with  exit  velocity  1850  ft/sec. 
If  the  scaling  procedure  described  in  paragraph  12.4  were  used,  the  estimated 
contours  for  Jet  B  would  be  a  reasonable  representation. 

The  overall  pressure  level  is  of  only  limited  value  in  determining  the 
loads  that  would  be  applied  on  any  structure  in  the  near  field.  The  com¬ 
ponents  of  the  mean  square  pressure  also  need  to  be  known.  Howes  et  al. 
(1957)  and  Wolfe  (1957)  both  give  the  contours  of  the  J  octave  bands. 
Howes  et  al.  (1957)  have  analysed  their  results  at  selected  positions  along 
the  jet  boundary  and  give  the  distribution  of  J  octave  band  mean  square 
pressures  for  different  frequencies  in  cycles  per  second.  The  distributions 
are  plotted  on  log-log  scales  and  “best”  straight  lines  are  plotted  above  and 
below  the  frequency  at  which  the  J  octave  band  mean  square  pressure  is  a 
maximum.  The  slopes  of  these  lines  are  used  to  estimate  the  values  of  m  that 
correspond  to  distributions  kSp[k)  proportional  to  k’".  These  are  given  in 
Table  12.1.  Similar  estimates  are  deduced  from  Wolfe’s  data  for  three 
distances  downstream.  For  low  values  of  k,  the  average  value  of  m  is  2  and 
for  high  values  of  A:  it  is  close  to  — §.  The  scatter  on  the  results  is  rather  high 
for  low  values  of  k  but  for  high  values  of  k  there  is  not  much  scatter.  This 
value  of  Sp{k)  being  proportional  to  k~^'^  (i.e.  kSp{k)  proportional  to  k~^'^) 
at  high  inverse  wavelengths  does  not  differ  much  from  Batchelor’s  (1953) 
prediction  that  Sp{k)  should  be  proportional  to  when  S„{k)  is  pro¬ 

portional  to 
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Table  12.1.  Distribution  of  Density  of  Mean  Square  Pressures  Sp{k)  at  Different 
Inverse  Wavelengths  k  for  Various  Distances  along  the  Jet  Boundary 
Estimates  are  made  of  the  values  of  m  that  give  a  good  fit  for  a  distribution  kSp{k) 

proportional  to  A™ 


Basic  data 

Distance  from 
Jet  exit  in 

1  units  of  exit 
diameter 

Z 

Value  of  m 
for  k  below 
position  of 
max  kSp{k) 

Valtu  of  m 
for  k  above 
position  of 
max  kSJk) 

1 

Howes  et  al. 

0-44 

1 

2-3  1 

1 

!  -1-3 

(1957) 

1-31 

2-6 

-1-5 

2-44 

2-6 

-1-9 

3-56 

2-2 

'  -1-7 

4-69 

2-0 

-1-6 

8-34 

1-3 

-1-7 

10-8 

1-7 

-2-1 

14-1 

1-8 

-2-3 

16-7 

M  j 

-2-1 

25 

2-3 

-1-7 

33-4 

2-0 

-1'7 

Average 

2-0 

-\-7 

Wolfe  (1957) 

5 

insufficient 

data 

-1-6 

10 

insufficient 

data 

-1-8 

15 

Average 

insufficient 
data  ; 

-1-9 

-1'7 

The  values  of  frequency  in  cycles  per  second  can  he  changed  to  inverse 
wavelength  by  the  relationship 

k^flU 

where  f  —  frequency  c/sec 
U  =  jet  velocity  ft/sec 
k  =  inverse  wavelength  cycles/ft 

In  the  jet  itself  the  stream  velocity  is  V  and  the  wavelengths  have  a  direct 
physical  meaning.  The  inverse  wavelengths  can  be  given  in  non-dimensional 
form  kD,  which  is  a  suitable  way  for  comparing  distributions  in  the  near 
field  but  its  meaning  is  not  directly  obvious  at  points  away  from  the  jet 
where  the  stream  velocity  is  not  U.  The  values  of  kD  at  which  kSffi)  is  a 
maximum  in  Howes  el  al.  (1957)  investigation  along  the  jet  boundary  arc 
shown  in  Fig.  12.4  for  various  distances  downstream.  The  values  of  kD  at 
which  kSfk)  is  a  maximum  in  Laurence  (1956)  investigation,  at  a  radial 
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distance  of  iZ)  of  a  subsonic  air  jet,  is  also  shown  for  various  distances 
downstream.  The  pressure  measurements  on  the  supersonic  jet  boundary 
of  a  jet  engine  and  the  longitudinal  velocity  measurements  in  the  subsonic 
air  jet  both  agree  well  with  the  formula  that  the  value  of  kD,  at  which 
kSp{k)  or  kS^ik)  is  a  maximum,  is 

kD  =  0-75/\/Z  (12.2) 

(repeated) 

Figure  12.4  and  Table  12.1  can  be  combined  to  give  the  distribution  of 
kS„{k)  for  all  values  of  distance  downstream.  This  is  done  in  Fig.  12.5, 


Fig.  12.4.  The  variation  with  distance  downstream  of  the  inverse  wavelength  at  which 
kSj,(k)  or  kSfk)  is  a  maximum. 

Pressure  measurements  on  a  jet  engine  (Howes  et  al.,  1957)  along  the  jet  boundary  and 
longitudinal  velocity  measurements  on  an  air  jet  (Laurence,  1956)  at  a  distance  from 
the  jet  centre  line  equal  to  JZ)  are  compared  with 

r  =  kD  =  O-IWdJx 

In  the  velocity  measurements  the  maxima  are  those  corresponding  to  the  curves  of  Sfk) 

plotted  in  Fig.  12.2. 

which  gives  the  distribution  of  mean  square  pressure  levels  at  different 
inverse  wavelengths  for  all  positions  along  the  jet  boundary.  The  distribu¬ 
tion  is  given  in  terms  of  the  overall  mean  square  pressure  which  can  be 
deduced  from  Fig.  12.1.  This  simple  distribution  gives  a  good  representation 
of  the  density  of  the  mean  square  pressure  for  values  of  kj{0-7bj'V xD 
greater  than  unity,  for  all  distances  downstream  up  to  the  “xtent  of  the 
measurements  33-4Z).  For  values  lower  than  unity  there  will  be  considerable 
departure  from  this  average  distribution  and  the  departures  do  not  seem  to 
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be  related  to  the  distance  downstream.  There  is  also  considerable  variation 
in  the  distribution  near  the  position  of  maximum  density  of  mean  square 
pressure.  Usually  the  peak  would  be  less  pronounced  than  the  curves 
indicate  but  the  data  are  not  sufficiently  consistent  to  justify  recommending 
an  adjustment  to  the  distributions  of  the  figure. 

12.3.1.  Effect  of  Jet  Velocity  on  Pressure  Distributions 

So  far  all  the  experimental  results  that  have  been  quoted  are  for  jet 
velocities' of  about  1800  ft/sec.  Greatrex  (1955)  has  proposed  that  the  overall 


Fig.  12.5.  Distribution  of  mean  square  pressure  levels  at  different  inverse  wavelengths 
for  all  positions  along  the  jet  boundary. 

The  shape  of  the  distribution  is  the  average  of  Table  12. 1  for  all  distances  downstream. 
The  maximum  value  is  that  given  in  Fig.  12.4. 


r.m.s.  pressure  should  vary  as  (jet  velocity)"  and  that  the  value  of  n  should 
depend  on  the  form  of  the  jet  and  on  the  position  in  the  field.  Extensive 
measurements  have  been  quoted  by  Wolfe  (1957)  and  Clarkson  (1960)  of 
overall  pressures  for  a  range  of  jet  speeds  and  the  contours  of  values  of  n 
deduced.  These  are  shown  in  Fig.  12.6  for  the  two  different  jet  engines. 
Estimates  for  three  isolated  positions  are  available  from  Howes  et  al.  (1957) 
and  are  shown  also.  It  is  found  for  all  three  engines  that  n  approximates  to  4 
at  a  large  distance  from  the  jet  exit.  This  agrees  with  the  theoretical  estimate 
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of  Lighthill  (1952),  by  dimensional  analysis,  that  the  overall  sound  intensity, 
at  a  given  point  in  the  neighbourhood  of  a  jet  should  be  given  by 

Intensity  proportional  to  (12.3) 

where  pg  =  ambient  density  outside  the  jet  stream 
U  =  jet  exit  velocity 

ag  =  speed  of  sound  external  to  jet  stream. 


DISTANCE  DOWNSTREAM  OK  JET  EXIT  IN  UNITS  OF  JET  EXIT  DIAMETER 

XIB 

Fig.  12.6.  Variation  of  velocity  index  n  in  the  near  field  of  a  jet  engine. 


1 

Jet  exit 
diameter 

\ 

Jet  exit 
velocities 
ftjsec 

Maximum 

thrust 

lb 

Jet  A.  Howes  et  al.  (1957) 

1-85 

1000-1800 

j  9600 

Jet  B.  Wolfe  (1957) 

1-75 

1660-1900 

1  5000 

1 

Jet  C.  Clarkson  (1960) 

1-73 

1300-1985 

i 

j  10,000 

i 

Value  of  n  determined  on  assumption  that  overall  root  mean  square  pressure  varies  as 

(jet  exit  velocity)". 

Figure  12.6  shovv.s  that  the  value  of  n  is  much  less  than  4  in  the  near  field. 
The  variation  in  contours  of  n  from  one  jet  to  another  may  be  fairly  large 
but  for  small  changes  of  jet  exit  velocity  it  should  be  possible  to  use  Fig.  12.6 
to  predict  the  change  in  the  contours  of  overall  mean  square  pressure. 

This  diagram  does  not  give  any  information  regarding  a  possible  change, 
in  the  distribution  of  density  of  mean  square  pressure  with  inverse  wavelength, 
due  to  change  in  jet  velocity.  Howes  et  al.  (1957)  examined  the  longitudinal 
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correlation  of  pressure  at  a  distance  2-16D  downstream  for  a  range  of  jet 
velocities  from  630  to  1 780  ft/sec.  The  longitudinal  correlation  on  a  distance 
basis  of  overall  pressure  varied  very  little  for  velocities  of  1290,  1620, 
1780  ft/sec  and  the  change  was  small  even  for  630  ft/sec.  The  correlation 
function  f„{r)  is  related  to  Sp(k)  by 

00 

cos  {2iTkr)  dr  (12.4) 

0 

and  therefore  the  distribution  of  Sj,{k)  remains  the  same.  It  is  more  accurate 
practically  to  make  the  comparison  on  fpir)  than  on  Sp{k)  as  large  changes  in 
/p(r)  usually  correspond  to  smaller  changes  in  Sp{k). 

12.4  USE  OF  MODELS 

There  is  good  evidence  in  Figs.  12.1  and  12.2  that  the  longitudinal  turbulence 
in  the  jet  stream  of  a  small  subsonic  air  jet  can  be  represented  by  equation 
(9.39),  where  the  scale  of  the  turbulence  is  given  by  equation  (12.1).  This 
representation  is  non-dimensional  provided  the  overall  mean  square  pressure 
can  be  given  ncn-dimensionally.  There  is  further  evidence  in  Fig.  12.4 
that  equation  (12.1)  can  be  used  to  give  the  scale  of  turbulence  on  the  jet 
boundary  of  a  jet  engine  with  supersonic  stream  velocity.  Furthermore  the 
pressure  distributions  on  the  jet  boundary  of  the  jet  engine  indicate  that  the 
scale  of  turbulence  remains  the  same  for  jet  velocities  from  630  to  1780  ft/sec. 
Thus  it  is  to  be  expected  that  for  the  stream  itself  the  value  of  kSp(k)lcf^  at 
every  point  will  be  the  same  for  a  model  or  for  full-scale,  where  the  co¬ 
ordinates  of  each  point  are  given  in  units  of  D  and  hence  corresponding  ^’s 
are  inversely  proportional  to  D.  Outside  the  jet  boundary  the  turbulence 
has  different  characteristics  and  the  evidence  quoted  is  not  so  directly 
applicable. 

Sutherland  and  Morgan  (1961)  made  model  tests  on  the  B-52  to  see 
whether  these  scaling  laws  apply  in  ihe  near  field  outside  the  jet  boundary. 
It  was  shown  in  Fig.  12.6  that  the  overall  mean  square  pressure  is  propor¬ 
tional  to  but  that  n  varies  over  the  whole  field.  Sutherland  and  Morgan 
(1961)  conducted  their  model  tests  at  the  same  air  density  and  jet  velocity 
as  full  scale  thus  the  speed  of  sound  remains  the  same  and  it  would  be  expec¬ 
ted  that  a%  should  be  proportional  to  P,  where  /  is  a  typical  length  of  the 
aircraft  or  its  model.  Figure  12.7  shows  a  comparison  between  the  pressure 
measurements  on  a  B-52  and  on  a  i^th  scale  model.  As  all  the  readings  were 
made  of  octave  band  measurements  they  have  been  shown  as  histograms 
with  the  frequency  in  octaves.  The  actual  measurements  are  quoted  for  the 
full-scale  tests  and  the  values,  estimated  on  the  basis  of  the  above  similarity 
conditions,  are  quoted  from  the  model  tests.  This  series  of  experiments  is  on 
jets  with  structures  present  in  the  near  field  so  that  structural  scaling  effects 
are  included  together  with  the  turbulence  and  sound  effects.  The  agreement 
is  good  for  the  overall  sound  power  radiating  from  the  jet  and  for  the  dis¬ 
tribution  of  power  at  different  frequencies  in  full-scale  cycles  per  second. 
Mean  square  pressure  distributions  are  compared  in  matched  pairs  at  52 


273 


MANUAL  ON  AIRCRAFT  LOADS 


test  points  on  the  model  and  on  the  full-scale  wing.  There  was  a  standard 
deviation  of  about  2  decibels  between  the  individual  readings  of  the  octave 
band  mean  square  pressures.  The  average  of  the  52  points  is  shown  in  Fig. 
12.7  and  the  estimates  from  the  model  tests  agree  well  with  the  full  scale 
measurements. 
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B.  PRESSURE  LEVEL  ON  WING. 


Fig.  12.7.  Comparison  of  sound  measurements  on  a  model  and  full  scale. 
Measurements  {Sutherland  and  Morgan,  1961)  on  a  B-52  are  compared  with  scaled 
estimates  from  a  scale  model.  Total  power  is  estimated  from  measurements  200 ft 
from  the  jet  exit.  Full-scale  overall  power  is  180-6  decibels  and  that  estimated  from  the 
model  181-2  where  the  decibels  are  10  log^^  (power/10-^^  watts). 

The  pressures  are  the  average  from  52  test  points  on  model  and  on  full-scale  wing. 
Pressure  decibels  are  10 [r.m.s.  pressurej2  X  dynes jcm^)^. 


12.5  ROCKETS 

The  information  that  is  available  on  rockets  is  much  less  than  that  for 
jet  engines.  A  few  general  features  may,  however,  be  noted. 

The  noise  generation  is  of  the  same  form  in  both  cases,  turbulence  is  set 
up  downstream  of  the  exit  and  this  in  turn  produces  noise.  The  speed  of  the 
jet  is  higher  and  the  flow  at  the  nozzle  usually  more  stable.  Both  these 
effects  tend  to  delay  the  start  of  the  turbulence.  In  a  jet  engine  turbulence 
normally  seems  to  start  at  the  nozzle  whereas  in  a  rocket  it  may  be  delayed 
for  a  number  of  diameters.  Some  model  tests  by  Mull  and  Erickson  (1957) 
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have  given  a  delay  of  about  20  diameters.  The  overall  sound-pressure-level 
along  the  jet  boundary  displays  the  same  corresponding  delay  in  build  up. 
At  about  20  diameters  the  ^  octave  band  mean  square  pressure  is  fairly 
uniform  up  to  about  kD  =  0'05  and  thereafter  decays  roughly  as  k  to  the 
power  — -1. 

This  displacement  of  the  commencement  of  the  turbulence  in  the  jet 
makes  the  design  of  nozzle  even  more  important  for  rockets  than  for  jet- 
engines.  In  consequence  prediction  of  the  near-field  noise  distribution  in 
advance  of  measurements  on  an  actual  motor  is  of  even  less  value  than  for  a 
jet-engine. 


12.6  PRESSURE  FLUCTUATIONS  IN  FLIGHT 

Noise  measurements  have  been  made  by  Shattuck  (1961)  on  a  fighter 
aircraft  on  the  ground  and  in  flight.  The  microphones  were  placed  on  the 
side  of  the  fuselage  at  about  4^  diameters  downstream  and  4J  diameters 
inboard  from  the  jet  engine  exit  nozzle.  The  noise  level  on  the  ground  was 
135  decibels  at  an  engine  rating  of  99  per  cent  power.  The  jet  velocity  is 
not  given,  nor  is  the  jet  noise  compared  with  the  values  on  the  free-field 
side.  However  the  ovei  all  value  is  probably  reasonably  compatible  with  the 
values  that  could  be  predicted  from  paragraph  12.3. 

The  noise  measured  in  flight  is  much  closer  to  the  noise  that  would  be  ex¬ 
pected  from  boundary  layer  noise  than  noise  from  a  jet  even  though  the  micro¬ 
phones  were  placed  in  a  position  where  the  jet  noise  was  probably  the  most 
intense  for  any  place  on  the  structure.  Under  steady  flying  conditions  the 
ratio  of  sound  pressure  to  dynamic  pressure  did  not  change  much  with  Mach 
No.  between  0-4  and  0-8  and  did  not  change  much  with  height  between 
10,000  ft  and  30,000  ft.  These  are  shown  in  Fig.  12.8  and  compared  with 
boundary  layer  noise  measurements  by  Mull  and  Algranti  (1960)  near  the 
nose  of  another  aircraft. 

When  power  is  taken  from  the  engines  in  excess  of  that  required  to 
overcome  drag,  such  as  in  a  climb  or  in  accelerated  flight,  there  is  an 
increase  in  the  sound  pressure  level.  The  density  of  mean  square  pressure 
is  fairly  constant  over  a  wide  range  offrequencies  in  the  level  flight  condition, 
but  the  increase  due  to  excess  power  tends  to  be  over  a  small  bandwidth  of 
frequencies  at  a  mean  of  about  200  c/s  for  small  excesses  and  changing  to  a 
mean  of  about  600  c/s  for  large  excesses.  In  the  actual  numerical  example 
given  by  Shattuck  there  was  a  change  of  overall  noise  level  of  2  decibels  on 
increasing  engine  power  from  idling  (64  per  cent  maximum  power)  to  99 
per  cent  maximum  power  at  20,000  ft.  It  is  implied  that  the  engine  was  put 
into  an  idling  condition  and  then  increased  to  99  per  cent  maximum  power 
whilst  the  aircraft  was  flying  at  a  Mach  No.  of  0-55.  The  steady  speed  level 
flight  condition  corresponding  to  99  per  cent  maximum  power  is  greater 
than  a  Mach  No.  of  0-8,  and  the  final  change  in  noise  level  would  be  at 
least  6  decibels  increase  on  the  steady  state  value  of  about  126  decibels  at 
Mach  No.  0-55.  As  far  as  aircraft  structural  loads  are  concerned  the  jet 
noise  contribution  in  flight  is  not  great.  Account  could  probably  be  taken 
of  it  merely  by  assuming  that  the  full  value  of  the  boundary  layer  noise  was 
achieved  a  little  faster  than  the  aircraft  achieved  its  speed. 
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12.7  TEST  FACILITIES 

The  description  of  jet  noise  has  been  concentrated  mainly  on  that  in  the 
free-field  in  the  neighbourhood  of  the  engine  run  on  the  ground.  The 
flight  work  is  somewhat  limited  but  it  does  indicate  that  the  contribution 


MACH.  NUMBER, 

Fig.  12.8.  Comparison  of  mean  square  pressures  in  flight  on  fuselage  nose  and  behind 

jet  exit. 

Measurements  {Shattuck,  1961)  behind  jet  exit  of  a  twin  engined  aircraft  are  compared 
with  measurements  (Mull  and  Algranti,  1960)  near  nose  of  another  aircraft  of  similar 

size. 


of  jet  noise  in  the  air  is  so  small  that  it  can  be  neglected.  Thus  the  total  | 
effect  can  be  accounted  for  if  full  representation  is  made  of  the  engine 
running  in  the  aircraft  on  the  ground.  The  aircraft  structure  itself  will 
influence  the  noise  but  if  the  environment  were  fully  repre.sented  as  a  free- 
field,  then  the  load  on  a  structure  placed  in  that  environment  would  also  be 
fully  represented.  The  local  pressures  on  the  structure  would  not  be  known 
unless  further  measurements  were  made. 
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Howes  et  al.  (1957)  have  shown  that  if  small  panels  are  placed  in  the 
neighbourhood  of  the  jet  boundary  near  to  the  exit  nozzle  that  the  sound 
pressure  levels  on  the  panels  are  about  2  or  3  decibels  greater  than  the 
corresponding  free-field  values.  The  actual  magnitude  of  the  increase  is 
only  of  direct  interest  if  the  components  are  to  be  tested  in  a  manner  markedly 
different  from  a  jet  engine  exhaust. 

The  knowledge  of  the  stresses  set  up  in  structures  in  the  near  field  of  jet 
engines  is  so  limited  that  it  seems  probable  that  the  pressure  distributions 
that  have  been  described  should  be  reproduced  experimentally  on  repre¬ 
sentative  structures  rather  than  attempt  to  calculate  directly  the  behaviour 
of  the  structure  in  such  a  pressure  field.  For  small  components  of  the  struc¬ 
ture  the  noise  will  consist  essentially  of  sound  pressure  levels  at  a  range  of 
frequencies  as  given  from  paragraph  15.2  with  appropriate  spacial  correla¬ 
tion.  The  sound  pressure  levels  at  a  range  of  frequencies  can  be  represented 
fairly  well  by  a  series  of  loudspeakers  with  an  appropriate  input  feed  but  the 
spacial  correlation  can  only  be  represented  by  loudspeakers  if  the  pressure 
field  is  the  equivalent  of  a  number  of  stationary  sources  of  sound.  Fortunately 
at  many  places  the  sound  is  the  equivalent  of  a  plane  wave  impinging  at  an 
angle  to  the  structure.  Thus  for  much  early  design  work  it  should  be  possible 
to  use  sound  waves  produced  by  any  convenient  method.  Where  the 
velocity  of  the  turbulent  stream  in  which  the  sound  is  generated  is  a  major 
parameter  and  has  to  be  represented,  the  engine  itself  is  probably  simpler 
than  any  analogue. 

For  many  years  it  will  be  advisable  to  do  confirmatory  tests  on  the  com¬ 
plete  structure  with  fully  representative  engines.  No  matter  how  well  noise 
distributions  can  be  represented  on  individual  components  it  will  be  neces¬ 
sary  to  check  the  interaction  of  one  part  of  the  structure  on  another,  the 
reflections  of  sound  from  one  part  to  another  and  also  the  combined  inter¬ 
action  of  sound,  structure  and  turbulent  air  stream  on  each  other. 
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CHAPTER  13 


DESIGN  PHILOSOPHY 

►  13.1  INTRODUCTION 

The  purpose  of  all  philosophies  of  structural  design  is  to  produce  reliability 
and  reliability  may  be  defined  as  the  certainty  with  which  the  structure 
should  withstand  the  loads  that  may  be  applied  to  it.  Differences  between 
philosophies  only  occur  in  the  way  the  reliability  is  achieved  and  whether 
the  degree  of  reliability  is  given  a  numerical  value  directly  or  indirectly. 

When  the  structure  is  for  a  completely  new  purpose,  such  as  the  Wright 
Brothers  aeroplane,  and  only  one  of  its  type  exists  it  is  appropriate  that 
the  reliability  should  be  given  as  at  least  a  certain  value.  The  Wright 
Brothers  decided  that  their  aeroplane  should  withstand  five  times  the 
loaded  weight  and  that  all  parts  should  be  tested  to  that  value.  In  this 
particular  case,  as  the  actual  aeroplane  that  was  flown  was  strength  tested, 
it  may  be  stated  that  its  strength  was  greater  than  that  to  which  it  was 
tested.  If  there  are  a  number  of  aircraft  to  the  same  design  and  the  measured 
static  strength  of  one  is  used  to  predict  that  of  another  the  concept  of  proba¬ 
bility  must  be  introduced.  For  fatigue  strength  loads  applied  in  the  labora¬ 
tory  merely  reduce  the  operational  life  of  that  particular  structure  and 
reliance  must  be  placed  on  tests  on  laboratory  specimens  even  if  only  one 
operational  structure  is  envisaged. 

As  soon  as  there  were  a  number  of  designs  of  aircraft  it  was  possible  to 
take  advantage  of  former  designs  and  soon  the  procedure,  common  to 
many  forms  of  structural  design,  of  designing  to  a  prescribed  applied  load 
with  a  prescribed  margin  between  it  and  the  design  static  strength  was 
adopted.  This  leads  immediately  to  a  design  static  strength,  this  being  the 
product  of  the  applied  load  and  a  factor  which  provides  the  required 
margin.  Concurrently  with  this  development  it  became  impracticable  to 
test  the  actual  operational  structure  and  reliance  had  to  be  placed  on 
calculation  or  on  the  measured  strength  of  a  laboratory  specimen.  Where 
only  one  operational  structure  is  involved  it  is  necessary  to  know,  within 
some  confidence  limit,  that  there  is  some  prescribed  high  probability  that 
its  strength  is  above  the  design  strength.  Supposing  it  is  decided  that  there 
shall  be  95  per  cent  confidence  that  there  is  at  least  a  99-9  per  cent  proba¬ 
bility  that  the  strength  is  greater  than  the  design  strength,  this  means  that 
in  95  per  cent  of  the  times  that  the  procedure  is  used  there  would  be  at 
least  a  99-9  per  cent  probability  that  the  strength  is  greater  than  the  design 
strength  but  it  reveals  nothing  in  respect  of  the  5  per  cent  outside  the  95 
per  cent  confidence. 

In  the  case  of  a  single  operational  structure  this  probability  statement 
gives  a  good  impression  of  the  reliability  of  the  structure  but  if  the  procedure 
is  used  repeatedly  for  a  large  number  of  structures  of  the  .ame  design  it 
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becomes  important  to  know  what  happens  in  the  5  per  cent  of  cases  outside 
the  95  per  cent  confidence.  What  happens  in  these  5  per  cent  depends  on 
the  strength  variation  between  the  different  structures  to  the  same  design. 
At  one  extreme  the  5  per  cent  outside  the  95  per  cent  confidence  could  mean 
a  certainty  that  the  strength  was  below  the  design  strength,  giving  a  total  of 
almost  exactly  5  out  of  100  below  that  value,  at  the  other  extreme  it  could 
mean  a  certainty  that  the  strength  was  above  the  value  giving  a  total 
that  might  have  only  a  small  fraction  of  1  out  of  1000  below  the  value. 
With  practical  values  for  strength  variation  neither  of  these  extremes  is 
reached. 

When  there  are  a  large  number  of  structures  to  the  same  design  a  better 
impression  is  given  by  stating  that  on  average  each  structure  has  some 
prescribed  high  probability  of  having  a  strength  above  the  design  value. 
However,  a  problem  still  remains  in  that  the  factor  relating  applied  load  to 
design  strength  has  a  series  of  discrete  values  between  about  1  ^  and  2.  Thus 
if  there  is  an  applied  loading  condition  in  which  there  is  a  borderline  decision 
between  adjacent  values  there  would  be  a  significant  difference  in  the  degree 
of  reliability  depending  on  which  one  was  chosen. 

This  difficulty  can  be  overcome  by  defining  the  applied  load  in  terms  of 
its  frequency  of  occurrence  and  thus  replacing  the  concept  of  a  single  applied 
load  by  a  functional  relationship  of  all  loads  and  their  frequency  ofoccurrence. 
This  function  is  then  combined  with  the  functional  relationship  of  the  pro¬ 
portion  of  structures  at  all  strength  levels  to  give  a  measure  of  reliability. 
Finally  the  design  strength  is  chosen  fo.  each  design  case  to  correspond  to 
the  same  prescribed  standard  of  reliability.  Methods  of  forming  the  func¬ 
tions  for  loads  and  strengths  and  their  combination  are  given  in  this  chapter. 
The  procedure  is  applicable  equally  well  for  Static  and  Fatigue  Strengths. 
The  refinement  that  is  introduced  by  this  procedure  is  that  the  applied 
loads  and  design  strengths  are,  after  manipulation,  related  by  one  single 
numerical  value.  This  is  a  direct  measure  of  reliability;  however  it  has  been 
obtained  from  formulae  for  frequencies  of  occurrence  of  loads  and  strengths 
that  are  extrapolated  far  beyond  practical  experience.  Thus  the  engineering 
judgment  that  was  used  to  estimate  the  factor  between  applied  load  and 
design  strength  is  transferred  to  estimating  the  appropriate  formulae  for 
extrapolation. 


13.2  GENERAL  CONSIDERATIONS 

The  process  of  design  can  be  regarded  as  falling  into  the  three  distinct 
phases  of  Load,  Strength  and  the  relationship  between  Load  and  Strength. 
All  these  are  to  some  extent  interrelated,  but  by  treating  them  separately  a 
better  understanding  of  how  they  fit  into  the  complete  pattern  ensues. 

The  basic  knowledge  of  the  strength  of  a  structure  is  based  on  the  strength 
of  a  small  number  of  typical  structures  or  paits  thereof.  Thus  even  in  the 
simplest  of  components,  this  knowledge  will  be  limited  to  about  the  range  of 
strength  that  would  be  expected  with  10  structures  made  to  that  design. 
The  mathematical  tools  that  are  used  to  estimate  the  frequency  of  occurrence 
of  strengths  outside  this  range  are  merely  those  thought  to  be  the  most 
suitable  for  the  purpose.  It  must  be  remembered  that  the  process  is  most 
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definitely  extrapolation  once  it  is  outside  the  limits  of  measurement.  A 
decision  has  to  be  taken  either  quantitatively  or  qualitatively  on  how  much 
margin  should  be  allowed  on  a  structural  streng[th,  somewhere  near  the 
average,  at  the  time  of  manufacture  to  allow  for  scatter  in  strength  between 
different  specimens  and  also  to  account  for  deterioration  with  tim.e  and  use. 
If  a  quantitative  method  is  used  the  average  strength  and  the  scatter  within 
the  experimental  range  would  be  measured ;  mathematical  functions 
would  be  used  to  interpolate  within  this  experimental  range  and  the  same 
function  or  others  would  be  used  to  extrapolate  to  lower  strengths. 

The  basic  strength  data,  from  which  the  function  of  distribution  of 
strength  is  deduced,  will  usually  be  from  average  sorts  of  structure  in  a  new 
condition.  In  deciding  what  is  the  whole  distribution  an  estimate  has  to  be 
made  of  the  frequency  of  occurrence  of  low  strengths  that  might  occur  in 
new  structures  before  account  is  taken  of  the  deterioration  with  time  and  use. 
There  will  be  a  scatter  in  strength  that  should  be  apparent  if  several  speci¬ 
mens  are  tested  and  may  be  presumed  to  extend  in  a  fairly  orderly  manner 
outside  the  experimental  range.  The  number  of  test  specimens  of  any 
particular  design  will  usually  be  too  small  to  estimate  satisfactorily  the 
magnitude  of  its  scatter  but  by  grouping  experience  on  a  number  of  designs, 
that  are  structurally  and  materially  fairly  similar,  useful  estimate  can  be 
made.  The  structures  that  make  up  this  distribution  will  be  the  main 
family  to  that  design.  However,  some  structures  may  be  weak  due  to  the 
manufacturing  processes  that  are  used  at  any  stage  from  the  raw  materials 
to  the  finished  product  or  due  to  any  human  fallibility,  also  at  any  stage. 
With  a  good  design  these  weaker  structures  will  occur  in  such  relatively 
small  numbers  ti.at  they  will  not  normally  be  apparent  in  the  basic  data. 
Thus  they  form  a  weaker  family  that  has  to  be  added  to  the  main  family, 
deduced  from  the  basic  data.  Far  more  guesswork  is  required  to  estimate 
the  numbers  in,  and  the  distribution  of,  this  weaker  family  than  was  required 
to  estimate  the  distribution  of  the  main  family . 

One  means  whereby  a  weak  family  can  be  produced  is  illustrated  by  an 
examination  of  some  tests  by  Cox  (1959)  on  bolts.  He  has  a  number  of 
batches,' each  of  100  specimens,  the  thread  of  each  bolt  being  cut  by  the 
same  die  after  different  amounts  of  use.  The  tests  were  in  fatigue  but  the 
discussion  should  be  applicable  to  static  strength,  although  the  discrimination 
might  be  less  sensitive.  The  distribution  of  the  endurances  at  one  load  level 
of  batch  No.  4,*  which  had  the  threads  cut  with  a  relatively  new  die,  are 
plotted  ill  Fig.  13.1  A;  apart  from  the  two  points  at  an  endurance  of  10®  and 
1  -3  X  10®  which  are  for  2  specimens  only  the  experimental  points  lie  on  a 
Normal  distribution.  Figure  13. IB  gives  a  corresponding  distribution  of 
endurance  for  batch  No.  5  after  the  die  has  become  worn.  From  physical 
reasoning  Cox  decided  that  the  strength  of  a  number  of  the  bolts  is  improved 
as  the  die  becomes  worn  and  it  can  be  seen  that  the  average  is  in  fact  appre¬ 
ciably  greater.  For  comparison,  a  curve  corresponding  to  batch  No.  5  being 
made  up  of  half  the  original  family  and  the  other  half  being  improved 
ten-fold  on  endurance  is  shown;  a  “best”  estimate  for  a  single  Normal 


•  The  results  for  this  p.-irticular  batch  were  not  quoted  in  the  published  paper  and  have 
been  supplied  privately. 
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OF  COX  (1959;  B-BATCH  H2  5.  DIE  NS  I  OF  COX  (|959) 

Fig.  13.1.  Distribution  of  fatigue  endurance  of  a  lOiM  nut  and  bolt  assembly. 

All  specimens  tested  at  the  same  mean  and  alternating  loads. 
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distribution  is  also  shown.  With  roughly  equal  sizes  of  family  the  “best” 
single  Normal  distribution  would  tend  to  predict  a  greater  proportion  of 
weak  specimens  and  in  the  example  just  quoted,  the  curves  cross  at  the  1  in 
30  failure  rate.  In  a  design  in  which  the  weaker  family  has  only  a  small 
proportion  of  the  total,  and  this  is  probably  by  far  the  more  common  case, 
there  is  a  possibility  of  there  being  no  weak  samples  present  amongst  the 
test  specimens,  and  in  this  case  the  best  single  Normal  distribution  would  be 
less  severe. 

In  estimating  the  strength  of  complete  structures  the  number  of  tests  on 
similar  elements  will  be  very  small  and  the  weaker  family  will  not  in  general 
be  apparent,  and  in  the  rare  case  that  it  is,  it  will  frequently  be  regarded  as  a 
rogue.  Most  engineers  can  cite  cases  where  structural  parts  have  cracked 
before  or  during  assembly  and  subsequently  it  has  been  established  that 
it  was  due  to  wrong  heat  treatment.  A  more  insidious  type  of  apparent 
weakness  was  experienced  with  aluminium-zinc  alloys.  There  was  a 
suspicion  that  rogues  of  very  much  reduced  strength  were  appearing  in 
structural  elements  (tested  in  fatigue)  of  the  order  of  once  in  10®  to  once  in 
10®  specimens.  A  controlled  series  of  tests  covering  about  500  specimens 
was  described  in  an  unpublished  report  by  the  Ministry  of  Aviation, 
England,  and  showed  up  no  defect,  but  even  if  all  500  specimens  were  from 
completely  independent  material,  there  would  have  >>een  a  little  under  an 
equal  chance  that  it  would  show  up  a  phenomenon  that  occurred  on  1  in 
10®  occasions. 

The  examples  quoted  show  that  in  new  structures  the  distribution  of 
strength  of  new  structures  may  be  regarded  as  made  up  of  a  main  family 
and  a  weaker  family.  In  deciding  on  the  distribution  of  strength  that  will 
be  used  for  design,  account  must  be  taken  of  the  deterioration  due  to  wear, 
creep,  fatigue,  corrosion  and  accidental  darnage.  These  can  be  included 
by  an  overall  reduction  in  the  strength  of  all  the  structures  together  with  a 
change  in  the  relative  distribution  of  different  strengths.  In  many  practical 
cases  it  should  be  simpler  to  group  many  of  these  deteriorations  with  the 
initial  weaknesses  and  use  a  distribution  that  is  applicable  to  the  end 
of  the.  operational  life  and  add  to  this  any  deterioration,  such  as  some 
fatigue  failures,  that  might  be  the  subject  of  separate  and  special  investiga¬ 
tion. 

The  function  relating  the  applied  loads  and  their  frequency  of  occurrence 
is  of  equal  importance  to  the  function  for  strengths.  As  with  strength  there 
is  a  strong  indication  that  for  many,  if  not  all,  loading  conditions  there  is  a 
main  family,  that  will  be  the  average  sort  of  conditions  that  an  aircraft  meets 
during  its  operational  life,  and  a  subsidiary  family  of  rare  severe  conditions. 
In  several  instances  direct  evidence  of  the  severe  conditions  has  been  noted. 
In  Chapter  5  it  was  noted  that  the  very  high  normal  accelerations  in  man¬ 
oeuvres  appear  to  be  from  a  different  family  from  the  medium  to  high 
accelerations,  in  Chapter  7  it  was  noted  that  there  appear  to  be  occasional 
high  vertical  velocities  at  touchdown  in  clear  non-squally  conditions  and  in 
Chapter  10  attention  was  drawn  to  the  severe  family  of  atmospheric  turbu¬ 
lence  loads.  The  first  two  of  these  are  likely  to  be  due  in  part  to  the  human 
fallibility  of  the  pilot  and  the  third  due  to  thunderstorms.  In  the  case  of 
loads,  the  extreme  family  may  be  less  severe  than  would  be  indicated  by  an 
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extrapolation  of  the  main  family.  An  example  of  this  is  given  in  Chapter  8 
where  it  is  shown  that  the  time  spent  at  very  high  airspeeds  is  less  than  would 
be  expected  from  extrapolation  from  lower  speeds.  This  is  almost  certainly 
due  to  pilots  deliberately  trying  to  avoid  exceeding  the  Service  Limit  of 
speed. 

In  loading  conditions,  in  which  the  measurements  are  on  a  limited  scale, 
similar  care  must  be  taken  to  that  recommended  for  strength  conditions  as 
there  will  be  a  strong  possibility  that  the  measurements  will  be  only  from  the 
main  family.  Thus  a  subsidiary  family  will  need  to  be  postulated  for  the 
severe  conditions,  basing  it  on  evidence  from  other  types  of  loading  conditions 
in  which  the  extreme  conditions  have  been  experienced. 

Finally  the  distributions  of  frequency  of  occurrence  of  load  and  strength 
must  be  combined  to  give  a  measure  of  reliability.  The  numerical  value,  that 
ensues,  for  reliability  is  the  reciprocal  of  the  combined  frequency  that  the 
load  is  greater  than  the  strength.  It  will  have  the  dimensions  of  time  per 
failure  but  it  cannot  be  emphasized  too  strongly  that  the  object  of  structural 
design  is  to  obtain  a  design  that  is  reliable.  It  is  accurate  to  say  that  a 
structure  is  reliable  if  it  has  a  negligible  frequency  of  failure.  As  the  frequency 
of  failure  is  negligible  its  value  is  the  same  as  the  chance  of  failure.  The 
absolute  value  of  the  chance  is  quite  unmeasurable.  Lusser  (1958)  gives  a 
rule  ot  thumb  for  a  fixed  load  and  a  variation  in  strength.  He  states  that  the 
number  of  specimens  required  to  estimate  the  chance  of  failure,  with  90  per 
cent  confidence,  is  ten  times  the  reciprocal  of  the  chance,  i.e.  to  measure  a 
chance  of  1  in  1000  would  require  10,000  specimens.  In  the  general  case  it  is 
necessary  also  to  determine  the  remote  chance  of  the  loads  occurring. 
Attention  has  already  been  drawn  to  the  added  complication  that  the 
exceptionally  high  loads  and  the  exceptionally  low  strengths  may  well  be 
from  families  that  are  subsidiary  to  the  two  main  ones.  The  contribution 
from  the  subsidiary  families  to  the  calculated  probability  of  failure  will  be  a 
large  proportion  of  the  total,  which  will  consequently  be  subject  to  con¬ 
siderable  error.  Although  the  absolute  value  of  reliability  is  most  inaccurate, 
its  calculated  value  must  nevertheless  be  of  immense  value  as  a  means  of 
comparison. 

A  decision  must  be  taken  of  what  value  shall  be  given  to  the  reliability. 
It  must  inevitably  be  the  number  of  hours  per  failure,  i.e.  the  reciprocal  of 
the  probability  of  failure  per  hour.  Because  of  the  inherent  inaccuracies 
it  is  probable  that  the  number  of  hours  selected  will  be  10  to  some  power. 
In  order  to  appreciate  what  10  to  some  power  means  it  must  be  remembered 
that  in  our  present  era  of  nearly  2000  years  there  have  been  less  than 
1-8  X  10’ hr.  However  it  must  be  remembered  also  that  one  particular 
aircraft  has  many  parts  and  loading  conditions.  To  obtain  the  full  failure 
rate  of  the  particular  design  it  would  be  necessary  to  add  the  failure  rates  of 
all  parts  for  each  loading  condition  and  then  add  the  failure  rates  of  all  the 
loading  conditions.  In  considering  any  particular  loading  condition,  in  the 
ideal  case  there  would  be  a  large  number  of  parts  that  would  be  equally 
likely  to  fail  but  in  a  practical  design  the  number  that  might  fail  is  small. 
There  are  several  reasons  for  this,  the  stress  distribution  under  the  assumed 
applied  loads  will  not  be  uniform,  some  parts  will  have  to  be  so  strong  for 
one  loading  condition  that  they  have  excess  strength  for  all  others,  the 
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actual  load  distribution  will  differ  from  the  assumed  one.  As  a  small  excess 
of  strength  is  accompanied  by  a  large  increase  in  reliability  of  that  part 
relative  to  the  others  the  contributions  to  the  failure  rate  are  likely  to  be 
concentrated  in  a  very  small  number  of  parts.  Similar  reasoning  may  be 
applied  to  the  summation  of  the  effects  of  the  different  loading  conditions. 
In  practice  any  particular  design  of  aircraft  will  be  more  susceptible  to 
failure  under  one  or  two  of  its  loading  conditions  than  under  all  others.  In 
those  cases  where  a  number  of  static  failures  have  occurred  in  service  with  a 
particular  type  of  aircraft  it  is  almost  invariable  that  they  have  been  under 
the  same  loading  condition  and  the  same  part  has  failed.  Such  occurrences 
have  been  on  aircraft  with  inadequate  reliability  for  one  reason  or  another 
and  more  uniformity  would  be  expected  with  a  reliable  structure.  However 
it  should  be  conservative  to  assume  that  the  weakest  part  under  the  most 
severe  loading  condition  will  contribute  at  least  10  per  cent  of  the  total 
chance  of  structural  failure  under  all  loading  conditions.  There  is  no  need 
to  know  in  advance  which  is  the  weakest  point,  the  procedure  would  be  to 
allow  a  factor  of  10  on  reliability  for  all  parts  so  that  the  one  that  happened 
to  be  the  critical  one,  which  might  not  necessarily  be  the  one  predicted  by 
design,  would  have  its  required  margin.  There  are  naturally  reservations  to 
be  made  in  the  above  argument.  If  there  were  a  row  of  bolts,  for  example, 
that  all  have  substantially  the  same  load,  it  is  the  strength  of  the  whole  row 
that  has  to  be  taken  and  not  that  of  one  bolt  only. 

It  has  just  been  shown  that  to  achieve  an  overall  reliability  of  a  structure 
it  is  necessary  to  design  each  individual  part  to  that  reliability,  multiplied  by 
some  factor.  It  was  suggested  that  a  factor  of  10  would  be  conservative 
with  current  knowledge  of  applied  loads  and  strengths.  This  would  allow 
for  improvements  in  this  knowledge  but  if  there  w-ere  a  major  refinement  it 
might  be  necessary  to  assess  what  the  factor  should  be  rather  than  taking  an 
arbitrary  value  such  as  10. 


13.3  STATIC  STRENGTH 

In  any  considerations  of  strength  it  is  worthwhile  studying  the  Normal 
distribution  noting  the  conditions  under  which  it  is  applicable  and  even  more, 
noting  where  it  is  not  applicable.  There  are  many  physical  phenomena 
including  the  strength  of  structures  that,  within  the  limits  of  observation 
have  this  distribution.  The  main  interest  usually  lies  in  the  strengths  out¬ 
side  the  limits  of  observation,  but  first  the  characteristics  of  a  hypothetical 
family  of  structures  with  a  Normal  distribution  of  strength  will  be  examined 
and  afterwards  possible  departures  at  the  extreme  values.  Figure  1 3.2  gives 
the  distribution,  the  ordinate  being  the  probability  that  the  strength  is 
lower  than  the  stated  value  and  the  abscissa  being  the  strength  in  the  non- 
dimensional  form  of  multiples  of  the  standard  deviation  (o)  from  the  mean 
strength.  The  point  that  is  noticed  at  once  is  that  the  chance  of  a  particular 
strength  appearing  reduces  very  rapidly  beyond  three  standard  deviations 
from  the  mean.  Nevertheless  most  designers  would  be  reluctant  to  design  a 
structure  that  had  only  a  strength  margin  of  about  3<t  above  loads  that  they 
knew  would  be  applied. 
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The  concept  of  a  weaker  family  was  introduced  in  paragraph  1 3.2  to 
overcome  this  intuitive  objection.  Figures  13.3,  13.4  and  13.5  show  a  series 
of  cur/es  of  distribution  of  strength  of  a  double  family  with  1 ,  2  and  5  per 
cent  of  the  specimens  respectively  from  a  weaker  family  and  the  mean  of  the 
weaker  families  up  to  5(T  below  the  mean  of  the  main  family.  Taking 
Fig.  1 3.3  as  an  illustration  the  curves  for  this  double  family  with  1  per  cent 
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Fig.  13.2.  Normal  distribution  of  strength. 
L  —  strength 
Lm  =  average  strength 
a  =  standard  deviation  of  strength 


specimens  in  the  weaker  family  are  cross-plotted  in  Fig.  13.6  to  show  the 
proportions  of  failures  frorn  the  two  families  at  different  total  failure  rates 
and  a  range  of  reductions  of  strength  of  the  weaker  families.  For  loads  that 
give  failure  rates  as  high  as  1  in  1000  the  mean  of  the  weaker  family  need 
only  be  2'5<t  weaker  than  the  mean  of  the  main  family  for  the  failures  to  be 
almost  entirely  in  the  weaker  family  (say  95  per  cent,  which  is  a  figure  often 
used  in  statistics  to  give  boundaries  of  significance).  Thus  if  the  applied 
load  is  known  and  there  is  a  weaker  family  of  as  few  as  1  per  cent  of  the  total, 
it  is  necessary,  for  all  practical  purposes  of  low  failure  rates,  only  to  considep 
the  weaker  family  as  a  source  of  failure  provided  the  two  families  differ  in 
strength  by  2-5(T,  i.e.  10  per  cent  for  a  as  low  as  4  per  cent. 

The  curves  of  Figs.  13.3,  13.4  and  13.5  are  replotted  in  Fig.  13.7  to  show 
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Fig.  13.3.  Probability  distribution  of  strength  of  double  family  each  with  normal 

distribution. 

Weaker  family  consists  of  1  per  cent  of  total. 

L  =  strength 

/-jf  =  average  strength  of  main  family 
Fmw  =  average  strength  of  weaker  family 

a  =  standard  deviation  of  strength  in  both  families 
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Fig.  13.4.  Probability  distribution  of  strength  of  double  family  each  with  normal 

distribution. 

Weaker  family  consists  of  2  per  cent  of  total. 

L  —  strength 

Ln  =  average  strength  of  main  family 
ksew  =  average  strength  of  weaker  family 

a  =  standard  deviation  of  strength  in  both  families 


290 


DESIGN  PHILOSOPHY 


Fig»  13.5.  Probability  distribution  of  strength  of  double  family  each  with  normal 

distribution. 

Weaker  family  consists  of  5  per  cent  of  total, 

L  =  strength 

Ljf  =  average  strength  of  main  family 
Litw  *=  average  strength  of  weaker  family 

a  =  standard  deviation  of  strength  in  both  families 
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the  reduction  of  strength  values  that  occur  at  various  probability  levels. 
The  median  value  is  not  shown  but  it  is  hardly  affected  for  the  whole  range 
considered,  i.e.  up  to  5  per  cent  of  specimens  from  a  weak  family  whose 
mean  may  be  up  to  5a  below  the  mean  of  the  main  family.  The  strengths 
that  are  not  attained  on  average  once  in  ten  specimens  {P  —  0- 1 )  are 
hardly  affected  when  2  per  cent  are  from  a  weak  family  and  even  for  5  per 
cent  it  is  only  Jo  at  the  lowest  strength  considered.  This  is  roughly  the 


*-M  "•-MW  units  of  (T. 

Fig.  13.6.  Proportion  of  failures  in  weaker  family  for  a  range  of  relative  strengths  of 
the  two  families  and  for  various  total  failure  rates. 

Weaker  family  consists  of  1  per  cent  of  total. 

Lm  =  average  strength  of  main  family 
Lmw  =  average  strength  of  weaker  family 

a  =  standard  deviation  of  strength  in  both  families 

extent  to  which  experimental  evidence  might  be  available  and  such  experi¬ 
mental  information  could  not  be  used  to  discriminate  between  the  various 
curves. 

From  a  reliability  standpoint  it  is  the  lower  probabilities  that  are  of  interest. 
Figure  13.7  is  general  for  all  standard  deviations,  but  for  illustration  an 
example  is  taken  of  a  standard  deviation  of  4  per  cent  and  shown  in  Table 
13.1  for  strengths  that  are  not  attained  on  average  once  in  1000  specimens. 

This  table  indicates  that  if  it  is  known  that  a  particular  load  but  none 
greater  will  be  applied  to  all  the  structures,  then  for  the  idealized  structures 
under  examination  1  in  1000  would  fail  if  the  load  was  made  equal  to  the 
mean  strengths  multiplied  by  the  per  cent  values  quoted  in  the  table.  The 
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88  per  cent  value  given  in  the  top  line  is  the  well-known  value  of  3  standard 
deviations  below  the  mean  for  a  single  family  of  Normal  distribution,  but  if 
weaknesses  are  present  or  are  allowed  to  develop  from  any  cause,  then  some 
appropriate  value  on  one  of  the  lower  lines  should  be  taken.  Allowance  must 
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Fig.  13.7.  Variation  of  strength  with  reduction  in  mean  strength  of  weaker  family  at 
different  probability  levels. 

L  —  strength 

-  average  strength  of  main  family 
Fjiftv  =  average  strength  of  weaker  family 

a  =  standard  deviation  of  strength  of  both  families 
P  =  probability  of  strength  being  lo:;>er  than  L 

be  made  immediately  for  those  weaknesses  that  may  be  present  when  the 
structure  is  put  into  service  and  for  those  weaknesses  like  accidental  damage 
that  may  occur  at  any  time  in  the  life  of  the  aircraft,  but  those  weaknesses 
that  are  dependent  on  time,  either  flying  or  absolute,  should  be  allowed  for 
at  the  appropriate  time. 


« 


293 


MANUAL  ON  AIRCRAFT  LOADS 

Table  13.1.  Strengths  of  Double  Family  each  with  Normal 
Distributions  and  Standard  Deviation  4  Per  Cent 
(Strengths  given  as  Percentage  of  Mean  Strength  of  the  Main 
Family) 


Strength  that  1  in  10®  specimens 
do  not  attain 


Mean  strength 
of  weaker 
family 

Proportion  in  weaker  family 

1% 

2% 

5% 

100 

88 

88 

88 

96 

87 

87 

87 

92 

86 

85 

84 

88 

83 

82 

80 

84 

79  1 

78 

76 

80 

75  1 

74- 

72 

In  practical  loading  conditions  the  maximum  load  will  not  be  a  fixed  value 
and  there  will  he  a  range  of  loads  to  be  examined.  In  such  cases  a  range  of 
strengths  must  also  be  examined  and  the  shape  of  the  curve  of  strength 
distribution  rather  than  its  value  at  a  selected  point  becomes  important.  In 
the  discussion  so  far  the  sum  of  two  Normal  distributions  has  been  considered 
because  a  physical  representation  of  this  ideal  case  could  easily  be  made. 
It  may  often  be  appropriate  to  take  a  single  distribution  to  represent  a 
continuously  varying  distribution  of  weaknesses.  In  such  a  case  a  “best” 
curve  of  an  exponential  distribution*  below  the  mean  strength  with  a  Normal 
distribution  above  might  be  as  good  as  any  and  is  easy  to  manipulate.  When 
there  are  less  than  20  experimental  points  the  best  exponential  curve  of 
frequency  up  to  the  mean  will  not  differ  much  from  (1 12a)  exp  (xja), 

where  <7®  =  —  1) 

X  —  strength  relative  to  mean 
Xj.  =  experimental  readings 
n  —  total  number  of  experimental  readings 

and  the  best  Normal  distribution  above  the  mean  will  be  (ljaV2Tr)  exp 
(— x*/2a*).  This  particular  exponential  has  the  advantage  of  simplicity 

*  If  it  were  thought  that  tlie  departure  from  normal  were  due  to  scatter  rather  than 
weakness  a  Normal  distribution  {Ija-y/’Zn)  exp  (— x*/2cr*),  with  the  standard  distribution  a 
itself  distributed  as  ((x/p*)  exp  (— a*/2p*),  becomes  (l/2p)  exp  (x/p)  below  the  mean  and 
(l/2p)  exp  ( — x/p)  above  it.  This  does  not  seem  to  be  as  likely  a  physical  explanation  as  the 
one  given  and  consequently  it  would  be  more  difficult  to  assess  values  for  p. 
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that  the  same  value  of  a  can  be  used  for  both  parts  of  the  distribution.  If  it  is 
felt  that  it  is  too  severe  at  the  extreme  values,  or  not  severe  enough,  in  any 
particular  application  adjustments  can  be  made  in  the  choice  of  the  value 
of  a. 


13.4  APPLIED  STATIC  LOADS 

Throughout  the  Manual  the  applied  loads  that  occur  in  aircraft  have  been 
described.  In  order  to  build  up  a  design  philosophy  it  is  an  advantage  to 
examine  the  general  characteristics  of  these  loads  and  if  possible  use  only 
one  or  two  formulae  to  represent  them.  The  absolute  value  of  the  fre¬ 
quencies  of  occurrence  of  the  loads  vary  greatly  with  different  types  of  load, 
but  the  relative  frequencies  are  more  consistent. 

Unlike  strength  characteristics,  which  are  based  on  very  few  experimental 
points  per  type,  measurements  of  loads  can  be  collected  in  large  numbers 
even  though  this  is  not  done  frequently.  The  fields  in  which  loads  have  been 
collected  in  large  numbers  are  notably  atmospheric  turbulence  loads, 
normal  accelerations  and  forward  velocities  in  manoeuvres  and  landing 
loads.  The  characteristics  of  the  distribution  of  frequency  of  occurrence  of 
different  applied  loads  will  depend  on  the  characteristics  of  the  loads 
themselves.  Three  distinct  and  different  types  are  illustrated  in  Fig.  13.8: 
Fig.  13.8A  is  the  distribution  of  up  gusts  extracted  from  Chapter  10,  Fig. 
13.8B  is  the  proportion  of  time  spent  at  different  speeds  extracted  from 
Chapter  8  and  Fig.  13.8C  is  the  distribution  of  normal  accelerations  on 
landing  (the  distribution  is  similar  to  those  of  Fig.  7.8  but  not  identical  to 
any  one).  In  each  of  these  three  cases  the  distributions  have  two  distinct 
families  and  a  physical  explanation  is  available  as  to  why  this  should  be  so. 
It  vdll  be  noticed  that  in  two  cases  the  families  at  the  higher  loads  are  more 
severe  than  those  at  lower  loads  but  in  the  third  the  opposite  condition 
ensues. 

Turbulence  loads  have  received  very  much  attention  and  the  numbers  of 
measurements  taken  of  the  normal  acceleration  is  prodigious.  It  is  well 
established  that  there  are  a  variety  of  conditions  of  atmospheric  turbulence 
that  produce  the  loads,  and  that  the  distribution  of  loads  in  light  forms  of 
turbulence  is  quite  different  from  that  in  severe  turbulence  such  as  in 
thunderstorms.  In  Chapter  1 0  it  is  suggested  that  the  frequency  of  occurrence 
of  gusts  greater  than  stated  values  has  a  distribution  that  consists  of  two 
exponential  decays.  In  Fig.  13.8A  attention  is  confined  to  the  up  gusts. 
The  experimental  points  are  shown  and  compared  with  a  distribution  which 
is  the  sum  of  two  exponential  distributions.  In  addition  the  two  exponential 
distributions  are  also  shown  separately.  Extrapolated  values  to  zero  velocity 
show  that  98-4  per  cent  of  all  the  gusts  are  from  the  less  severe  family  but 
that  the  gusts  with  velocities  above  42  ft/sec  are  predominantly  from  the 
more  severe  family.  A  total  number  of  50  gusts  with  velocities  above 
42  ft/sec  were  encountered  in  the  5  million  miles  (19,000  flying  hours) 
recorded.  It  would  be  expected  that  5  of  these  were  from  the  less  severe 
family.  It  is  only  the  distribution  of  the  magnitude  of  these  50  gusts  that  is  of 
interest  in  predicting  the.  higher  gusts  of  interest  in  design  for  static  strength. 
As  a  variety  of  pairs  of  exponential  distributions  could  have  been  used  to 
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fit  reasonably  well  the  experimental  data  it  is  evident  that  there  would  be 
greater  confidence  in  the  predictions  of  the  frequency  of  occurrence  of  the 
higher  gusts  if  there  were  other  evidence  to  support  the  contention  that 
1-6  per  cent  of  all  gusts  encountered  were  from  the  severe  family.  In  order 


Fig.  13.8.  Typical  examples  of  double  family  loading  conditions. 
A — Distribution  of  up  gusts  for  all  altitudes  combined. 

5  million  statute  miles  in  19,000  flying  hours. 


to  test  the  validity  of  this  contention  it  is  necessary  to  estimate  the  proportion 
of  the  total  distance  travelled  that  is  in  severe  turbulence.  It  was  shown  in 
Chapter  10  that  the  total  number  of  gusts  encountered  by  an  aircraft  in 
continuous  turbulence  depends  mainly  on  the  characteristics  of  the  aircraft 
although  their  magnitude  will  vary  with  the  severity  of  the  turbulence.  For 
the  aircraft  used  for  the  measurements  quoted  the  number  would  be  4  to  5 
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up  gusts  per  mile.  The  total  number  shown  in  Fig.  13.8A  for  severe  turbu¬ 
lence  is  0-009  gusts  per  mile.  Thus  the  proportion  of  the  total  distance  that 
is  spent  in  severe  turbulence  is  0-009  divided  by  about  4-5,  i.e.  0-2  per  cent. 
This  does  not  seem  an  unreasonable  value  for  thunderstorms  that  cannot  be 
avoided. 

In  Fig.  13.8B,  which  is  extracted  from  Chapter  8,  measurements  of  the 
proportion  of  time  spent  at  different  speeds  give  the  opportunity  to  study  a 
distribution  with  a  different  type  of  double  family.  Sufficient  data  for  a  good 


Fig.  13.8.  Typical  examples  of  double  family  loading  conditions, 

B — Proportion  of  time  spent  above  different  speeds  by  F-IOO  class  fighters  in  6050 
flying  hours  combined  duties. 


assessment  of  the  distribution  at  high  speeds  is  available  from  6050  flying 
hours  of  recording  on  the  F-lOO  class  of  aircraft.  The  figure  shows  that  the 
proportion  of  time  at  relatively  low  speeds  varies  exponentially  from  the 
speeds,  that  are  exceeded  half  the  time,  up  to  those  speeds  that  are  exceeded 
1  per  cent  of  the  time.  At  speeds  of  about  0-8  times  the  design  diving  speed 
there  appears  to  be  a  discontinuity  above  which  the  variation  is  a  much  more 
rapid  exponential  decay.  The  physical  reasons  for  these  two  distributions  are 
discussed  in  Chapter  8  where  it  is  suggested  that  the  cut-off  to  the  distribution 
for  lower  speeds  is  due  to  the  pilot  deliberately  avoiding  speeds  near  to  the 
design  diving  speed.  This  type  of  distribution  differs  from  that  for  turbu¬ 
lence  in  that  an  extrapolation  from  frequently  occurring  phenomena  would 
give  a  more  severe  loading  condition  than  the  actual  conditions  measured. 

The  data  on  the  behaviour  of  aircraft  at  touchdown  is  more  limited  and 
more  reliance  must  be  put  on  physical  reasoning  to  decide  to  what  extent 
there  are  different  families  of  landing  conditions.  The  main  body  of  infor¬ 
mation  given  in  Chapter  7  supports  the  contention  that  aircraft  of  particular 
types  normally  land  with  the  approach  speed,  the  vertical  velocity  at 
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touchdown  and  the  increment  of  normal  acceleration,  all  having  distribu¬ 
tions  that  are  substantially  Normal  for  values  in  excess  of  their  median  values. 
The  problem  of  design  is  to  decide  whether  there  are  a  group  or  groups  of 
severe  types  of  landing  that  form  separate  families. 

A  specific  example  is  taken  from  unpublished  N.A.S.A.  data  and  plotted 
in  Fig.  13.8C  to  illustrate  the  problem  that  arises  in  deciding  the  design  load 
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Fig.  1 3.8.  Typical  examples  of  double  family  loading  conditions. 
C — Normal  acceleration  on  landing  of  turbo-jet  aircraft. 

320  landings. 


from  a  limited  amount  of  data.  A  set  of  320  landings  was  taken  and  the 
increment  of  normal  acceleration  noted.  This  particular  example  is  very 
similar  to  those  given  in  Fig.  7.8  of  Chapter  7  but  not  identical  with  any  of  , 
them.  The  probability  of  accelerations  greater  than  the  stated  value  is 
shown.  It  can  be  seen  that  the  experimental  points  can  be  represented  well 
by  a  distribution  consisting  of  two  Normal  distributions,  a  main  family  for 
98  per  cent  of  all  landings  of  mean  0-3g  with  a  standard  deviation  0-1 6g,  and  i 
a  subsidiary  but  more  severe  family  of  2  per  cent  of  all  landings  having  a 
mean  of  0'945,  i.e.  0-3  -|-  (4  X  0-1 6)g  and  the  same  standard  deviation.  | 
This  suggests  strongly  that  under  normal  landing  conditions  the  increment  ■ 
of  normal  acceleration  at  touchdown  has  a  Normal  distribution  with  a  mean  1 
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of  about  0-3^  with  a  standard  deviation  of  about  0-16^,  at  any  rate  for  values 
of  the  increment  of  0-3^  and  more.  From  the  point  of  view  of  fatigue  loads 
this  distribution  is  the  more  important  one.  From  the  point  of  view  of  static 
loads  it  is  the  family  of  more  severe  landing  conditions  that  is  significant. 
Whilst  there  is  little  doubt  that  there  is  such  a  family  of  severe  loads,  the 
amount  of  experimental  evidence  available  is  inevitably  rather  small  and 
even  if  the  above  distribution  were  fully  representative  it  means  that  the 
subsidiary  curve  would  have  to  be  determined  from  about  6  landings.  The 
actual  landings  include  8  with  an  increment  above  0-7g  of  which  6  were 
above  0-8|f,  4  above  0-9g  and  1  above  Tig.  The  mathematical  analysis 
suggests  that  all  the  landings  above  0-8g  increment  were  probably  from  the 
severe  family,  and  also  that  there  were  probably  none  of  the  severe  family 
with  an  increment  less  than  0-8g.  If  the  severe  landings  were  taken  in 
isolation  from  the  main  family,  extrapolation  to  a  frequency  of  1  in  1000 
landings  could  easily  give  an  increment  anywhere  between  Tig  and  2g. 

The  best  compromise  seems  to  be  to  take  the  experimental  points  for  the 
severe  loads  and  use  the  main  family  of  landings  as  background  information. 
As  the  main  family  can  be  well  represented  by  a  Normal  distribution,  it 
seems  reasonable  to  assume  that  the  severe  family  has  also  a  Normal  distri¬ 
bution,  but  the  question  to  be  asked  is  whether  it  is  reasonable  to  assume  the 
same  scatter  and  whether  there  might  be  a  succession  of  severe  families. 
Having  regard  to  the  scantiness  of  the  information  and  drawing  on  experience 
of  other  loading  conditions  such  as  atmospheric  turbulence,  there  seems 
little  to  be  gained  from  starting  other  than  with  the  experimental  point  at 
0-8g  and  deciding  on  some  exponential  decay  for  all  values  above.  It  will 
be  appreciated  that  the  rate  of  decay  is  of  much  greater  significance  than  the 
absolute  value  at  0'8g,  and  also  that  it  is  of  little  significance  that  the  decay 
curve  can  be  drawn  on  Fig.  13.8C  and  fitted  smoothly  to  the  curve  for  the 
main  family  of  landings  which  are  accepted  as  arising  from  a  different  set  of 
conditions. 

The  three  examples  that  have  been  given  in  Fig.  13.8  may  be  regarded  as 
typical  of  all  applied  loading  conditions.  In  each  case  it  is  shown  that  there 
were  two  families  of  loads  and  that  the  severe  one,  which  is  of  major  interest 
for  design  for  static  strength,  appears  to  be  present  only  a  small  fraction  of  the 
time.  The  distributions  of  frequency  of  occurrence  of  the  loads  of  the  two 
families  are  probably  only  loosely  connected  and  in  each  case  attention  has 
been  drawn  to  the  importance  of  extrapolating  for  static  design  purposes 
mainly  from  the  severe  family.  Furthermore  it  was  shown  that  in  two  of  the 
three  examples  larger  loads  of  the  severe  family  occurred  more  frequently 
than  would  have  been  expected  from  an  extrapolation  of  the  distribution 
of  the  main  family  but  in  the  third  example  the  larger  loads  of  the  severe 
family  occurred  less  frequently  than  would  have  been  expected  from  an 
extrapolation  of  the  main  family. 

It  seems  probable  that  every  loading  condition  should  be  split  up  into  a 
main  family  and  a  severe  family.  In  view  of  the  inevitable  scarcity  of  infor¬ 
mation  on  the  severe  family  it  should  be  adequate  to  define  the  frequency  of 
occurrence  of  its  loads  by  a  Normal  distribution  or  Exponential  distribution 
using  Engineering  judgment  to  decide  which  one  is  to  be  used  in  any 
particular  loading  condition. 
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13.5  RELIABILITY  OF  STRUCTURES  UNDER  STATIC  LOADS 

The  purpose  of  the  present  proposals  for  producing  reliability  of  structures 
is  to  give  a  refinement  to  conventional  methods  and  not  to  revolutionize 
them.  In  conventional  design  for  static  strength  a  high  load  that  occurs 
reasonably  infrequently  is  selected  and  defined  as  the  applied  load.  This 
load  is  multiplied  by  a  factor,  the  resulting  value  being  taken  as  the  design 
strength.  In  aircraft  design  this  factor  for  ultimate  usually  has  values 
varying  from  about  1 J  to  2 ;  higher  values  are  sometimes  taken  such  as  for 
the  pressure  cabins,  but  this  is  done  almost  certainly  as  an  indirect  means  of 
obtaining  satisfactory  fatigue  strength.  The  factor  that  is  used  to  correleate 
the  applied  load  and  the  design  strength  is  not  of  itself  a  measure  of  relia¬ 
bility.  In  fact  the  same  design  strength  could  be  regarded  as  having  any 
factor  whatsoever  provided  the  value  given  to  the  applied  load  were  changed 
in  the  appropriate  manner.  In  the  present  proposals  it  is  suggested  that  an 
applied  load  that  occurs  with  about  the  same  frequency  as  the  applied  loads 
used  in  conventional  design  be  chosen  as  the  datum  load.  Thus  the  refine¬ 
ment  lies  in  estimating  a  frequency  of  occurrence  of  this  load  and  a  formula 
for  the  relative  frequency  of  occurrence  of  other  loads. 

The  reliability  of  the  structure  under  static  loads  is  calculated  using  the 
following  three  parameters; 

(i)  An  applied  load  and  its  frequency  of  occurrence,  with  a  function 
giving  relative  frequencies  of  occurrence  of  other  and  particularly 
higher  load  values. 

(ii)  Mean  static  strength  with  a  function  giving  the  proportion  of 
structures  at  other  and  particularly  lower  values  of  strength. 

(iii)  The  resultant  reliability  as  the  average  number  of  hours  per  failure. 

An  applied  load  is  selected  in  the  neighbourhood  of  that  which  will  occur 
once  in  the  lifetime  of  an  aircraft  and  the  frequencies  of  occurrence  of  all 
other  loads  given  relative  to  it.  The  distribution  of  static  strengths  is  given 
relative  to  the  mean  strength.  In  determining  reliability  the  most  significant 
range  is  between  this  applied  load  and  the  mean  strength.  Even  the  smallest 
load  in  this  range  occurs  only  about  once  in  the  lifetime  of  the  aircraft  so  that 
it  will  most  likely  be  from  the  severe  family  of  any  double  family  of  loads. 
It  was  shown  in  paragraph  1 3.4  that  this  severe  family  could  be  represented 
adequately  either  by  a  Normal  distribution  or  by  an  exponential  distribution. 
It  was  suggested  in  paragraph  13.3  that  the  (distribution  of  static  strength 
should  be  represented  by  a  main  and  a  weaker  family  each  of  Normal 
distributions. 

In  order  to  give  the  maximum  scope  in  the  selection  of  shapes  to  the  load 
and  strength  distributions,  the  reliability  formulae  will  be  determined  for 
all  the  above  combinations  and  for  completeness  of  presentation  the  case  of 
load  and  strength  varying  exponentially  is  also  included. 

The  first  case  to  be  examined  is  that  in  which  (i)  the  frequency  of  occur¬ 
rence  of  the  applied  loads  greater  than  stated  values  varies  exponentially 
and  (ii)  the  distribution  of  the  strength  of  the  structure  is  Normal.  One 
advantage  of  discussing  this  first  is  that  it  brings  out  certain  interesting 
physical  attributes  of  the  problem. 
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Throughout  the  analysis  the  probability  of  failure  will  be  determined  as 
the  sum  of  the  probability  of  failure  at  each  strength.  Mathematically 
this  is  identical  to  the  sum  of  the  probability  of  failure  at  each  applied  load, 
but  physically  it  is  more  realistic  to  think  in  terms  of  structures  that  broke 
because  the  load  surpassed  their  strength  than  in  terms  of  loads  that  caused 
failure. 

The  probability  of  failure  is  given  by 

CO 

^=J/i.<>LdL  (13.1) 

where  is  the  lowest  value  of  applied  load  being  represented  by  the  for¬ 

mula 

P  =  probability  of  failure  per  flying  hour 
L  =  load 

Jj^  —  frequency  of  occurrence  per  flying  hour  of  loads  greater  than  L 
Oj^SL  =  proportion  of  structures  with  strength  between  L  and  L  +  dL. 

In  this  first  case  the  distributions  of and  aj^  are  given  by 

/i  =  /o  exp  ( -Ljo^)  ( 1 3.2) 

exp  [-(Z.  -  /.s)“/2tr|]  (13.3) 

where  _/j,  Lg  are  constants,  the  product  fi/ii,  can  be  simplified  to 

become 

fifiL  =fLs  -  \°%Ioa  •  (I/O’s ''/2it)  exp  [-(Z.  -Ls-{-  a%la^YI2a%] 
where =  die  value  of/j^  at  Z,  =  Z.^  —  \a%la^  (13.4) 

Equation  (13.4)  shows  the  distribution  density  of  the  strength  of  the 
structures  that  fail.  The  strength  distribution  (a^^)  is  Normal,  with  mean 
Lg  and  standard  deviation  Og.  The  frequency  of  occurrence  of  failures 
distribution  is  also  Normal  with  a  mean  of  {Lg  —  (Tg/a^)  and  the 

same  standard  deviation  Og.  This  is  equivalent  to  displacing  the  mean  by 
Og!a^  and  saying  that  the  mean  strength  of  the  structures  that  fail  is  agfa^ 
less  than  the  mean  strength  of  all  the  structures. 

Provided  that  the  value  of  and  L^  arc  such  that 

J^A 

{\jagV2TT)  Jexp  [  — (Z,  -  Z.^  +  dL 

—  00 

is  negligible,  and  this  will  normally  be  the  case  due  to  the  extreme  rarity  of 
such  low  strengths,  then 

CO  X> 

P  =  =  J  fh^L  dZ.  =fL,  -  (13.5) 

Jy^l  —  CO 

Thus  the  frequency  of  occurrence  of  failures  is  equal  to  the  frequency  of 
occurrence  of  applied  loads  that  are  greater  than  Lg  — 
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Van  der  Neut  (1957)  discusses  this  case  in  detail  and  points  out  that  if 
there  is  a  range  of  designs  with  different  Og  they  will  all  have  the  same 
failure  rate  if  they  have  the  same  value  of  Lg  —  I*'  present 

treatment  the  notation  has  been  changed  for  convenience  in  comparing  the 
results  with  other  distributions  of  load;  in  Van  der  Neut’s  notation 

Lg  —  iosl^A  =  1  =  “standard”  load 

ffs  =  a 

=  1//S 

Ls  -  WsIoa  ^ 

He  discusses  scatter  in  terms  of  p,  rather  than  Og,  which  he  defines  as 
follows 

“If  we  count  the  aircraft  whose  actual  strengths  are  smaller  than 
(1  —  p)  times  the  design  load,  these  aircraft  form  1  %  of  the  total  number 
of  aircraft.” 

This  means  that  p  —  2-3  cfg  and  as  he  takes  values  of p  up  to  0-20,  it  is  the 
same  as  taking  ctg  up  to  8-6  per  cent.  He  shows  that  for  Og  =  8-6  per  cent, 
=  4-3  per  cent  (i.e.  p  =  0-20,  K  =  10  on  his  notation)  that 

1-1 

It  is  generally  accepted  that  metal  aircraft  structures  have  a  Og  of  less  than 
half  this  value.  If  it  is  taken  at  half  (i.e.  Og  =  4-3  per  cent)  and  a  third 
(i.e.  2-9  pei-  cent)  the  corresponding  values  are  respectively 

y  =  1  022  and  1-015 

Engineers  feel  intuitively  that  the  margins  purely  for  scatter  on  strength 
should  be  much  greater  than  2-2  per  cent.  One  possibility  is  that  there  is  a 
weak  family  within  the  main  family  as  was  suggested  in  paragraph  13.2. 
Suppose  that  the  weak  family  consists  of  a  proportion  e  of  the  total  and  that 
it  has  a  mean  of  Lg  —  Xog  and  the  same  standard  deviation  Og.  Equation 


(13.5)  becomes 

P=  (1  -  e)fLs~  ~  —  \oIIoa  (13.6) 

which  simplifies  to 

P  —  fi^  -  \a%laA  .  [(1  -  e)  -4-  e  .  exp  (13.7) 

=  -  Wst^A  —  pos  (13.7A) 

where  exp  {pOgjaA)  (1  —  e)  +  e  exp  {^OsI^a)  (13.8) 


Figure  13.9  shows  the  proportion  of  failures  in  the  weak  and  the  main 
families  for  a  range  of  values  of  (Aa^./cr^)  and  c.  Figure  13.10  gives  a  plot 
of  (pOgjaA)  against  (Acrg/cr^)  for  different  e.  Figure  13.11  is  deduced  from 
Fig.  13.10  and  shows  a  plot  of  {^OgjaA  +  p)os  against  kog  for  the  three 
conditions  OgjoA  =  1>  and  2.  Taking  as  a  typical  example  tr^  =  =  4 
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per  cent,  then  with  a  weak  family  of  2  per  cent  of  the  whole  having  a  mean 
of  84  per  cent  (i.e.  4<t^  below  that  of  the  main  family)  and  the  same  standard 
deviation  as  the  main  family,  the  increase  in  strength  of  the  whole  that  is 
required  for  scatter  in  strength  is  5  per  cent  (i.e.  lier^)  compared  with  the 


Oa 

Fig.  13.9.  Distribution  of  failures  between  weak  family  and  main  family. 
Frequency  of  occurrence  of  loads  greater  than  L  is  given  by  fi,  —  f^  exp  ( — /./cta) 
Both  families  have  normal  distribution  of  strength 

Ls  =  average  strength  of  main  family 
Ls  —  k(Js  =  average  strength  of  weaker  family 

Os  —  standard  deviation  of  strength  in  both  families 


2  per  cent  that  would  be  required  if  there  were  no  weak  family;  the  failures 
are  about  equally  divided  between  the  weak  and  the  main  family.  This  is  not 
a  very  big  change,  but  if  there  were  only  half  the  exponential  decay  (fff)  in 
the  applied  loads  the  increase  in  strength  that  would  be  required  for  scatter 
would  be  12  per  cent. 
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The  values  of  probability  of  failure  already  obtained  will  now  be  com¬ 
pared  with  those  that  would  be  required  if  other  distributions  for  the 
extreme  values  of  strength  and  load  are  assumed.  The  case  of  both  load  and 
strength  having  Normal  distributions  and  the  case  of  both  load  and  strength 


*  *  -v  «-  * 

O'a 
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Fig.  13.10.  Comparison  of  strengths  of  main  family  and  weak  family  for  the  standard 

of  reliability. 

Frequency  of  occurrence  of  loads  greater  then  L  is  given  by  fi—  f^exp  (—L/a^) 

Both  families  have  normal  distribution  of  strength 
Ls  =  average  strength  of  main  family 
La  —  Xos  —  average  strength  of  weaker  family 

Os  —  standard  deviation  of  strength  in  both  families 
fiOs  —  necessary  increase  in  strength  of  both  families  to  compensate  for  weak  family 

having  exponential  decays  will  be  examined.  When  there  is  a  Normal 
distribution  of  frequency  of  occurrence  of  loads  greater  than  a  stated  value 
it  will  be  given  by 

CO 

II  =  2A,  .  ( 1  /<T^  V^)  Jexp  [  -  (L  -  L^YI2a\-\  AL  ( 1 3.9) 

L 


i 
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In  practical  distributions  of  applied  load  that  approach  that  of  Normal,  the 
departures  are  likely  to  be  greatest  below  and  the  algebra  can  be  simp¬ 
lified  by  splitting  up  the  integration  into  values  of  L  above  and  below  L^. 
The  strength  distribution  remains 

=  (>/<TsV2,r)  exp  [- (A  -  L^YI2al]  (13.10) 

as  before. 


REDUCTION  IN  STRENGTH  OF  WEAK  FAMILY  IN  TERMS 
OF  STANDARD  DEVIATION. 

Fig.  13.11.  Comparison  of  strengths  of  main  family  and  weak  family  for  the  same 
standard  of  reliability  and  equal  to  4,  1  or  2. 

Frequency  of  occurrerue  of  loads  greater  than  L  is  given  by  fi=  exp  ( — 

Both  families  have  normal  distribution  of  strength 
Lg  =  average  strength  of  main  family 
Lg  —  hag  =  average  strength  of  weaker  family 

(Sg  =  standard  deviation  of  strength  in  both  familes 
/lOg  =  necessary  increase  in  strength  of  both  families  to  compensate  for  weak  family 

The  frequency  of  occurrence  of  failures  {fjaf)  is  no  longer  a  Normal 
distribution.  It  is  not  necessary  to  obtain  this  distribution  to  calculate  the 
total  failure  rate  but  they  have  been  determined  for  three  examples  to  show 
how  they  compare  with  a  Normal  distribution.  The  margin  between  Lg  and 
is  slightly  different  in  each  case,  this  has  no  significance  as  it  was  merely 
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for  ease  of  calculation.  A  plot  of  the  failure  distribution  is  given  in  Fig.  13.12  J 
for  values  of  ffsI^A  =  i  i  ~  3-75(t^  and  3'725<r^.  | 

In  the  case  asl(y^  =  1  the  distributions  of  frequency  of  occurrence  of  | 
applied  loads  and  of  strengths  are  the  same  but  the  procedure  for  determin-  I 
ing  the  strength  of  the  structures  that  failed  shows  that  the  mean  value  of  the  I 


Fig.  13.12.  Distribution  of  failures  for  a  normal  distribution  of  load  and  a  normal 
distribution  of  strength. 

Ljt  =  average  load 
Lg  —  average  strength 
Og  =  standard  deviation  of  load 
Og  =  standard  deviation  of  strength 
fi^  =  frequency  of  occurrence  of  loads  greater  than  Lg 

static  strength  at  which  failure  occurs  is  0-2 1  Og  below  the  half-way  position 
between  mean  load  and  mean  strength.  With  the  alternative  approach  the 
mean  value  of  the  applied  loads  that  would  cause  failure  would  be  0'21<t,<; 
above  the  half-way  position  and  all  other,  failure  rates  would  be  transposed 
in  like  manner. 
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To  obtain  the  total  failure  rate  it  is  not  necessary  to  integrate  numerically 
the  values  of  Fig.  1 3. 1 2.  The  probability  of  failure  is  given  as  before  by 

00  00 

(13.11) 

Lj  -CO 

By  combining  (13.9),  (13.10)  and  (13.11)  and  recasting  the  integrand 
(Hilton  and  Feigen  (I960))  this  reduces  to 

00 

P  =/i.  •  (1/V2^j  exp  (-  z^)  dz  (13.12) 

T 

where  t  =  {Lg  -  L^)l{a%  +  oD* 

The  final  combination  of  loads  and  strengths  that  will  be  examined  is  the 
one  in  which  fj^  and  each  have  an  exponential  distribution.  In  this  case 
bounds  must  be  put  to  the  loads  over  which  the  distributions  apply,  other¬ 
wise  frequencies  of  occurrence  become  completely  unrealistic  and  the 
integration  for  failure  rate  would  tend  to  infinity.  It  is  assumed  that  these 
bounds  for  the  applied  loads  and  the  strengths  are  respectively  L  =  Z.^ 
and  L  =  Lg  and  that  the  applied  loads  below  and  the  strengths  above  Lg 
are  each  Normal  distributions.  The  contributions  from  these  parts  should  be 
small  but  it  is  advisable  to  keep  them  in  the  integration  to  check  that  they 
are  in  fact  small. 

The  distribution  of  the  applied  load  becomes 

CO 

for  L  <  L^,fL  =  2/c^  .  (l/o-^V27r)  Jexp  [-{L 

L 

for  L  >  =/i;^  exp  [-(Zl  -  Z^^)/<tJ 

and  the  distribution  of  the  strength  becomes 

for  L  <  Lg,  =  (Jo^)  exp  [(L  -  Ls)la^] 

for  L  >  Lg,  =  {ll<XgV2Tr)  exp  [-(L  —  Lgyi2al] 

Between  and  Lg  the  frequency  of  occurrence  of  failures  is  given  by 

exp  {L^ja^  -  Lglog)  exp  [-(l/o^  —  \lag)L'\  (13.15)* 

This  distribution  is  an  exponential  decay  from  L^  or  from  Lg,  depending  on 
which  of  and  Og  is  the  greater,  except  for  the  limiting  case  of  being 
equal  to  Og  when  it  has  a  constant  value  between  and  Lg. 

*  The  slight  lack  of  symmetry  is  due  \oJ  being  a  frequency  of  occurrence  greater  than  a 
stated  value  of  L  whereas  a  dZ.  is  a  proportion  in  a  range  i5L. 


(13.14) 


-  L^YI2a\-\  dL 

> 

(13.13) 
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The  probability  of  a  failure  between  and  Lg  is 

Ls 

i-A 

which  simplifies  to 

P  =  aJ2{a^  -  as)  [-/l,  exp  {-  (Ls  -  L^)las}  +/xj  (13.16) 

If  is  appreciably  greater  than  <t^  this  approximates  to  fLg(fsl2{a^  —  ff^). 
If  in  addition  Osl'^A  1®  small  the  contribution  to  the  failure  for  Z,  >  Z,g  is 
very  important  and  is  obtained  by  using  the  formula  of  equation  (13.4)  to 
give  an  integrand.  If  (T^  is  appreciably  greater  than  the  probability 
approximates  to  [ff^/2(o's  ~  o’^)]  exp  [—  {Ls  —  L^)jas]  and  for  small 
values  of  o^jos  the  contribution  below  becomes  important. 

Table  13.2  gives  the  contributions  in  the  three  ranges  of 

(i)  failure  less  than 

(ii)  failure  between  and  Ls 

(iii)  failure  greater  than  Lg. 

Table  13.2.  Distribution  of  Failures. 

Load  and  Strength  Distributions  given  by  Equations  (13.13)  and  (13.14) 


<Sal<SA 

1 

1  Strength  of  the  structure  that  fails 

Less  than  La 

Between  La  and  Ls 

More  than  Ls 

small 

negligible 

50%  of  the  failures 

50%  of  the  failures 

i 

negligible 

60%  of  the  failures 

40%  of  the  failures 

h 

negligible 

72  %  of  the  failures 

28%  of  the  failures 

3 

negligible 

86%  of  the  failures 

14%  of  the  failures 

(n  —  l)/n  , 

negligible* 

100/(1  +  0-52/a)% 
of  the  failures  | 

100/(1  +  n/0-52)% 
of  the  failures 

k  Because  of  the  similarity  of  the  distributions  for  load  and  for  strength  it  is  possible 

to  calculate  for  values  of  OsjoA  greater  than  unity  the  distribution  of  the  loads  that 
cause  failure  instead  of  the  strength  of  the  structures  that  failed. 


*  Negligible  provided  (Ls  —  LDIOs  is  greater  than  3/n,  in  other  cases  equation  (13.4) 
must  be  used. 

A  numerical  example  is  taken  to  show  how  the  various  distributions  of 
load  and  strength  might  be  used.  The  loading  condition  of  Fig.  13.8  is 
taken  and  the  strength  selected  to  give  a  failure  rate  of  one  in  10’  landings 
for  the  different  distributions.  For  scatter  of  strength  a  value  of  Cg  =  0-04Z^ 
is  taken  and  wherever  a  weak  family  is  postulated  it  is  taken  to  consist  of 
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2  per  cent  of  the  whole  and  to  have  a  mean  of  0-84/,^  and  a  standard  devia¬ 
tion  of  0-04Lg. 

The  five  different  conditions  are  given  in  Table  13.3. 

Table  13.3.  Loading  and  Strength  Conditions  to  give  a  Reliability  of  10’’  Landings 

Per  Failure. 


All  Loads  and  Strengths  are  given  in  Units  of  Acceleration  g 


Condition 

Applied  load 

Static  strength 

A 

Normal  distribution 
ia  =  1-94S 

iTa  =  0-1 6g 

fi,^  =  0’0083  of  the 
landings 

Normal  distribution 
La  =  2-80^ 

Oa  =  0-1 12^ 

B 

Normal  distribution 
as  A 

Normal  distribution 
with  2%  weak* 

La  =  316^ 
a  a  —  0-1 26^ 

C 

Normal  distribution 
as  in  A  and  B  for 
L<Li 

Exponential  for 

L  >  La 

La  =  1-94£ 
oa  =  o-ie^ 

=  0  0083  of  the 
landings 

D 

Distribution  as  C 

Normal  distribution 
with  2%  weak* 

La  =  3-95^ 

Oa  =  O’ 158^ 

E 

Distribution  as  G 

Exponential  for 

L<La 

Normal  for  L  >  La 

La  =  4’lOs 
a  a  —  0-164^ 

•  The  weak  family  has  mean  0’84/,^  standard  deviation  of  0  04Z.^. 


The  distributions  of  the  loads  strengths,  and  failures  for  each  of  the  5  con¬ 
ditions  are  given  in  Fig.  13.13.  In  conditions  A  and  E  the  load  and  strength 
have  about  equal  importance,  in  condition  C  the  load  is  much  the  more 
important,  in  conditions  B  and  D  the  changes  from  A  and  C  are  entirely 
due  to  the  postulation  of  a  weak  family  and  its  constitution.  The  change 
from  A  to  B  (12-7  per  cent)  is  much  more  significant  than  the  change  from 
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Fig.  13.13.  Various  loading  and  strength  conditions  which  give  a  reliability  of  ten 
million  landings  per  failure. 

G  to  D  (2-9  per  cent).  A  rough  check  is  made  of  the  order  of  the  factor, 
between  applied  load  and  design  strength,  that  would  be  required  in  these 
numerical  examples  using  conventional  methods.  This  is  roughly  equal  to 
the  mean  strength  divided  by  the  load  expected  to  occur  once  in  10*  landings 
(i.e.  once  per  life-time  of  one  aircraft).  The  equivalent  ultimate  factors  are 
as  follows : 

A  =  1-19 
B  =  1-35 
C  =  1-43 
D  =  1-48 
E  =  1-53 

Had  conditions  A  and  B  had  no  scatter  on  load  the  cases  would  degenerate 
into  these  given  in  the  table  of  paragraph  16.3  and  the  corresponding  factors 

310 


-  • 


DESIGN  PHILOSOPHY 


would  be  1-14  and  1  -29.  In  this  limiting  case  the  effect  of  the  weak  fainily  is 
to  increase  the  ultimate  factor  by  13'1  per  cent  whereas  between  case  A  and 
B  it  is  12-7  per  cent  and  between  C  and  D  2-9  per  cent.  Thus  the  postulation 
of  a  weak  family  in  design  provides  a  safeguard  such  that  when  the  maximum 
load  is  known  and  will  occur  on  all  the  structures,  there  has  to  be  1 3  per  cent 
margin  to  allow  for  the  weak  family.  This  is  of  the  same  order  as  the  fixed 
margin  of  10  per  cent  suggested  by  the  Institution  of  Structural  Engineers 
(1955)  for  the  idealized  case  in  which  the  load  and  strength  are  known 
precisely.  When  there  is  only  a  small  chance  of  a  high  load,  such  as  in  C  and 
13,  the  extra  margin  for  the  weak  family  is  only  3  per  cent. 

The  loading  condition  that  has  been  used  in  this  illustration  is  typical  of  the 
amount  of  data  that  is  likely  to  be  available  for  static  strength  estimates.  It 
is  a  small  group  of  about  6  rough  landings  taken  from  the  total  group  of 
320  landings.  These  6  are,  of  course,  plotted  in  the  region  of  10~“  landings 
and  the  extrapolation  is  taken  to  10“’^  landings.  Whilst  there  may  be  a 
justification  on  general  reasoning  to  assume  an  exponential  decay  for  the 
frequency  with  which  the  loads  are  exceeded,  the  actual  rate  of  decay  has 
to  be  estimated  and  the  knowledge  of  frequencies  of  the  main  family  of 
landings  is  of  little  help.  In  the  distribution  of  strengths  it  is  unlikely  that 
more  than  10  values  will  ever  be  available,  even  for  the  main  family,  and  if 
there  is  a  weak  family  of  less  than  about  5  per  cent  of  the  total  with  an 
unknown  source  of  weakness,  this  cannot  reasonably  be  detected  at  all 
unless  it  produces  failure  rates  that  would  be  prohibitive  in  operational  use. 

There  is  no  hope  of  producing  experimental  data  that  will  give  the  dis¬ 
tributions  of  the  extreme  values  used  in  the  above  calculations,  but  there  is 
hope  at  least  on  the  load  side  of  extending  the  knowledge  of  some  of  the 
families  of  severe  loads  and  reduce  the  amount  of  extrapolation.  It  seems 
possible  in  certain  cases,  e.g.  turbulence  in  thunderstorms,  that  measure¬ 
ments  are  in  fact  made  of  the  severe  family  of  loads  that  will  be  the  design 
case.  Here  then  the  extrapolation  is  within  the  actual  family  and  does  not 
have  to  make  a  discontinuous  jump  into  another  more  extreme  family. 

13.6  FATIGUE  STRENGTH 

In  dealing  with  the  design  philosophy  for  static  strength  it  was  possible  to 
examine  it  under  three  nearly  unrelated  phases  of  applied  loads,  design 
strength,  and  reliability.  In  dealing  with  the  design  philosophy  for  fatigue 
there  is  much  more  interrelation  betwetm  the  three  phases  and  constant 
reference  will  have  to  be  made  to  the  relationships.  The  main  difference 
arises  because  of  the  cumulative  effect  of  loads  on  the  fatigue  strength  and  the 
virtual  independence  of  previous  loading  on  static  strength.  The  fatigue 
strength  of  a  structure  under  any  specified  type  of  applied  load  is  the  magni¬ 
tude  of  that  load  that  the  structure  can  withstand  a  specified  number  of 
times.  The  number  of  times  any  applied  load  occurs  is  directly  related  to  the 
period  of  service.  Thus  fatigue  strength  must  be  given  for  the  service  life 
of  the  structure.  Whilst  the  philosophy  of  design  will  be  to  determine  the 
design  strength  for  .a  specified  service  life,  the  relationship  between  fatigue 
strength  and  life  allows  for  the  actual  strength  to  be  quoted  also  as  a  service 
life  for  a  specified  applied  loading  condition. 
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Reliability  of  a  structure  under  fatigue  loads  is  determined  in  terms  of  a 
load  history  of  the  structure  and  the  strength  to  withstand  the  loads.  The 
principles  that  should  be  used  in  designing  for  reliability  under  fatigue  loads 
will  be  described  with  the  aid  of  simple  formulae  for  the  loads  and  for  the 
strengths.  For  many  puiposes  these  simple  formulae  are  adequate,  but 
whenever  greater  accuracy  is  required  more  representative  formulae  may  be 
used. 

Many  types  of  applied  ,  load  can  be  represented  by  a  series  of  terms  of  the 
form 

E  ^  a.  exp  {— LjL^y)  (13.17) 

where  E  is  the  number  of  cycles  of  applied  loads  of  amplitude  greater  than 
iZ.  about  a  mean  M, 

OL,  L^p,  are  constants. 

In  this  formula  a  is  the  total  number  of  load  cycles  since  it  is  the  extrapolated 
value  of  the  number  of  loads  of  amplitude  greater  than  zero.  It  is  therefore 
directly  proportional  to  time.  This  parameter  a  will  usually  be  the  most 
suitable  for  defining  the  life  of  a  structure.  To  make  the  analysis  manageable 
the  strength  must  also  be  given  in  terms  of  a  formula.  Heywood  (1955) 
has  shown  that  for  a  large  variety  of  structural  elements  that  the  following 
relationship  holds  for  endurances  jV  between  10*  and  10’  cycles. 


A’  = 


(13.18) 


where  N  =  the  number  of  cycles  to  produce  failure  at  a  load  of  amplitude 
iL  about  a  mean  value  M 
Lgp  =  a  constant. 


This  formula,  which  is  a  special  case  of  one  given  by  Weibull  (1961),  will 
be  used  in  the  present  analysis.  It  has  the  advantage  of  implicity  of  defining 
fatigue  strength  by  a  single  parameter  Lgp.  In  particular  cases  either  of 
equations  (13.17)  and  (13.18)  could  be  replaced  by  more  representative  ones. 
For. a  single  loading  condition  M  ±  /.j  which  fails  in  cycles  it  may  be 
presumed  that  after  tij  cycles  that  «,/A’,  of  the  fatigue  life  has  been  consumed. 
If  the  effects  of  loadings  at  different  amplitudes  were  cumulative  then 


m 


would  l)e  the  proportion  of  fatigue  life  consumed  by  m  different 


loads,  where  are  tlie  number  of  applications  of  the  rth  load  which  would 
require  N,  applications  to  produce  failure.  When  the  applied  loads  are  of 
substantially  the  same  magnitude  this  simple  formula  is  a  fair  representation 
of  reality.  It  will  be  assumed  throughout  the  analysis  that  the  fatigue  life 
will  be  consumed  in  accordance  with  this  cumulative  formula.  In  those 
cases  in  which  there  are  serious  departures  a  correction  should  be  made 
empirically  to  the  life  so  calculated.  In  practical  cases  the  applied  loads  will 
not  be  at  discrete  levels  and  the  formula  should  be  used  in  the  integral  form 


Proportion  of  life  consumed  =  Z)  = 


(Xj 

-j{{dEldL)IN}dL 

0 


(13.19) 
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For  applied  loads  of  a  single  type  as  given  by  equation  (13.17)  the  main 
contributions  to  the  life  consumed  will  be  from  a  small  range  of  loads  and  it 
would  be  expected  that  the  cumulative  formula  could  be  used  with  con¬ 
fidence.  It  would,  however,  be  necessary  for  many  structures  to  make  a 
correction  to  the  life  to  account  for  the  permanent  effect  of  relatively  large 
loads  applied  occasionally.  In  substituting  equation  (13.18)  into  equation 
(13.19)  the  calculated  values  outside  the  band  10*  to  10’  cycles  will  usually 
be  negligible;  the  realistic  loads  to  produce  failure  outside  this  band  will 
probably  be  smaller  than  those  given  by  equation  (13.18)  and  therefore  the 
calculated  value  of  the  damage  due  to  them  will  also  be  negligible. 

The  combination  of  equations  (13.17),  (13.18)  and  (13.19)  gives 

D  =  (2«/10«)  .  {exp  ( -  (13.20) 

The  purpose  of  formula  (13.20)  is  to  determine  when  failure  will  occur  and 
this  happens  when  the  proportion  of  life  consumed  is  unity.  Thus  substitut¬ 
ing  Z)  =  1  in  the  equation  gives  the  fatigue  strength  ofthe  structure  as  follows; 

1  =  (2a/10«)  {exp  (-  (13.21 1 

Because  of  the  simple  formulae  used  for  the  applied  loads  and  fatigue 
strength,  the  life  is  characterized  by  a,  the  strength  by  Lgp  and  the  loads  by 
Equation  (13.21)  may  be  regarded  as  giving  the  fatigue  strength 
for  a  life  of  a  under  the  applied  loads  If  a  number  of  structures  were 

made  to  the  same  design  there  would  be  scatter  in  their  fatigue  strength. 
More  experimental  information  is  available  on  the  scatter  in  fatigue  strength 
than  on  static  strength :  Keppert  and  Payne  ( 1 955)  give  an  extensive  series 
of  tests  on  complete  aircraft  wings,  each  test  being  at  a  fixed  load  cycle.  A 
variety  of  amplitudes  of  the  load  cycle  were  used  and  the  resultant  endur¬ 
ances  ranged  from  5  X  10®  to  10*  cycles.  Equation  (13.18)  is  used  to  calcu¬ 
late  the  fatigue  strength  Lgf,  for  each  loading  condition  and  it  is  found  that 
at  all  load  levels  the  standard  deviation  of  the  fatigue  strength  is  about 
10  per  cent  of  the  mean  strength. 

There  are  insufficient  data  to  assess  the  actual  distribution  of  the  fatigue 
strengths  but  the  analysis  will  be  based  on  a  Normal  distribution.  The 
arguments  that  were  put  forward  for  a  weak  family  in  statie  strength  apply 
equally  well  in  fatigue  strength.  The  significance  will  not  be  so  great  for  the 
same  reduction  in  mean  strength  because  the  scatter  in  fatigue  is  so  much 
more. 

When  there  are  a  number  of  loading  conditions  that  are  significant  the 
right-hand  side  of  equation  (13.21)  becomes  a  series  of  terms  with  different 
values  of  oc,  Z^y^. 

13.7  APPLIED  FATIGUE  LOAD.S 

The  discussion  of  fatigue  strength  in  paragraph  13.6  involved  the  use  of 
equation  (13.17)  to  define  the  applied  loads.  This  equation  was  quite 
adequate  for  the  purpose  but  there  still  remains  the  problem  of  scatter 
between  the  applied  loads  that  occur  in  the  specified  life  of  a  structure.  The 
scatter  will  be  examined  for  loads  that  can  be  defined  in  the  form  of  equation 
(13.17)  and  the  parameter  a  will  be  retained  as  a  measure  of  life.  If  the 
occurrence  of  an  applied  load  greater  than  any  particular  magnitude  was 
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completely  random,  the  distribution  of  the  number  of  occurrences  of  that 
particular  load  in  a  given  time  would  be  a  Poisson  distribution.  So  if  the 
number  of  occurrences  of  a  load  is  E  there  should  be  a  standard  deviation 
about  E  of  \/£.  Bullen  ( 1 956)  has  shown  that  for  atmospheric  turbulence  a 
scatter  of  about  4  could  be  expected  because  of  the  tendency  for  turbulent 
conditions  to  be  clustered  together.  In  the  case  of  atmospheric  turbulence, 
a  is  the  total  number  of  up  gusts  in  the  life  of  the  aircraft.  This  depends  on  the 
proportion  of  time  spent  at  different  altitudes  but  the  average  of  those 
shown  in  Fig.  13. 8A  was  150  per  hour  so  that  a  =  10’  corresponds  to  about 
65,000  hr  and  is  the  order  of  the  operational  life  for  transport  aircraft. 
For  loading  conditions  other  than  turbulence  a  =  10*  or  10’  should  be  the 
order  of  the  number  of  loads  in  the  life  of  an  aircraft.  Scatter  on  applied 
load  can  only  be  examined  for  loadings  with  numerical  values  included.  To 
do  this  a  typical  loading  due  to  atmospheric  turbulence  is  taken  for  which 
a  —  10’  and  the  standard  deviation  for  a  number  E  of  loads  is  We. 

The  analysis  that  will  be  done  will  show  that  the  scatter  on  the  applied 
loads  is  negligible  and  great  simplifications  can  be  made  on  this  account. 
Conservative  assumptions  will  be  made  so  that  an  upper  limit  is  established 
for  the  scatter.  It  will  then  be  shown  that  this  upper  limit  of  scatter  will  have 
a  negligible  effect  in  all  practical  cases.  The  procedure  for  obtaining  this 
upper  limit  is  illustrated  first  for  the  typical  case  of  atmospheric  turbulence. 
In  Fig.  13.14  the  average  loading  condition  together  with  those  correspond¬ 
ing  to  departures  of  1,  2  and  3  standard  deviations  from  the  mean  are  sliown. 
The  departures  from  the  mean  are  so  small  that  the  loads  have  to  be  drawn 
as  2  components.  The  load  is  given  in  non-dimensional  terms  by  giving  it  as 
a  percentage  of  the  load  that  occurs  on  average  10^  times  in  the  life  of  the 
aircraft.  Loads  occurring  fewer  times  than  10‘  are  not  considered  because 
the  basis  for  the  whole  analysis,  as  mentioned  in  connection  with  equation 
(13.18),  is  that  they  consume  a  negligible  amount  of  life  compared  with  the 
more  frequently  occurring  loads.  The  distributions  for  the  applied  loads 
which  give  the  rigorous  calculations  for  scatter  are  in  an  unsuitable  form  for 
general  conclusions  to  be  formed.  A  much  simpler  form  can  be  produced 
by  introducing  a  constant  and  choosing  it  so  that  2a is  two  standard 
deviations  from  the  mean  value  for  the  loads  that  occur  10«  times.  Lines  of 
the  form 

E  a  exp  [  —  Lj (L  , y,„  ±  ra,, ^.)]  (1 3.22) 

where  r  is  a  factor 
a^y  is  a  constant 
^AVm  is  the  mean  value  of  L^y 

will  give  greater  scatter  than  the  real  scatter  and  will  be  conservative. 
Values  for  r  =  1,  2  and  3  are  plotted  in  Fig.  13.14  for  comparison  with  the 
more  rigorous  estimates  of  departure  of  1 ,  2  and  3  standard  deviations. 

The  simple  formula  of  equation  ( 1 3.22)  identifies  all  the  applied  loads  by 
a  single  load  and  the  load  that  is  r  standard  deviations  from  the  mean  as 
^^AFm  i  ’’^AF-  Figure  13.14  was  deduced  for  atmospheric  turbulence  but 
it  would  apply  equally  well  for  any  other  loading  of  the  form 

^  =  ^AFm  log,  {El a.) 
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Fig.  13.14.  Scatter  on  loading  conditions  typical  of  atmospheric  turbulence. 

The  toad  is  given  as  the  sum  of  two  components  /,#  and  1,^  where 
/,.  log.  (i?/10’) 

the  component  for  r  standard  deviatioru  from 

(T  4\/jE  =  the  standard  deviation  for  atmospheric  turbulence  loads  observed 
by  Bullen  {\9^) 

Uaf  =  empirical  constant  as  defined  in  equation  (13.22)  and  the  adjacent  text 

where  a  =  10’,  with  a  standard  deviation  of  4V E.  It  seems  likely  that  there 
will  tend  to  be  clustering  for  other  loading  conditions  as  well,  but  it  is  pro¬ 
bably  conservative  to  assume  that  all  loadings  have  clustering  as  severe  as 
that  for  atmospheric  turbulence.  The  general  case  can  be  calculated  by 
allowing  a  to  have  a  general  value,  then  is  given  by 

=  0-0174/log  (a/10^)  (13.23) 

The  fatigue  load  condition  for  a  life  given  by  a  has  now  been  reduced  to  a 
form  identifiable  by  the  ttvo  coefficients  total  number  of 
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loads  is  a  and  the  relative  frequency  of  different  loads  is  a  exp  ( —  LfL^y), 
where  has  a  Normal  distribution  with  mean  and  standard  devia¬ 

tion  a^f.  The  scatter  on  applied  load  is  evidently  quite  small,  but  its  full 
significance  can  only  be  appreciated  by  combining  it  with  the  scatter  on 
fatigue  strength.  Doing  this  has  the  added  advantage  that  it  can  be  intro¬ 
duced  as  an  adjustment  to  the  scatter  on  strength. 

The  fatigue  strength  condition  can  be  given  by  two  coefficients  Lgfm  and 
endurance  at  different  loads  is  10*[Z^j./(L  —  see  equation 

(13.18),  where  Lgy  has  a  Normal  distribution  with  meanZ^p.^  and  standard 
deviation  Ogf  shown  in  equation  (13.21)  that  the  fatigue  life  is  given 

in  terms  of  Lg^jL^g.  It  is  assumed  that  Lgg,  are  each  distributed 
Normally  and  have  respectively  means  of  Lgf.„,  Z^j.„  and  standard  devia¬ 
tions  Ogg,  The  distribution  of  the  ratio  LggjL^g,  can  be  shown,  using 

either  Geary  (1930)  or  Hilton  and  Feigen  (1960)  to  be  as  follows: 

The  proportion  of  the  times  that  (Z,i;ji./Z^,,.)/(Z^^„/Z^^.„)  is  less  than  x 
is  given  by 

a 

£  =  1/V27T  J  [exp  (- Ui*)  dz]  (13.24) 

—  00 

where  a  =  (1  x)lvg{\  1 
’’vl  —  ^AFl^AFm 

So  the  distribution  of  the  ratio  of  strength  to  applied  load  is  the  same  as  the 
distribution  of  strength  alone  with  the  standard  deviation  multiplied  by  the 
factor  (1  +  x^v^jvg)^.  For  strengths  below  average  x  is  less  than  unity  so 
that  substituting  x  =  1  and  the  value  of  from  equation  (13.23) 

gives  an  upper  limit  for  the  factor  as 

(1  +  [0'0174/».slog(a/10*)]n‘ 

This  upper  limit  is  plotted  in  Fig.  13.1.')  for  «  greater  than  10^  Itcanbeseen 
that  the  error- on  strength  by  ignoring  the  scatter  of  the  applied  loads  is  less 
than  I  per  cent  of  the  scatter  on  strength  over  most  of  the  range  examined, 
which  should  include  the  majority  of  the  practical  range.  As  the  mathe¬ 
matical  simplification  used  gives  higher  scatters  than  the  real  values  the 
correction  for  scatter  on  load  is  quite  infinitesimal  and  should  be  neglected ; 
however  if  it  is  thought  that  it  may  be  important  in  some  exceptional  case 
the  equations  (13.21)  and  (13.24)  are  easily  usable  on  the  conservative 
basis  described.  The  most  likely  circumstance  would  be  that  of  a  fatigue 
condition  in  which  loads  occurring  less  than  10^  times  were  important  and 
in  this  case  the  formula  for  strength  would  also  have  to  be  re-examined. 

13.8  RELIABILITY  OF  STRUCTURES  UNDER  FATIGUE  LOADS 

In  considering  the  reliability  of  structures  for  static  conditions  it  is  possible 
to  regard  the  applied  loads  and  the  static  strength  of  a  structure  as  indepen¬ 
dent  and  reliability  is  achieved  by  having  a  negligible  chance  that  the  applied 
load  exceeds  the  strength.  In  fatigue  the  strength  is  a  function  of  the  applied 
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loads  and  if  no  life  is  imposed  the  number  of  applications  must  become  sufli- 
cient  eventually  to  break  the  part.  Reliability  may  be  achieved  by  one  of 
two  practices.  Either  the  margin  between  the  number  of  applications  that 
are  applied  aiid  the  number  that  the  part  could  withstand  shall  be  suffi¬ 
ciently  great,  or  alternatively  local  failure  of  the  structure  may  be  permitted 
but  in  such  a  way  that  static  reliability  is  retained  through  adequate  residual 
strength. 


Fig.  I3.1.').  L'plier  limit  for  scatter  of  applied  fatigue  loads. 


I 


If  tlie  reliability  is  achieved  by  a  margin  between  applied  loads  and 
strength,  the  case  is  identical  in  substance  with  reliability  of  static  strength. 
Every  structure  will  have  a  margin  of  strength  above  the  loads  that  arc 
aoplied  to  it  in  its  life-time.  For  an  average  structure  with  av'crage  loads  the 
margin  in  conventional  aircraft  design  is  of  the  order  of  50  per  cent  for  both 
static  strength  and  fatigue  strength.  This  is  somewhat  fortuitous,  as  the 
static  condition  is  uusually  one  of  high  scatter  on  load  and  low  scatter  on 
strength  whereas  the  fatigue  condition  is  one  of  low  scatter  on  load  and  high 
scatter  on  strength. 
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Equation  (13.24)  was  deduced  to  show  the  relative  values  of  scatter  on 
load  and  on  strength.  In  fact  the  equation  gives  the  proportion  of  structures 
that  have  strengths  less  than  the  applied  loads  and  can  also  be  used  to  give 
a  direct  measure  of  reliability.  The  distribution  is  Normal  and  reliability 
can  be  achieved  by  selecting  a  margin  of  a  multiple  of  the  standard  deviation 
below  the  mean  for  the  parameter  a  that  will  give  a  negligible  probability 
of  failure.  In  general  the  scatter  on  applied  loads  is  negligible,  so  that  a 
multiple  of  the  standard  deviation  of  a  is  equivalent  to  the  same  multiple  of 
the  standard  deviation  margin  on  fatigue  strength.  The  numerical  value 
for  the  probability  of  failure  is  the  proportion  of  the  structures  that  fail  but 
the  assessment  of  reliability  requires  a  knowledge  of  the  rate  at  which  they 
arc  failing.  This  increases  as  the  life  is  consumed  and  will  be  at  its  greatest 
at  the  end  of  the  life.  Reliability'  in  fatigue  is  achieved  by  ensuring  that  the 
numerical  value  of  hours  per  failure  is  high  at  the  end  of  the  life  of  the  struc¬ 
tural  part. 

Values  for  the  reliability'  can  be  determined  from  equations  (13.21)  and 
(13.24).  A  typical  value  for  the  scatter  on  strength  is  10  per  cent,  so  that 
the  margin  corresponding  to  4  standard  deviations  is  a  factor  of  1 5  on 
strength,  which  can  be  shown  from  equation  (13.21)  to  be  a  factor  of  4  on 
life.  There  is  a  mathematical  probability  of  1  in  3  v  10~®  of  the  structure 
failing  and  for  a  design  life  of  10,000  hr  the  rate  at  which  the  hypothetical 
failures  occur  is  zero  at  the  beginning  of  operational  service  of  the  structural 
part  and  building  up  to  2-5  X  10’  flying  hours  per  failure  on  completion  of  the 
10,000  hr  design  life. 

Fatigue  failures  differ  greatly  from  static  failures  in  that  it  is  much  more 
common  for  them  not  to  be  immediately  catastrophic.  On  the  other  hand 
it  is  a  more  insidious  form  of  failure  and  gives  little  indication  that  a  loading 
condition  is  near  to  that  which  will  cause  failure;  a  static  load  a  little  below 
the  idtimate  strength  will  usually  produce  visible  distortion.  Should  this 
occur  it  will  be  a  warning  that  the  applied  loads  might  be  greater  than  had 
been  assumed  in  design  or  that  the  design  strength  is  lower.  This  acts  as  a 
safeguard  against  human  fallibility  or  ignorance.  In  fatigue  a  premature 
failure  would  take  the  form  of  one  member  of  the  structure  failing  and  in 
good  design  an  attempt  is  made  whenever  possible  to  utilize  several  members 
to  carry  vital  loads,  even  when  the  design  is  such  that  fatigue  failure  should 
not  occur. 

In  those  cases  where  fatigue  failures  are  not  immediately  catastrophic 
reliability  does  not  depend  solely  on  strength  margins  of  safety.  In  certain 
circumstances,  but  by  no  means  all,  the  fatigue  failure  can  be  detected  by 
inspection.  If  the  failure  is  always  found  immediately  after  the  aircraft 
lands  and  if  the  aircraft  has  full  design  static  strength  with  the  part  broken, 
then  there  is  reliability.  This  was  the  case  in  some  early  bi-planes  that  had 
to  have  design  static  strength  with  any  one  of  the  wires  connecting  the  two 
wings  broken.  The  structures  of  modern  aircraft  arc  not  nearly  so  easily 
inspected,  but  nevertheless  if  they  retain  their  full  design  static  strength 
after  a  particular  fatigue  failure,  static  reliability  is  retained.  Fatigue 
relial>ility'  is  reduced  only  in  so  far  as  the  time  ret|uircd  to  ])roducc  other 
failures  may  become  shorter  than  it  otlierwise  wrnild  have  been.  As  fatigue 
damage  is  cumulative,  this  latter  condition  can  be  included  in  design  by 
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insisting  that  the  structure  shall  be  capable  of  withstanding  these  additional 
loads  for  a  period  less  than  the  maximum  time  that  the  failure  might  go 
undetected. 

The  period  that  may  elapse  with  an  undetected  failure  depends  on  a 
number  of  things  including  detection  methods  and  accessibility,  and  the 
inspection  period  does  not  necessarily  put  an  upper  limit  to  the  time.  If, 
however,  the  time  of  an  undetected  failure  is  controllable  it  is  possible  to 
take  advantage  of  tbis  information  in  design.  In  the  case  just  cited  the  time 
for  which  the  aircraft  (damaged  by  fatigue  but  retaining  full  design  static 
strength)  has  to  carry  the  additional  fatigue  loads  may  be  stipulated  as  part 
of  the  design. 

Other  information  that  becomes  available  by  inspection  of  a  particular 
part  is  the  frequency  with  which  that  part  fails  in  service.  From  this  it 
should  be  possible  to  estimate  the  average  number  of  aircraft  that  are  in  a 
damaged  condition  at  any  one  time,  so  that  if  the  residual  strength  is  known 
a  numerical  value  can  be  put  on  the  reliability  of  a  group  of  aircraft  of  a 
given  type  taken  together.  In  the  analysis  of  the  reliability  of  static  strength 
in  paragraph  13.5  it  was  assumed  that  there  were  a  number  of  aircraft  of 
different  strengths  and  the  value  given  to  the  reliability  was  an  average  of 
the  failure  rates  of  all  the  aircraft.  As  far  as  the  mathematical  formula  is 
concerned  it  is  possible  to  retain  the  same  reliability  whilst  deliberately 
increasing  the  proportion  of  structures  that  are  below  average  strength 
provided  that  there  is  an  appropriate  increase  in  strength  of  the  remainder. 
The  purpose  of  the  inspection  procedure  must  be  to  find  weakened  structures 
(i.e.  those  that  are  broken)  and  remove  them.  When  deciding  to  what 
extent  aircraft  can  be  damaged  in  service  care  must  be  taken  not  to  violate 
the  basic  assumption  of  design  philosophy  that  every  aircraft  must  be  reliable 
as  it  is  no  consolation  when  considering  one  particular  aircraft  to  know 
that  it  is  below  standard  but  that  many  others  are  very  much  above  it. 

1 3.8. 1 .  Permissible  Residual  Strength  after  Fatigue  Failure 

An  examination  of  the  philosophy  behind  allowing  fatigue  failures  will 
reveal  roughly  to  what  extent  the  process  of  reducing  strength  can  be 
tolerated.  Two  fleets,  one  with  some  aircraft  that  have  suffered  fatigue 
damage  and  the  other  with  no  aircraft  that  have  been  damaged,  can  have 
the  same  numerical  value  for  reliability  provided  the  average  strength  of  the 
aircraft  in  the  fleet  containing  damaged  aircraft  is  greater  initially.  It  is  not 
necessary  for  the  damage  to  be  very  great  for  the  total  risk  to  be  concentrated 
almost  entirely  in  the  aircraft  that  have  sufl’ered  damage  and  there  is  no  loss 
of  generality  in  the  physical  reasoning  by  assuming  it  to  be  so.  Thus  if  there 
is  a  fraction  e  of  the  aircraft  in  one  fleet  damaged,  and  all  to  the  same 
extent,  then  the  probability  of  failure  of  each  one  of  the  damaged  aircraft  is 
1/f  times  the  probability  of  failure  of  each  one  of  the  aircraft  of  the  other 
fleet.  Whilst  it  is  true  to  say  that  a  negligible  quantity  can  be  multiplied 
by  a  small  number  and  remain  negligible,  this  cannot  be  continued  indefi¬ 
nitely,  and  care  must  be  taken  that  the  probability  of  failure  of  the  damaged 
aircraft  remains  negligible.  The  probability  of  failure  will  increase  with  the 
reduction  in  strength  due  to  the  fatigue  failure  and  the  residual  strength 
that  must  be  retained  depends  on  the  probability  of  failure,  which  in  turn 
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will  depend  on  the  value  of  e  that  is  allowed  to  occur.  For  the  procedure 
to  be  used  with  an)  confidence  the  actual  value  of  e  needs  to  be  knovm 
fairly  accurately.  In  general  the  accuracy  will  not  be  good  enough  for  very 
small  e’s  and  this  itself  will  prevent  the  process  being  used  where  the  failure 
rate  of  an  individual  aircraft  may  not  be  regarded  as  negligible. 

The  phenomena  that  has  to  be  examined  is  in  two  phases,  in  the  first 
phase  fatigue  damage  is  sustained  by  some  aircraft  and  in  the  second  phase 
these  aircraft  are  subjected  to  all  the  normal  flying,  loads  at  reduced  static 
strength.  For  the  first  phase  equations  (13.21)  and  (13.24)  can-  be  used  to 
give  the  rate  at  which  the  parts  would  fail  in  fatigue.  As  the  reliability  of  the 
damaged  aircraft  is.  being  compared .  with  undamaged  ones  a  formula  is 
required  for  the  relative  frequency  of  occurrence  of  the  static  loads  which 
heed  not  be  the  same  loading  condition. that  caused  fatigue  damage.  As  it  is 
only  the  relative  frequency  of  occurrence  over  a  fairly  small  range  of  loads 
that  is  involved  it  may  be  represented' by  a  simple  formula  such  as 

•  /L=/oexp('-L/aJ  ■  (13.2) 

(repeated) 

It  was  shown,  in  paragraph  13.5  that  for  a  frequency  of  occurrence  per 
flight  hour  of  loads  greater  than  L  given  by  this  equation  the  probability  of 
failure  P  per  flight  hour  of  a  fleet  of  aircraft  with  a  Normal  distribution  of 
strength  with  an  average  strength  Lg  and  a  standard  deviation  Cg  is  given 
by 

.  (13.4) 
(repeated) 

Thus  if  there  is  a  fleet  with  the  same  standard  deviation,-  but  consisting  of  a 
fraction  c-of  the  structures  with  a  strength  {Lg  -  fia^)  and  the  remainder 
(1  —  e)  with  a  strength  {Lg  +  Acr^),  the  probability  of  failure  Pj)  per 
flight  hour  is 

ia/laj+.{i  —  e)/i,  (13.25) 

If  the  probability  of  failure  of  the  two  fleets  is  the  same  Pj)  =  P  and  equation 
(13.25)  can  be  equated  to  (13.4).  Then  using  equation  (13.2)  this  simplifies 
to 

exp  (A)  —  1  =  e{exp  (^)  —  1}  (13.26) 

This  is  plotted  in  Fig.  13.16  showing  the  increased  static  strength  of  the 
undamaged  aircraft  that  is  required  to  compensate  for  a  reduction  in  static 
strength  of  various  fractions  of  the  total  number  of  aircraft.  It  is  evident 
both  from  equation  (13.26)  and  the  graph  that  after  the  fatigue  damage  has 
reached  a  certain  level  any  further  drop  in  fatigue  strength  must  be  com¬ 
pensated  for  by  an  identical  increase  in  initial  static  strength.  (In  the  limit¬ 
ing  case  of  all  aircraft  damaged  the  residual  strength  must  remain  the  same 
as  an'  undamaged  fleet.)  Thus  no  matter  how  strong  the  structure  was 
initially  there  is  a  maximum  permissible  drop  below  the  basic  design  strength 
in  residual  strength,  and  so  for  any  stated  fraction  of  the  structures  damaged 
their  residual  strength  must  be  greater  than  some  definite  and  related  value. 
This  case  will  be  considered  further  and  is  equivalent  to  considering  the 
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risk  to  a  structure  that  is  damaged  by  fatigue  in  isolation  from  other  risks  in 
much  the  same  way  that  individual  static  strengths  were  considered  in 
paragraph  13.5.  With  this  simplification  equation  (13.26)  reduces  to 

e  =  exp  (A  —  /j.)  (13.27) 

Equations  (13.21),  (13.24)  and  (13.26)  can  be  combined  to  give  the 
number  of  failures  that  have  occurred  after  different  periods  of  time  and 


Eig.  13.16.  '  Comparison  of  original  static  strength  with  the  residual  strength  after 
.  fatigue  damage  for  the  same  total  reliability  of  fleet. 

c  =  the  proportion  of  the  fleet  that  have  sustained  fatigue  damage 
/(,exp  i—Ljaf)  =  the  frequency  of  occurrence  of  loads  greater  than  L  where  f^  and 
Oyi  are  constants  ’  . 

the  residual  strength  that  must  remain-in  those  damaged  structures  if  none 
of  them  were  repaired  or. removed  from  service.  Figure  13.17  shows  the 
variation  in  permissible  drop  in  residual  strength  below  the  static  design 
strength  with  service  time  in  terms  of  the  average  life  of  the  part  of  the 
structure  under  examination.  (The  time  in  hours  would  have  to  be  used’ if 
the.  scatter  on  applied  loads  was  not  negligible.)  One  of  the  first  difficulties 
that  is  encountered  in  using  this  diagram  is  the  meaning  to  be  given  to 
design  static  strength  as  it  should  not  include  excess  strength  that  has  been 
included  for  improved  fatigue  resistance.  Another  feature  is  the  scatter  on 
life  of  individual  structures.  The  actual  magnitude  of  the  scatter  needs  to  be 
known  fairly  accurately  if  aircraft  of  reduced  Strength  are  to  .be  tolerated ; 
whereas  in  static  design  or  fatigue  design  where  failures  are  not  tolerated  a 
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Structure  that  happened  to  have  very  much  lower  scatter  than  anticipated 
would  have  excess  reliability,  in  fatigue  design  that  permits  failures  there 
would  be  a  longer  period  before  failures  commenced  but  it  would  be  followed 
by  failures  at  a  greater  frequency  with  a  corresponding  increased  risk  to  the 
fleet  as  a  whole.  A  further  feature  is  the  meaning  of  the  numerical  value  of 
reliability.  In  the  diagram  the  residual  strength  is  shown  that  will  ensure 
that  the  static  reliability  of  the  group  of  structures  taken  as  a  whole  is  the 
same  regardless  of  the  proportion  that  are  damaged.  This  means  that  it  is 
the  reliability  at  a  given  moment  in  time  rather  than  the  average  reliability 
over  the  whole  life;  the  difference  in  design  strength  that  would  ensue  if 
average  reliability  over  the  whole  life  was  taken  is  not  much  with  the  for¬ 
mulae  that  have  been  used  in  the  present  study. 


LIFE  AS  FRACTION  OF  AVERAGE  LIFE. 

Fig.  13.17.  Comparison  of  number  of  failures  and  permissible  residual  strength  with 
life  when  no  parts  are  removed  from  service. 

In  the  case  that  the  applied  load  is  known  fairly  precisely,  such  as  the 
pressure  in  a  cabin,  is  small  and  the  permissible  drop  in  residual  strength 
is  small.  If  is  zero  no  failures  that  involve  a  residual  strength  below  the 
static  design  strength  can  be  tolerated;  this  is  in  keeping  with  standard 
engineering  practice.  For  most  loading  conditions  is  of  the  order  of 
4  per  cent  of  the  static  design  strength,  so  if  half  the  aircraft  were  damaged 
they  could  have  a  residual  strength  3  per  cent  below  design  strength ;  this  is 
the  order  of  superficial  damage  that  is  allowed  more  or  less  indiscriminately 
in  almost  all  engineering  practice. 

13.8.2.  Inspection  and  Reliability 

Figure  1 3. 1 7  shows  the  proportion  of  structures  that  will  become  damaged 
due  to  fatigue  as  the  life  proceeds.  If  none  are  removed  from  service  a 
group  of  structures  with  the  fatigue  strengths  as  shown  in  the  diagram, 
would  have  the  proportion  damaged  that  are  shown.  The  diagram  also 
shows  the  residual  strength,  associated  with  the  proportion  damaged,  that 
shall  be  maintained  to  ensure  that  the  reliability  does  not  drop  below  the 
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design  level.  Thus  if  the  residual  strength  is  known  for  a  structure  that  has 
sustained  some  particular  fatigue  damage,  the  proportion  of  structures  that 
may  be  so  damaged  is  also  known.  The  diagram  also  shows  the  life  that  may 
be  permitted  for  various  standard  deviations  of  fatigue  strength.  If  it  is 
intended  that  all  parts,  that  may  be  damaged  in  this  way,  are  removed 
from  service  at  some  specified  life  without  any  prior  inspection  a  margin 
for  error  must  be  made  to  avoid  the  permitted  proportion  of  damaged 
structures  being  exceeded.  If  the  part  is  in  such  a  position  in  the  structure 
that  inspection  of  the  area  that  might  become  damaged  is  possible,  the 
proportion  of  damaged  structures  may  be  kept  below  the  specified  level  by 
periodic  inspection  and  removal  or  repair  of  parts  found  damaged.  The 
inspection  that  is  being  discussed  is  one  that  might  be  used  for  specific 
parts  to  determine  whether  they  have  suffered  fatigue  damage  that  is  already 
known  to  be  a  possibility.  It  is  therefore  supernumerary  to  general  routine 
inspections  of  the  structure  for  unpredicted  fatigue,  wear  or  accidental 
damage;  these  general  inspections  also  assist  in  maintaining  reliability  but 
are  not  a  subject  of  discussion  in  the  present  context. 

For  the  inspection  procedure  to  be  effective  in  controlling  the  proportion 
of  particular  parts  of  the  structure  that  are  damaged  it  is  necessary  to  know 
fairly  well  the  rate  at  which  they  should  be  damaged  and  to  select  the  inspec¬ 
tion  period  accordingly.  If  the  rate  at  which  the  failures  occur  is  not  known 
accurately  the  inspection  period  must  be  shorter  to  compensate. 

The  required  number  of  inspections  will  increase  as  the  permitted  drop 
in  strength  is  increased.  There  are  two  reasons  for  this,  first  the  correspond¬ 
ing  proportion  of  structures  that  may  be  damaged  is  less  and  second  the 
error  that  can  be  made  in  estimating  this  proportion  is  more.  As  a  first 
step  in  estimating  the  required  number  of  inspections  can  be  made  by 
deducing  from  Fig.  13.17  the  average  number  of  failures  that  would  be 
present  at  an  inspection.  Figure  13.18  shows  the  average  number  of  failures 
that  should  be  detected  per  inspection  of  a  complete  fleet  for  different  inter¬ 
vals  between  inspections,  all  of  which  are  assumed  to  be  100  per  cent 
efficient;  Fig.  13.18  A,  B  and  C  are  for  standard  deviations  of  8,  10  and 
1 2  per  cent  on  strength.  Diagrams  of  this  type  give  an  indication  of  when  the 
first  failures  should  be  expected  in  a  fleet  of  a  given  size  and  also  can  be 
used  to  check  whether  there  are  sufficient  inspections  to  keep  the  number  of 
damaged  structures  in  the  fleet  at  any  one  time  down  to  the  design  level. 
If  this  data  is  collected  by  some  central  body  it  would  be  possible  to  regard 
a  fleet  as  tbe  total  number  of  a  given  type  in  service  and  not  merely  those 
operated  by  one  airline. 

There  are  several  difficulties  involved  in  the  use  of  these  diagrams.  All  the 
lives  are  given  in  terms  of  the  average  life  of  the  part  concerned.  The 
laboratory  tests  on  typical  specimens  should  give  a  fairly  good  estimate  but  a 
conservative  value  would  be  used  for  the  prediction  of  inspection  periods. 
Conservatism  for  scatter  cannot  be  defined  in  a  straightforward  manner. 
For  example,  if  a  part  had  a  10  per  cent  standard  deviation  of  fatigue  strength 
it  would  be  more  conservative  to  assume  a  12  per  cent  standard  deviation 
at  low  lives  but  assume  an  8  per  cent  standard  deviation  at  high  ones.  In 
practical  applications,  a  record  of  the  lives  at  which  damaged  parts  were 
found  would  be  indispensable  to  an  effective  use  of  inspection.  Furthermore 
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Fig,  13.18.  Average  number  of  failures  detected  at  100  per  cent  efficient  inspections 

of  diffierent  period. 
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an  estimate  must  be  made  of  the  chance  of  not  finding  a  failure  at  an  inspec¬ 
tion. 

For  any  specific  structural  member  an  assessment  could  be  made  of  the 
total  cost  of  inspection.  This  will  become  prohibitive  when  the  residual 
strength  is  too  low,  the  actual  value  of  the  limit  will,  of  course,  depend  on  the 
weight  penalty  and  increased  cost  of  a  replacement  part  and  on  the  com¬ 
plexity  of  the  inspection  procedure.  There  is  another  limit  to  the  number 
of  inspections  that  can  be  made  profitably.  This  can  be  illustrated  by 
examining  the  case  when  the  distribution  of  strength  is  known  precisely; 
there  is  no  loss  of  generality  by  so  doing  but  in  a  practical  case  an  allowance 
for  error  w'ould  be  needed.  If  there  is  a  fleet  of  aircraft  and  is  the 
proportion  of  structures  that  are  found  damaged  at  an  inspection,  then  the 
actual  number  of  damaged  aircraft  is  which  must  be  a  whole  number. 

An  estimate  can  be  made  of  the  lowest  value  that  can  be  given  to  P^'hy  a 
.  study  of  The  curves  of  Fig.  13.18  give  the  average  values  of  .with, 

various  inspection  periods  for  a  number  of  precise  values  of  fatigue  strength 
from_  which  can  be  interjiolated  to  give  average  values  of  for  any  "other 
.  prescribed  inspection  period  (which  may  be  variable)  "and  fatigue  strength.- 
> .  Pji^yi  will-b.e_the  average  number  of  aircraft  found  damaged  per  inspection., 
■  Average  numbers  of  damaged  aircraft  less  .than  one  have  little  meaning  so 
J  that  values  of  P^  less  than  l/A^  should  not  be  considered.  Even  if  P^N^  — 

'  ■■  .  !•)  therp  would  be  "a"  lot  of  variation  in  the  actual  numbers  found  per  inspec-' 
_  tioh  and  the  risk  to  the  fleet  as  a  \vhole  would  be  very  variable.  Values  of 
P^A^^-o[  10  {i.e..P^  =  lOjN^)  would  produce  much  more  consistency  and 
j-".'.  would  "generally  b.e  preferred.  It- was  shown  in  paragraph  13.8.1  that  the 

•  ri'sk  to  a.Vvhole  fleet  of -aircraft  was  carried  almost  entirely  by  the  damaged 
^  •  ones. .  If  the  number  of  aircraft  of  one  type  were  large  there  would  be  a  strong 

.  •reluctance  to  designing  ..deliberately  to  have  .all  the  risk  to  the  type  carried 
'■  .•-by  a'single  aircraft  that  happened’to  be  damaged  at  one  particular  point. 
,i  -  Moreover  there  would  be  a  feeling  that  that  risk  to  the  one  aircraft  might 
"J\  have;.ceas.fd  to  be.  negligible.  If  the  residual  strength  after  damage  were 
)  "'  'such  that  the  permissible  number  of  failures  per  inspection  were  10’,  the  rlslc’ 
"  "could'  on.  average  be  spread  over  10  aircraft.  In  such  a  case  it  is  unlikely 
.-  •that"' the  num^ier  of  aircraft -to  one  design  would  even  be  so  large  that"  the 
'.!• "  risk  the  damaged  aircraft  were  undergoing  had  ceased  to  be  negligible. 

;  *  l'3.9  ACHIEVEMENT  OF  DESIGN  ST.tENGTH 

•  -The  principles  that  have  been "  developed  show  how  to  define  the'  design 
•strength  but  there  remains  the  problem  of  deciding  how  this  design  strength 
"shall  be  achieved.  In  principle  it  is  common  practice  to  allow' margins  for 

•  •  error  and  for  ignorance,  but  an  important  part  of  the  practice'  is  to  reduce 

these  to  a  minimum  whilst  ensuring  that  the  margin  is  adequate  .in  each 
.  .case.  For  example,  if  there  are  two  sources  of  error  that  always  occur 

•  together  for  S  particular  feature  of  "design,  then  the  maximum  error  of  the 
combination  rather  than  the  product  of  the  two  maxima  taken  separately' 
.would  be-tak'pn.  The  determination  of  the  structural  temperature  due;to 
kinetic  heating  is  a  typical  example.  The  maximum  temperature  that 
can  be  attained  is  the  combined  result  of  speed  and  ambient  temperature 
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but  the  engine  characteristics  are  such  that  at  the  higher  ambient  tempera¬ 
tures  the  maximum  attainable  speed  is  less  than  it  would  be  at  lower  ambient 
temperatures. 

On  the  load  side  there  are  possible  sources  of  error  in  the  overall  load  and 
also  in  the  local  distribution  of  load  over  the  structure.  One  of  the  doubts 
that  is  always  present  at  the  design  stage  is  that  the  loads  are  being  extra¬ 
polated  from  information  gained  on  other  aircraft,  from  wind  tunnel  tests 
or.  from  calculation.  The  applied  loads  that  are  decided  upon  will  in 
-general  be. the  best  estimates  from  all  sources  coupled  with  appropriate 
'■  'margins  for  error. .  These  margins  may  be  reduced  once  the  aircraft  has  been 
•flown’and  measurements  have  been  t^ken  on  it,  this  is  especially  the  case  for 
.  fatigue,  loads.  '  '  . 

-On  xhe'strprigth  side  there  are  all  the -errors  of  stressing,  material  pro-  ' 
perties,^,|nanufacturing,  deterioration  in  service  and^  accidental  dam'age. 
••Hayihg“include4:  appropriate. margins,  the  design  Strength  will  finally  be- 
defined'-fpr  a  hew'str’uctpre  or' for  on'e-that  has  had  some  specified- treatment,  ’ 

'.  Such  accelerated  corrosion  or  heat,  treatment.  ■  ' 

.In.th.e  philosophy  that  Kas.beeh  described  the  design  strength  is  given  as  a 

■  meah‘‘'strengtn  together  "with-'a  distribution  of.krengths  about  this  mean. 

When  the.  strbngtn  is’  determined  by  calculation,  allowances  are  made  with 
the.  intention  of-e*nsuring  that  the  strengths  are  greater  at  every  level  of 
probability.  The ‘margins -.for  .error  that  must  be  allowed  are  frequently 
linacQeptably'high  ^d-the  strength'is  determined'by  test.  '  ’ 

...*  .A -margin -‘must -still,  be  allowed  as' the  estimatte.  of  the 'distribution  of 
krengths  of  all’ structures  to  one  design  will  be. made  from  tests  on  samples. 
The  nurnb'er.'of  samples .  that  are  tested  will  ahnost  invariably  be  so  small 

■  that  the  results- cq,nnot  be  . used  directly  to  estimate  the  .whole' distribution 
and  reliance  will  have.to  be  made  on  general  experience  from  tests  on.similar 

•  types  of  structures  and  materials.  For  tlje  purpose  of  comparing  test  strengths  '.. 
and  design  strengths  it  should  be  a4equate  to  assilrhe  that  the  test  specimens 
-are  taken  lyom  a  group  of  structures  which  have '.a  Normal  distribution,  of 

•  strength.  '  The  mean  i?  estimated  from  the  tests  but  the  scatter  is  usually 

estimated  from  general  e.xperience.  -  .  .' 

On  these  assumptions’ll  impossible  to.  calculate  the  most  probable  dis- 
.  tributiori  of  strength  based-  on  the  tests  on  samples!  This  distribution  will 
vary’ wklr  the  number  of  specimens  that  .are  tested. and  the  estimate  will 
increase’  in  accuraoy  with ’number  of  specimens  and  be  asymptotic  to  the 
distribution  for  an  infinite  number  of  tests.  .  The  best  estimate  of  the  mean 
value  will  be  that  given  by  the  test  as  there  is  no  more  likelihood  of  it  being 
above  than  below.  The  best  estimate  of  the  scatter  at  any  probability  level 
-will  be  greater'if  there  are  fewer  tests  as  it  may  be  due  to  errors  in  the  mean 
as  well  as-due  to.  variatio.n  between  specimens.  Bullen  (1956b)  has  shown  that 
if  the  group  from  which. the. spe.cimens  are  taken  has  a  Normal  distribution 

-  of  strength  ’with  a.  standard  deviation  v  times  the  mean,  the  proportion  of 
'  specimens- with  strength  lower  than  /-  will  be  given  by 

•  %  •  '  *  *  '  .  ,  •  —  00  •  . 
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where  a  =  (1  —  LjL„)jv  (1  +  L^lnLl,)i 
L„,  =  mean  strength  of  n  specimens 

This  distribution  is  plotted  for  v  =  3,  5,  10  per  cent  in  Fig.  13.19. 

The  error  due  to  sampling  is  the  margin  between  the  strengths  from  the 
limited  number  of  tests  and  the  strengths  from  an  infinite  number.  This 
margin  varies  with  the  probability  level  of  the  strength  at  which  the  com¬ 
parison  is  made.  There  shall  be  no  loss  of  reliability  when  test  strengths 
are  used  instead  of  design  strengths.  A  rigorous  calculation  would  involve 


Fig.  13.19.  Distribution  of  strength  relative  to  experimental  mean, 
n  =  number  of  tests 

V  =  standard  deviation  as  fraction  of  mean  strength 


replacing  the  design  strength  distribution  by  the  test  strength  distribution 
and  determining  the  mean  test  strength  that  would  be  necessary  to  maintain 
the  specified  reliability.  The  required  mean  test  strength  will  be  equal  to  the 
mean  design  strength  multiplied  by  a  factor.  This  factor  is  the  test  factor. 

1 3.9. 1 .  Static  Test  Strength  and  Fatigue  Test  Strength  when  Failure  is  Catastrophic 

When  the  strength  is  determined  by  test  it  is  measured  on  a  small  number 
of  typical  specimens.  Even  if  the  design  strength  has  a  double-family  dis¬ 
tribution  it  may  be  assumed  that  the  proportion  in  the  weaker  family  is  so 
small  that  the  test  specimens  are  all  from  the  main  family  and  that  the 
distribution  is  Normal.  This  allows  a  number  of  simplifications  to  be  made 
when  equating  reliability  of  the  design  strength  and  of  the  test  strength. 

It  was  shown  in  paragraph  13.7  that  the  effective  scatter  on  applied  loads 
is  negligible  as  far  as  fatigue  reliability  is  concerned.  For  this  condition, 
equation  { 1 3.28)  may  be  used  directly  to  equate  the  reliabilities  of  the  design 
and  test  strengths.  As  there  is  no  scatter  on  the  applied  loads  the  two 
reliabilities  will  be  the  same  if  the  probability  of  the  applied  load  producing 
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failure  is  the  same  in  both  cases.  The  test  factor  depends  on  the  numerical 
value  put  on  the  reliability,  the  reciprocal  of  the  probability  of  failure,  and 
reduces  gradually  as  the  standard  of  reliability  is  increased.  The  minimum 
reliability  likely  to  be  contemplated  is  for  the  mean  design  strength  3 
standard  deviations  of  strength  above  the  applied  load.  The  test  factors  for 
this  case  are  shown  in  Fig.  13.20  for  different  numbers  of  specimens  and  a 
range  of  standard  deviations.  This  illustrates  the  benefit  to  be  gained  from 


Fig.  13.20.  Test  factors  for  fatigue  strength. 

Calculated  for  applied  load  3  standard  deviations  below  the  mean  strength:  the  factors 
are  less  for  higher  reliability. 


doing  fatigue  tests  on  a  number  of  identical  specimens.  At  a  standard 
deviation  of  10  per  cent  of  the  mean  a  test  factor  of  1  -09  would  be  required 
for  one  specimen,  but  this  drops  steadily  with  increase  in  number  of  specimens 
down  to  T02  for  3  and  l-OI  for  10  specimens;  beyond  10  it  reduces  slowly 
to  the  asymptotic  value  of  1  -00  for  an  infinite  number  of  specimens. 

For  conditions  in  which  the  scatter  on  the  applied  loads  is  important,  such 
as  is  the  case  for  most  static  strengths,  the  distribution  of  strengths  has  to  be 
combined  with  the  distribution  of  applied  loads.  It  was  shown  in  paragraph 
13.5  that,  for  the  case  in  which  the  frequency  of  applied  loads  decayed 
exponentially,  the  most  frequent  strength  at  failure  was  below  the 

mean.  For  the  purpose  of  determining  the  test  factors  it  should  be  sufficiently 
accurate  to  replace  those  applied  load  distributions  that  arc  not  exponential 
decays  by  the  “best”  estimate  of  an  exponential  decay  at  a  load  about 
below  the  mean  strength.  A  simplification  can  be  made  to  the 
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test  Strength  distribution,  which  are  shown  for  selected  values  of  numbers 
of  specimens  in  Fig.  13.19,  by  making  “best”  estimates  of  Normal  distri¬ 
butions.  At  very  low  values  of  Og  the  distribution  is  Normal  with  a  standard 
deviation  of  tr^(  1  +  1/n)*.  At  higher  values  a  “best”  estimate  of  the  Normal 
distribution  has  to  be  made.  The  mean  value  is  the  same  for  both  distribu¬ 
tions  and  the  Normal  distribution  will  be  fixed  if  it  is  giyen  a  strength  for 
which  there  is  a  specified  probability  of  it  being  exceeded.  The  reliability 
associated  with  the  two  strength  distributions  should  be  approximately  the 
same  if  the  strength  chosen  is  {ogldj^jag  below  the  design  mean;  this 
strength  will  be  the  one  at  which  the  failures  are  the  most  frequent  for  both 
distributions.  *  .•  ’  .  -  .  ’  -  . 

In.-the  case  'of  very  low  yal,u'es-  of  the  standard 'distribution  of  the  test 
strengths  is. giyen  by- .  .  j '  ‘  •;  •  •• 


f 


■•(13.29). 


•  •This  will  alwa.yis  be  a  good 'approximation  for  any  practical  values  of  Og  and 
«V''-.the;'rnofe  accurate  value  for  o,,™  will  always  be.  less  than  that' given  b’/ 

py'*. ';Paragt;aph;--13!5‘'5hqws  'tHat  the  frequency  of  failure  .will  be  -equal  to  the 

L.  .t" frequency 'of''applicd  loads' at  Lgj,  — HostI^a)-  -The  test  factor  is  deter- 

i-'-rhrhed  .-by.-  rriaking._thls  calculated  frequency  of  failure  for  the  test  strength 

.  ‘e'qua'l  toth^t-for.  the  design  strength:  .-Thus  —  Idsja  ^  =  Lg.j,  --  \a%'pja^ 

■  ■  :  a'nd  the  tescfactor  becomes  ‘  •  .  .  ‘  ’  . 

..  • .  ■  .  ^  . 

ifH' ’i]-  /  .(13.30). 

^ 

.  .-^hen  equajti^n- (•I.3».29)  can  l^e  used- tRe'-test.  factor  .sincip.li.fietf  to  "  .  ‘ 


F  =  -1  +  'MdglLgyidgldg):.  (.l/«). ; 


(13.30A) 


•••  Figure  13.21  gives  the  test  factors' for  values  .of  n.  =  -l,.2,’.3,  5  and  Oj^ja^  — 

•.  0'2,  0.'4',-0'6for'a  rapgqqf  values  oi'OgjLg  up, to  0:10. '  The  calculated. values 
.>  using  the  simplified  .equation'  (13..3QA)  afe  shown,  for.  .corhparisorl  with  the’ 
.more  rjgqrqus  solutions'. using  equation.  (13.30).  It  can  be  see.n.that  for  values 
■  of  .cr.^/Zg'less.than  0-04  the  .test  ■factor ‘is  small;,. it  only  reaches  T-Od  even  for 
(Tg/Z..j'=-'0'Q4  an.d-<T)f/i-^  ==.‘P;.02  .-  For  .value's  otoglLg  of  the  order  of  10  pfer 
cent' the.' importafi<?e' qf  'domg'rhqre  than  phe  test  becomes;  apparent.  At.. 
;;  values  appreciably  abdve--l  O' per  cerit-th'e.simplifying  assumptions' that  have. 

:  been-  made  for  'jh.e.  str'e'ngfh.  antf  the-  lo'ad  distribu'tions"are  'not  justified  and 
..  It  is;  probably,  .necessdry  to  supplement  thet  method ,  described  by 'some- 
.  empiricism -a's  is-.currefttjy  used,  for  casting's  and  .transparencies.  ■  ' 

'  ■,13.9'.2'.  'Rejiduiil'.StrengtK.after  Fatigue  Failure  ■  .  .  •  •■ 

"Fbr  those  striicfual  .parts  that  vyill  be  allowed  to  sustain  fatigue  damag'q-in'  ' 
;  's'ervic^  t.he''clesigri-has..tw'o  .parts-;  :the  firs't- part  is  the  fatigue  strength  and  ; 
■  ' the' second  is- the- .r.csid.Ual  s'tatit  strength  of  the  .whole  structure  after  the' 
fatigue '-fairure...  ".The.:, pro.cediire  for  determining  the.  fatigue  strength  -is 
-'exactly*  ■.the('sa'n'ie)'as  tpatVajrea'dy-  described  and  tests  of  component  parts 
vry'cah' b'eiused'  ih-the  sa.me  .way. -..The.  determination  of  the  residual  strength  ' 


•  ■<’{,  :  -dn 
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is  the  same  in  principle  as  that  for  an  undamaged  structure  and  is  subject 
to  all  the  same  simplifications  and  complications. 

■The  practical  implications  are  that  for  every  fatigue  failure  that  is  con¬ 
templated  the  whole  structure  must  be  re-stressed  for  all  the  static  cases. 
Many  simplifications  are  possible  and  it  will  be  self-evident  that  certain 


V;’-'  yv, 13.21;  Test fqcCots for  static  strength. 

'  • number-of :test'^‘'',  ' 

■ :;/.s .  -.aveiage  strength  .  7-  '  • 

■  •  '■■Spf^-flo’tdard  deviation  of  strength  ■ 

f,  a recency,  f  occurrence  'of  loads  greater.than  L  where f^  and  are 

■'constants’. '■  '.{•.■  .  .  i  • 

•  ••  ■ 

parts  jvilf  be  unaffected^  by  the  failure.  However,  difficulties  will  arise  in  the 
represe'nfation  df’thc  fatigue  d’amage-  cither  for  calculation  or  for  test.  ,If  • 
reliance  is  made  bri- calculation  greater  conservatism  will  be  needed  tfian  for 
design’  of  complete  structures,  as-  structures  with  damaged  parts  are  far 
more  conijjlex  arid  often -they  will  have  characteristics  that  would  not  have 
been  countenanced  in  an  original  design. 

An  inspection  procedure  on  the  lines  described  in  paragraph  1 3.8.2  is  an 
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essential  part  of  the  achievement  of  design  strength.  If  the  inspections  show 
that  more  failures  are  occurring  than  had  been  allowed  by  the  design  it 
means  that  the  part  is  below  strength  and  a  reappraisal  of  the  design  has 
to  be  made.  If  the  inspections  show  that  fewer  failures  are  occurring,  it 
should  be  possible  to  reconsider  the  necessity  for  the  number  of  inspections 
specified. 
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NOTATION 


The  notation  for  the  whole  Manual  is  given  in  alphabetical  order  taking 
first  the  Roman  capitals  followed  by  the  Roman  small  letters,  then  the 
Greek  capitals  and  Greek  small  letters.  For  each  letter  the  order  is  roughly 
by  chapter  numbers. 

For  each  symbol  the  chapter,  or  chapters,  in  which  it  occurs  are  given 
together  with  the  meaning  of  the  symbol.  In  each  chapter  there  is  no 
duplication  of  notation  but  there  is  a  little  duplication  between  the  notation 
of  different  chapters  but  with  little  ambiguity.  It  is  considered  that  a  depar¬ 
ture  from  well-established  notation  to  avoid  this  duplication  would  have 
resulted  in  less  clarity. 


Symbol 

A 

A 

B 

“C 

f'o 

c 


f-l 

C/,B 

C'l. 

D 

D 

Oc 

D 

E 

E' 

E 


Chapters 

4 

10,  11 

4 

10 

10 

2 

2 

4 

4,  11 
4 
4 
4 

11,  12 

II 

13 

4 

4 

4 

13 


F(t)  4 

F  13 

6„  G,  G's  G,  G,  Gs  4 
./  4 


Jn 

A'n 


9 

2 

9 


Meaning 

Moment  of  inertia  of  the  aircraft  about 
axis  X 

Wing  aspect  ratio 

Moment  of  inertia  of  the  aircraft  about 
axis^ 

aj(a,  +  3a2)/(4a,  +  4x2)  equation  (10.7) 
a2(a2  4  3a,)/(4a,  +  4a2)  equation  (10.7) 
Centigrade  degree  of  temperature 
Speed  of  sound  in  atmosphere  at  288- 1  G^K, 
11 16-89  ft/sec 

Moment  of  inertia  of  the  aircraft  about 
axis  z 

Lift  coefficient  of  aeroplane 
Datum  value  of  Cl 
Lift  coefficient  of  tailplane 
d/dr 

Exit  diameter  of  a  jet  or  nozzle  ft 
Depth  of  a  cavity  ft 
Proportion  of  fatigue  life  consumed 
Defined  by  equation  (4.37) 

Defined  by  equation  (4.45) 

Defined  by  equation  (4.46) 

Number  of  cycles  of  applied  loads  of 
amplitude  greater  than  -^L  about  a 
mean  M 

Defined  by  equation  (4.34) 

Test  factor 

Coefficients  of  D  in  equation  (4.55) 
Dimensionless  frequency  of  the  short- 
period  oscillation  of  an  aeroplane 
Bessel  function 

Absolute  degree  of  temperature 

Bessel  function  with  imaginary  argument 
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Symbol 

Chapters 

Meaning 

K 

10 

Gust  response  factor 

A'. 

10 

Gust  alleviation  factor  used  by  Pratt  and 

W.  G.  Walker  (1954) 

K. 

10 

Gust  alleviation  factor  used  by  Zbrozek 
(1953) 

K 

11 

Circulation  round  a  wing  ft*/sec 

L 

2,  9,  10,  11 

Scale  of  turbulence  ft 

A, 

2 

1-339  {2ttL) 

L 

4 

Moment  clockwise  about  direction  a- 

Aa 

4 

Total  aerodynamic  couple  about  direction 

A. 

11 

Length  of  a  cavity  ft 

L 

13 

Used  generally  for  static  loads  and 
strengths  and  for  amplitude  of  fatigue 
loads  and  strengths 

La 

13 

Datum  load  to  which  static  loads  arc 
referred 

Ls 

13 

Datum  strength  to  which  static  strengths 
are  referred 

Laf 

13 

Datum  load  to  v^-hich  amplitude  of  fatigue 
loads  are  referred 

Lsf 

13 

Datum  strength  to  which  amplitude  of 
fatigue  strengths  are  referred  ■ 

I-AFm 

13 

Mean  value  of  Laf  when  there  are  a  ■’  * 
number  of  aircraft  to  the  same  design:  ■ 

LaFik 

13 

Mean  value  Lsf  when  there  are  a  number;,'  ■ 
of  aircraft  to  ibe  same  .design  '  ;  ;  v  V/ 

A„ 

13 

Mean  static  strength  of  n  specirn'ens 

M 

4 

Vector  of  applied  couple  ; 

M 

4 

Moment  clockwise  about  direction,  y  '• 

M 

10 

Mach  number  -■ 

M 

13 

Used  in  general  terms  for 'mean,  fatigue " . 
load  ,  ■ 

A/„ 

4 

Total  aerodynamic  couple  about  direction 

N 

4 

y 

Moment  clorkwisc  about  direction  z 

N 

13 

Number  of  cycles  to  produce  failure  at  a 
load  of  amplitude  about  a  mean 

value  M 

N, 

4 

'I’otal  aerodynamic  couple  about  direction 

N„ 

5 

Number  per  flying  hour  of  peak  normal 
accelerations  greater  than  ng 

K 

5 

Parameter  used  in  equation  (5.1)  to  give 
a  distribution  for  A^„ 

Ny 

5 

Number  per  ’flying  hour  of  peak  forward 
velocities  greater  than  V 

K 

5 

Parameter  used  in’  equatio.n  (5.2)  to  give 
a  distribution  for  A'’^ 

L^Vn 

5 

Number  per  flying  hour  of  peak  normal 
accelerations  greater  than  ng  at  forward 
velocities  greater  than  V 
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Symbol 

Chapters 

A'm 

9 

a; 

10 

No 

9,  10. 

Nx 

13 

0 

4.9 

P 

.2  ' 

P-  •  . 

•13  '.  : 

.  ■ 

■  4 ;  •  •  ■■ 

‘•4. 

-  ■  ■ 

.’is'  .  ■■■ 

•  •  -*  * 

• 

• 

"Pa  .  •• 

■13 

Jh  .  ■  ■ . 

‘4..  .' 

‘  ■  .• 

2 

■:.H,  . 

2 

■  >  • 

4,  10 

2  •  i 

S'  •  :  . 

■  4 

:■  s'ik)  • 

9  ■ 

*.*-•*•.  *  •  • 

Meaning 

Number  of  crossings  in  each  direction  of 
velocity  w  per  unit  distance 
Number  . of  crossings  in  each  direction  of 
response  r  per  unit  distance 
Number  of  zero  crossings  in  each  direction 
per  unit  distance 
Number  of  aircraft  in  a  fleet 
Origin  for  coordinates  axes  xyz 
Atmospheric  pressure 
Probability  of  failure  per  flying  hour 
ector  of  the  applied  load  to  an  aeroplane 
Total  "incremental  aerodynamic  load  on 
the  tailplane  '  .  .  ' 

■  Probability  of  failure  per  flying  hour  of  a 
fleet  of  aircraft  containing  a  fraction  e 

■  of  the  aircraft  with  a  prescribed  lower 
strength 

Proportion  of  structures,  that  are  found 
damaged  at  an  inspection 
Dimensionless  damping  factor 
U5'‘184  ft  Ib/lb  “K  equation  (2.1)  •  ' 

Richardson  number  equation  (2.4) 

Wing  area  ft*  •  . 

110-4  equation  (2.3)  • 

Tailplane  ared  '  ft*  *  • 

'fwicc  the  density  with  respect  to  inverse 
•  wavelengfh  kf  of  turbulence  energy 
Component  oi  S{k)  -in  direction  x 
Component  of  Sik)  in  di^ectidri-_)' 

•  Component  of  S{k)  in^direction  z  ■  • 
.Density'  with  respect  to  A:  of '  aircraft 
'  response  to"  atmo.spheric  turbulen'f'e 

■  Density  with  respect  to  A:  of*  aircraft 
'  acceleration*,  response  to  atmospheric 
;'•>  tprbulence  • 

;,),{c/L)/a,  •■.equation.'(10'.7)  .  •  ’ 

>-'‘'-(c'/Z')/_aV;  •■•'c'qua’tion  (10.-7.),.’.'. 
r,"  DensUy'with  respecti-\o 'A  .of  ^can  square 
’  ;r’--7preVsure'-".^^ 

i  i.i‘'-.<\bsolulc.*te'rnperature'>°K  ’ .  ,  •  •  ;  • 

;•  X  .  aircraft,  rc- 

*■  S'jt-^y^ljponsc,^ s tcady^'si n usoidal  turbulence 
'  •  wavelength  /  t  ..  J  ! 

2!u^iv.*Resppn^e" '\*furic:tibn^  .C.  aircraft.. 

^ i  -Vs  -'A  i*'4!5.W4.tA,T  ■*  •  •  , 

.v-iacpcleration  ^  response  to  a  steady. 
V  :* -■•sihusbidal' turbiile’ncp  atdnvefse  wave- 


.....  ..length  A: 

..  .Velocity  •  of  stream,  of.  turbulence 
■  ■'"'.  diffction  X '  sometimes  referred  to' 

•  '  horizontal  -■  ■■  * .  (  . 

•  Velocity  of  aircraft  in  direction  x 
Velocity  of  aircraft  in  direction.)’ 
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Symbol 

Chapters 

V 

5 

Vo 

5 

Vt 

6,  10 

v„ 

5 

Vr 

7 

W 

4 

IT 

10,  11 

.  IV,  . 

4 

A' 

4 

Y 

4 

Va 

4  ; 

Y, 

4 

Z 

2 

z 

4 

z 

12 

Za  . 

4 

z.,. 

4 

a 

4 

a 

9 

a 

io  ' 

a 

1 1 

a 

13 

4 

^2 

.4 

^0  ^2  ^3  ^4 

4 

12 

13 

b 

10,11 

It,  bg  bg 

4- 

10 

f 

12  . 

Mr)  ^  .  * 

9,  12. 

Mr) 

2,. 9 

m 

13.  ■ 

fr-A 

13 

■  hs  '•  * 

13 

,?■ 

Throughout  • 

k 

2,  9,  10;  n,  12 

k,  Aj 

9  . 

i: 

4 

• 

•  • 

1  , 

if,  12 

Aleaning 

Forward  velocity  knots  E.A.S. 

Design  diving  velocity  knots  E.A.S. 

True  forward  velocity  ft/scc 
Mean  forward  velocity  at  which  peak 
normal  acceleration  manoeuvres  are 
made 

Vertical  velocity  at  touchdown  ft/sec 

Velocity  of  aircraft  in  direction  z 

Weight  of  aircraft  lb 

Datum  value  of  WjU 

Force  in  direction  x 

Force  in  direction  v 

Total  aerodynamic  force  in  direction 

Total  gravity  force  in  direction  y 

Height 

Force  in  direction  z 

Distance  downstream  of  jet  nozzle '  in 
terms  of  exit  diameter 
Total  aerodynamic  force  in  direction  z 
Total  gravity  force  in  direction  z 
dCijSa.  where  a  is  in  radians 
A.  parameter  used  in  equation  (9.25). 
equation- (10.7) 

Eddy  viscosity  in  terms  of  circulation  K 
A  limit  of  integration  in  equations  (13.24) 
and  (13.28) 

dC'ilSa^ff  where  is  in  radians 
dC'iJd^  where  rj  is  in  radians  ' 

Functions  in  equation  (4.54) 

Speed  of  sound  external  to  jet  stream 
Proportion  of  structures  with  ,  strengths 
between  I-  and  L  4  6L 
Span  of  a  wing  ft 
F’unctions  in  equation  (4.54) 

’Mean  chord  'of  a  wing  ft 
Frequency  c/s 

Longitudinal  autocorrelation  function  as 
defined  in  equation  (9.10) 

Lateral  autocorrelafion  function  as  defined 
in  equation  (9.11) 

Frequency  of  occurrence  per  flying  hour 
,  of  loads  greater  than  L 
Frequency  of  occurrence  per  flyingiiiho'ur 
of  loads  greater  than 

Frequency  of  occurrence  per  flying  hour . 
of  loads  greater  than  Lg  ,  ’  * 

’  Acceleration  due  to  gravity 
Inverse  wavelength  cycles/ft  .s 

Components  of  k  in  directions  xy 
Distance  of  the'  reference  point  of  rfie' 
tail  from  the  centre  of.  gravity  of  the  •; 
aircraft  •  •  .  '  V 

Aerodynamic  representa’tive  leng'th' 


NOTATION 


Meaning 

Derivative  of  angular  velocity  p  for  a 
couple  L„ 

Derivative  of  aileron  angle  f  for  a  couple 


Chapters 


Symbol 


Mass  of  the  aircraft 
BCijda  where  a  is  in  radians 
inti'gers  1,  2,  3,  .  .  .in  equation  (11.8) 
Derivatives  o[  q  fi'  (IK  —  IK,)  respec¬ 
tively  for  a  couple  Af, 

Parameter  relating  density  of  runway 
roughness  with  reduced  frequency  in 
Tables  3.1  and  3.2 

Normal  acceleration  in  g-units  except  that 
in  Chapter  4  it  is  incremental  normal 
acceleration 

A  parameter  used  in  equation  (9.25) 
Number  of  specimens 
Derivatives  of  r  {  V  V  respectively  for  a 
couple  N 

Incremental  normal  acceleration  at  the 
tail  in  g  units 

Transverse  acceleration  in  g  units 
Steady  circling  value  of  n  after  an  elevator 
angle  7/„  has  been  held  for  a  long  time 
Maximum  value  of  n  when  the  elevator 
■  angle  is  increased  linearly  for  time 
T,  to  a  value-  tjoo  and  thereafter  kept 
constant 

.Steady  circling  value  of  the  normal 
acceleration  n  increment  at  the  tail 
after  an  elevator  angle  has  been 
held  for  a  long  time 

Parameter  used  in  equation  (5.1)  to  give  a 
distribution  for  N„ 

Total  number  of ’experimental  readings 
.'\ngu)ar  "velocity  clockwise  about  direc¬ 
tion  .V 
.ipjet 

Fluctuating  pressure  in  turbulence 
Parameters  introduced  in  equation  (4.19) 

■  such  that  p  =.po  1-  p*  where  /)„  is  a 

■  constant 


.a 


f  <'i  . '  "nr '  ‘  s. 

'  •*  •  to  iv" r-C 

s  *1* 

;;  .'‘'i  g.‘. 

•  .■  itj'iet  *  'i'+r.rt!*:’-  a»h«**Se.. 

'.y'r  ''isnt-' <■;.,■ 
•  ■*.  ■.'•A''  .£  •  ■’  3  ^ 

^  'v-.  o'V-. 


Solutions  of  equation  (4.54)  for  f  J 


Solutions  of  equation  (4. .54)  for  //  0 

and  a,  a,  a,  all  small 

Total  number  of  gusts  per  mile  in  all 
operational  flying  combined 
Angular  velocity  clockwise  about  direc¬ 
tion  7 
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Symbol 


<lo 

r 

r 

r 

r 


r 

r 

fc 

r 

t 

i 

^0 


u 

V 

V 

w 

w 

w 

Wr 


y 


yy 

yv 


IT 

IT 


Chapters 

4 

4 

6 

4 

4 

4 

2.9 


9 

10 
II 

11 

12 

Throughout 

4 

II 


9 

9 

4 

4 

4 

2,  9,  10 

II 

4 


9 

10 

11 

4,  9 

4 

4 

4 


9 

4 

4 


Meaning 

cqjdt 

k 

Dynamic  pressure  JpKr*  Ib/ft’ 

Angular  velocity  clockwise  about  direc¬ 
tion  z 
Srjdt 
Ir 

Distance  along  direction  x  at  which  auto¬ 
correlation  of  turbulence  velocity  is 
made 

Components  of  r  in  directions  xj>  for  two- 
dimensional  case 
Response 
radius  ft 

Radius  at  which  circumferential  velocity 
of  a  vortex  is  a  maximum 
Non-dimensional  sound  frequency  = 
/DjU  ==  kD 
Time  seconds 
mlifsSU) 

Time  an  aircraft  has  flown  past  any  point 
before  the  trailing  vortices  are  essen¬ 
tially  rolled  up 

Turbulence  velocity  in  direction  x 
Turbulence  velocity  in  direction  y 
VI U 

Increment  of  II' 
wjU 

Turbulence  velocity  in  direction  z 
Circumferential  velocity  at  a  radius  r 
from  the  axis  of  a  vortex 
forward  and  the  principal  axis  of  inertia 
of  an  aircraft  most  nearly  along  the 
centre  line  of  the  fuselage 
Coordinate  along  direction  of  stream 
Proportion  of  gusts  that  arc  associated 
with  thunderstorm  conditions 
Distance  downstream  from  the  exit  nozzle 
of  a  jet 

Principal  axis  of  inertia  of  an  aircraft  to 
the  right  of  a  person  facing  forward  in 
the  luselage 

Derivative  of  K  for  a  force 
Non-dimensional  derivative  of  i>  for  a 
force  l'„ 

Principal  axis  of  inertia  of  an  aircraft  at 
right  angles  to  x  and  y  and  forming  a 
right-handed  system  of  axes 
Coordinate  forming  right-hand  system  of 
axes  with  x  artdy 

Derivative  of  iV  —  1T„  for  a  force  Z„ 
Non-dimensional  derivati%'e  of  w  for  a 
force  Z„ 
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Symbol 

Chapters 

Meaning 

V 

2 

Lapse  rate  to  give  neutral  conditions  in 
dry  air 

a 

4 

Wing  incidence,  incremental  value 

“eff 

4 

Effective  tall  incidence,  incremental  value 

®effao 

4 

Steady  state  value  of  a'jj-  after  an 
elevator  angle  »;oo  ha,'  been  held  for  a 
long  time 

«l 

10 

(0-26  +  2/^)/(l  4  0-83M  +  0-95A/») 
equation  (10.7) 

«2 

10 

(2  +  2/^)/(l  +  0’83A4  +  0-95A/>) 
equation  (10.7) 

a 

13 

Total  number  of  load  cycles,  extrapolated 
value  from  equation  of  type  (13.17) 

f> 

6 

Sideslip  angle 

y 

2 

Lapse  rate 

yi  y-i 

11 

Constants  in  equation  (11.8)  that  depend 
on  the  dimensions  of  a  cavity 

A 

4 

Non-dimensional  derivative,  of  ij  for  a 
couple  M„ 

4 

Non-dimensional  form  of  rl  —  C 

-5, 

4 

Non-dimensional  forpi  oi  B  —■  A 

4 

Non-dimensional  derivative  of  f  for  a 
couple  L„ 

4 

Non-dimensional  derivative  of  f  for  a 

couple  N 

'Vs 

4 

Non-dimensional  derivative  of  i  for  a 
couple  N- 

e 

4 

Downwash  angle-at  the  tail 

e 

4 

Width  .of  band,  over  Which  an  analyser 
'  measures' >  mean  square  pressures,  in 
terms,  of  mid  inverse  wavelcngt.h  A  of 
the  b^nd 

e 

13 

Proportion  that  are  from:  the  weak  family 
.in"^  group  of  structures  ednsistirtg  of  a 
'main  family  and  a  WeakTairiily 

c 

4,0 

Rueder  angle  ’’f'" 

5 

Skewness  of  'ti  distribution,'  thi'fd  rnoment  • 

{ 

11 

Circulation  ;of;air  :ro.uhd  vortcx  at  radius  r 

>1 

4,0 

Angular,„denecti6n  of  the  elevator  trom 
.  thetpositiqn  for  straight  and  level  flight 

*]co 

4 

Elevator  angle  that jisi'Kcld  indefinitely 

e 

/I 

.Angle  axis  ‘x  makes  with  the  horizontail 

A 

4 

(i  -f-  df'/da)//i(  1  -df/da  4  -o/^/t);.,. 
equation  :(4;44)  .  ^ 

A  > 

13 

Mean  strength  of  s  the"!  weak'  family  of 
.  structures  istT.^ 

/'o 

2 

.\ir  'viscosity  at  .Abspi'u.tC  temperature 

288n6"K,  ,3-719  *  ;iK''  slugs7ftisec 

/> 

4 

mlipSfy 

/'» 

10 

Aircraft,  mass  parameter 

/‘ 

13 

Defined' by  expi(/m.v^fr:.i.),^^  '.(i;l  -v  r.)-? 

+  f  exp  3;$) 
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Symbol 

Chapters 

4 

4 

VlT 

4 

"^fiP 

4 

Vn 

4 

V 

11 

V 

13 

Vs 

13 

Va 

13 

4,6 

^  ■■  • 

10 

p 

4,  6, 

10, 

Po 

10 

•  _  4 

(T 

3,  7, 

13 

9 

ay 

5 

9,  11 

a„ 

•  •  • 

9 

2,  9, 

10 

<^r 

10 

10 

••  ’12 

Oa 

•  •  13 

Afeaning 

Non-dimensional  derivative  of  g  for 
couple  Af 

Non-dimensional  derivative  of  p  for 
couple  L 

Non-dimensional  derivative  of  r  for 
couple  L 

Non-dimensional  derivative  of  p  for 
couple  N 

Non-dimensional  derivative  of  r  for 
couple  N 

Air  viscosity 

Standard  deviation  in  terms  of  mean 


^sr/Lsrm 
fAflLArm 
Aileron  angle 
2-nkL 


a 


a 


a 

a 

a 


Air  density  slugs/ft“ 

Air  density  at  ground  level  slugs/ft’ 
Functions  introduced  to  simplify  expres¬ 
sions  in  equation  (4.46) 

■Standard  deviation  of  a  distribution 
Root  Mean  Square  of  turbulence  velocity 
Standard  deviation  of  forward  velocity 
r.m.s.  of  turbulence  velocity  in  direction 
X  of  stream 

r.m.s.  of  turbulence  velocity  in  direction 
with  stream  in  direction  x 
r.m.s.  of  turbulence  velocity  in  direction  r 
with  stream  in  direction  -v 
r.m.s.  of  aircraft  response 
r.m.s.  of  aircraft  acceleration  response 
r.m.s.  pressure 

Function  of  scatter  of  applied  loads  used 
in  equation  (13.2)  or  standard  deviation 
of  Normal  distributions  of  applied  loads 
Standard  deviation  of  static  strength  with 
Normal  distribution 

Function  of  scatter  of  fatigue  loads  used 
in  equation  (13.22) 

Standard  deviation  of  fatigue  load  Lsr 
Standard  deviation  of  test  strengths 
Non-dimensional  time  t[l 
Non-dimensional  time  for  which  elevator 
angle  is  increased  linearly 
Non-dimensional  time  at  which  normal 
acceleration  of  the  aircraft  reaches  a 
maximum 

Non-dimensional  time  at  which 
occurs 

Non-dimensional  time  at  which 
occurs 

Time  at  which  autocorrelation  function 
of  jet  pressure  fluctuations  are  me  .e 
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NOTATION 


Symbol 

X 


t.n 

O} 


<Oi 


0>« 


Chapters 

4 

4 

4 

4 

4 

4 


Meaning 

Angle  axis  makes  with  the  horizontal 

Value  of  ^  at  zero  time 

Non-dimensional  derivative  of  Dw  for  a 
couple  M 

Non-dimensional  derivative  of  Dv  for  a 
couple  N 

Non-dimensional  derivative  of  w  for  a 
couple  M 

Non-dimensional  derivative  of  v  for  a 
couple  L 

Non-dimensional  derivative  of  ii  for  a 
couple  N  ‘  , 
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